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REVISIT NONLINEAR DIFFERENTIAL EQUATIONS
ASSOCIATED WITH EULERIAN POLYNOMIALS

DAE SAN KiM AND TAEKYUN KiMm

ABSTRACT. In this paper, we present nonlinear differential equations aris-
ing from the generating function of the Eulerian polynomials. In addition,
we give explicit formulae for the Eulerian polynomials which are derived
from our nonlinear differential equations.

1. Introduction

For N € N, the generalized harmonic numbers are defined as

1 1
1.1 Hyi1=Hny=1+-4+---+—
(1.1) N,1 N + 3 + + N
and
(1.2)
Hy_1j-1  Hy_2j_1 Hi 11 .
Hy ;= - - T2 (2< <N 10]).
N.j N tTNor Tt T 2SJSN) (see [10)

It is well known that the Eulerian polynomials A, (¢) are defined by the
following generating function

1—t — "
= AT = E A (t) x_" (see [11]),
n!
n=0

(1.3) ——

with the usual convention about replacing A™ (t) by A, (t).
Thus, by (1.3), we get

(1.4) Ag(t)=1, A,(t) = z_: (Z) Ag (t) (t— 1)n—1—k . (n>1),
and

(15) (A () + (= 1)" 1A, (1) = {é_t e
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From (1.3), (1.4) and (1.5), we note that

s = tm LA, (1) t(tm™ —1)
(1.6) it = ”+l<>7ml+ ) (e —— Ty (A
; ; (¢ -1 -y (t -1 v
where m > 1 and n > 0 (see [11]).

In [2], Kim and Bayad considered the following nonlinear differential equa-
tions related to Apostol-Bernoulli-Euler numbers:

N
(1.7) (V=D =Y a (V)y* D, (VeN),
k=1

where y*) = (%)k y(1).

Recently, Kim and Kim studied the following nonlinear differential equations
arising from the generating function of degenerate Euler and Bernoulli numbers.
For example, with N € N,

N N+1
1.8 FV) = a; (N, A\) F*,  (see [14]),
(19) Sy (ee (14
1 k) _ (d\k

where I' = F( ) m ( ) = (E) F(t), and

Q; (Na >‘)

. N—i+1 N—m;_1—i+1 N—m;_1—---—ma—i+l i
= (i — 1)Vt Z Z Z (N_mi—1+x> |
mi—1=0  m;—2=0 m1=0 Mi—1
X<N777L7;717'I7Li7271+1;\1> (mei,lf--~fm17i+2+§)

1
X - .
A N—m;_1—m;_o—-—mi—1i
i—1—mj_2—-—mi—i+1

We also refer to [1-19] for some related results in the area of the Eulerian
polynomials. In this paper, we revisit nonlinear differential equations arising
from the generating function of the Eulerian polynomials. In addition, we
give explicit formulas for the Eulerian polynomials which are derived from our
nonlinear differential equations.

2. The statement of main results

1
(2.1) F=F(at) = —gm—g (#D).



REVISIT DIFFERENTIAL EQUATIONS 1187

All differentiations in this paper are with respect to x, while ¢ is being fixed.
That is,

(2.2) F) = (%)kF(x,t), (k eN).
From (2.1), we note that
(2.3) FO = %F (v,t) = (1 —t) (F +tF?).
Thus, by (2.3), we get
(2.4) t(—t)F2=FY —(1-t)F.
From (2.4), we can derive the following equations:
(2.5) W2 (1—t)?FP=F® —3(1—t) FD 4 21(1 —t)* F,
and

(2.6) 313 (1—t)° F'= =311 =)’ F+11(1 —t)> FN) —6 (1 — t) F® + F©®),

Continuing this process, we are led to put
(2.7) NN (1= )N PN+ = Za (1—t)N RO,

where N =0,1,2,....
Thus, by (2.7), we get

N
28) N+ A -tV FNFO =3 "0, (N) (1 - )V PO,
1=0
From (2.3) and (2.8), we have
N
(29 N+ (1 — ) T PN (P +1F?) = a; (N) (1 — )" FOFD,
1=0
Thus, by (2.7) and (2.9), we get
(2.10)
(N 4+ )N+ (1 — )N pN+2
N .
= —(N+ DN (1 =)V FENH LN " (N) (1 )V T RO
1=0

~(NFD) A=Y a(N) (A=) FO £y Tap (V) (1 - )N T R
i=0 1=0
N N+1
—(NHDD a (N (A=) RO £y e (N) (1= t)V T RO,
i=0 =



1188 D. S. KIM AND T. KIM

On the other hand, by replacing N by N + 1 in (2.7), we get

N+1
(211) (N4 DN 1 -V PN =Y "0, (N +1) (1 - )V RO,
1=0

Comparing the coefficients on both sides of (2.10) and (2.11), we have

(2.12) ag(N+1)==(N+1)ao(N), an+1(N+1)=an(N),
and
(2.13) ai(N+1)=—=(N+1)a;(N)+ai—1 (N), (1<i<N).
Moreover, from (2.7) for N = 0, we obtain
(2.14) ao (0) = 1.
Also, comparing (2.4) with (2.7) for N =1, we get
(2.15) ar(1)=1, ag(1)=—1.

By (2.12), we easily get

ap (N +1) = ()N (v + 1),

(2.16) ans1(N4+ 1) =any (N)=---=a; (1) =ag (0) = 1.

