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SUFFICIENT CONDITION FOR THE DIFFERENTIABILITY
OF THE RIESZ-NAGY-TAKACS SINGULAR FUNCTION

IN-S00 BAEK

ABSTRACT. We give some sufficient conditions for the null and infinite
derivatives of the Riesz-Nagy-Takdcs (RNT) singular function. Using
these conditions, we show that the Hausdorff dimension of the set of the
infinite derivative points of the RNT singular function coincides with its
packing dimension which is positive and less than 1 while the Hausdorff
dimension of the non-differentiability set of the RNT singular function
does not coincide with its packing dimension 1.

1. Introduction

Many authors [4-7,13] studied the characterization of the non-differenti-
ability set of the Cantor singular function, which can be defined by the self-
similar measure supported on the Cantor set which satisfies the SSC (strong
separation condition) [3], and computed the Hausdorff and packing dimensions
of the set of its infinite derivative points and its non-differentiability set. In
particular, it was shown [4-6, 13] that the Hausdorff dimension of the non-
differentiability set of the Cantor singular function is (1223)2 while its packing

iggg. Further it also can be shown that the Hausdorff dimension

of the set of the infinite derivative points of the Cantor singular function

dimension is

log2
log 3
coincides with its packing dimension since the set of the infinite derivative

points is the relative complement of the non-differentiability set with respect
to the Cantor set [5]. Recently, using the metric number theory, J. Paradis
et al. [11] checked if the derivative of the Riesz-Négy-Takacs (RNT) singular
function, which can be defined by the self-similar measure supported on the
unit interval which satisfies the OSC (open set condition) [3], is null or infinite
at a point when the singular function has a derivative at the point. In fact,
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they did not use the sufficient conditions for its null derivative and its infinite
derivative since they checked it under the condition that the RNT singular
function has a derivative. More recently, we [2] gave necessary conditions for
the null derivative and the infinite derivative of the RNT singular function and
a sufficient condition for its non-differentiability using the multifractal relation
between the distribution set [2] and the local dimension set [2,3,9] by a self-
similar measure related to the construction of the RNT singular function. As
a result, we generalized their results. Further we found upper and lower bound
for Hausdorff dimension dim(N) and packing dimension Dim(N) for the non-
differentiability set N of the RNT singular function. Also we found upper
and lower bound for Hausdorfl dimension dim(D4,) and packing dimension
Dim(Dy) for the set Do, of its infinite derivative points. More concretely,
there is a solution 7(1) of the equation g(r,p) = :1122518::; iggg:i; = 1 with
respect to r where a, p generate the RNT singular function. For such equation
g(r,p) and the solution r(1), we had:

0<g(r(1),r(1)) <dim(N) < Dim(N) =1,

and
dim(Dy) < Dim(Dy) < g(r(1),7(1)) < 1.

Naturally we compare the geometrical structure of the set of the infinite de-
rivative points with that of the non-differentiability set. For this, we used to
use the dimension regularity [12] that the packing dimension of a set coincides
with its Hausdorff dimension. In this paper, we prove that the set of the in-
finite derivative points is dimension regular while the non-differentiability set
is not dimension regular. Although many approaches to study the differentia-
bility of the RNT singular function have been tried, nothing is known about
the sufficient conditions for its null derivative and its infinite derivative. In
this paper, we give sufficient conditions for the infinite derivative and the null
derivative of the RNT singular function using digital distribution of a code
which represents each point in the unit interval. Using the sufficient condition
for the infinite derivative, we find that the Hausdorff dimension of the set of
the infinite derivative points is the same as the aforementioned upper bound
for its packing dimension, which implies that the set of the infinite derivative
points is dimension regular, which is our main result. Explicitly,

dim (Do) = Dim(Dy) = g(r(1),7(1)).

We show that the derivative of the RNT singular function which is not the
identity function is zero almost everywhere using the fact that every normal
point [3,