Now, we observe that the matrix (a; (5))o<; j<x 1 given by

012 3 N ]
0 1 —1! (=1)22! (=1)33! ... (=1)NN!
1 1

9 1

3 1

N 0 ' 1

For i =1 in (2.13), we have

(2.17) a1 (N +1)
=ap(N)=(N+1)ay (N)
=ag(N)—(N+1)(ag(N—1)— Nay (N —1))
=ag(N) = (N+1)ag(N —1)+ (=1)*(N +1) Nay (N — 1)
=ag(N) = (N+1)ao (N —1)
+ (1> (N+1)N(ag (N —2) — (N = 1) a1 (N —2))
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(—DF (N + 1) a0 (N = k) + (=)™ (N + 1)y as (1)

(—1)" (N +1), a0 (N — k),

where (z), =z (x—1)---(x —n+1), (n > 1), and (x), = 1.
Let ¢ = 2 in (2.13). Then, we see that
1

(2.18) az (N +1)

=a1 (N) = (N +1)az (N)

= a1 (N) = (N +1) (a1 (N —1) = Naz (N — 1))
ai (N) — (N +1)a; (N = 1)+ (=1)>(N +1) Naz (N — 1)
a1 (N) = (N +1)ar (N —1)
+(=1)* (N +1) N (a1 (N =2) = (N —1)as (N —2))

= (D" (N +1)par (N = k) + ()" (N + 1)y a2 (2)
k=0
N-1

(D" (N +1), a1 (N — k).

??‘

=0
For ¢ = 3 in (2.13), it is not difficult to show that

N-—-2
(2.19) s(N+1) =Y (D" (N +1),a2 (N — k).
k=0

So, we can deduce that, for 1 <i < N,

N+4+1—1
(2.20) ai(N+1)= > (-D)"(N+1),ai1 (N—k).
k=0

To find explicit expressions for a; (N + 1), we recall the definition for the
generalized harmonic numbers Hy ;, defined for all N with N > i for each ¢
with 1 <7 < N:

1 1 1
2.21 H — + — =
( ) N1 = N+N—1+ +1,
and
Hy_1,- Hy_ 2, H;_q ;- .
(2.22) Hy,=—>-bLioly ZN-2id +22biml 2 << N)

N N—-1 ' i
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From (2.16)-(2.19), we have

(2.23)

(2.24)

and

(2.25)

al (N+].)

GQ(N+].):

a3(N—|—1):

= (-)Y (N + I Hpyy11,

N-1
(—1" (N + 1) a1 (N = k)

il
[

(=1 (N + 1), ()Y (N = B Hy -

=~
Il
=]

N1
VLN 1) N—k,1
) (N+1) = N—-k+1

—~

Hyi  Hy-o1p

—~

)NV + 1) <N+1 5

()N (Vv + I Hyn41,2,

N

)

" (SN (V4 Dgan (N — )
k=0

i~}

= (—)N? 3 (N +1), (N —k)Hy_k2

k=0
N—2
Hy_ 2

“DHNTH(N 1) —N-k2
(=17 +)k:0N—k5+1

Hyo  Hy_1p

(DY PV + 1) (N+1 ~

(~)N (N + 1) Hy 5.

Thus, we can deduce that, for 1 <i < N,

(2.26)

a; (N + 1) = (—1)N_i+1 (N + 1)!HN+171'.
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Therefore, we obtain the following theorem.

Theorem 1. For N € N, the nonlinear differential equations
NN (1 =)V PN+ = Zaz )(1—t)N P F@

have a solution F' = F (z,t) = m, (t # 1), where
ao(N) = (=1)V N, a;(N) = (=) "N'Hy,;, (1<i<N).

For r € N, the higher-order Eulerian polynomials are defined by the gener-
ating function

1-t ) <« "
LS (") () 2
(2.27) (ez(t—l) _t) =) AV
n=0
From (2.1) and (2.27), we have
1 N+1
N N
(2.28) NN (1) FNTL = N1tV (1 —t) (m)
N+1
1—t
NN (1) —
NN (1—1) (ez(t—l) — t)
= NN (1 ZA (VL) (¢

We observe that

(229) Zai (N) (1 _ t)N—i F(Z)
_ ()
= ;ai (V) (1 - t)Nﬂ (ﬁ)
N . — @
=D ai(N)(a-n" (%)

=0
N

i > €T
= > a1 ="y A (1)
=0 k=0

From Theorem 1, (2.28) and (2.29), we have
(2.30) NN (1 -7t AN ¢ Zal ) (1=t A ().

Therefore, by (2.30), we obtain the following theorem.
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Theorem 2. For N,k =0,1,2,..., N, we have

N
NN ANTY (1) =30 (N) (1= )N Aps (1),
1=0

where ag (N) = (=1)V N1, a; (N) = (-1)N " NHy,;, (1<i<N).
Recall here that

An(t) Ny gy
2.31 ) NTE G+, (n>0).
(2.31) oo z_:o (G+1", (n=>0)
j
By applying (2.31) to Theorem 2, we have
(2.32)
(N+1) = Apa (1)
NIV ANFD 4y = a; (N) (1 =)V ° 1 )ktitl Lkt
k ( ) ; ( )( ) ( ) (1 B t)kJrZJrl
N oo )
_ Zai (N) (1 — )N +h+1 th (G + 1)E*
=0 7=0
al - N+k+1), & :
=S a Y v (Ve e e
i=0 1=0 j=0

=0

I
8
AN
.MZ
SCF

Ly <N+k+1

=Y w Y (Z(—l)l ("o 1)’“”) o

z > (m—1+1)""q, (N)) .

Comparing the degrees on both sides of (2.32) gives the following theorem.

Theorem 3.
(1) For k > 1, we have
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Zi(—l)l (Nj—l) (m—141)"a; (N)=0 forallm> N +1,

where ag (N) = (~1)Y N1, a; (N) = (-1)" " N!Hy;, (1<i<N).
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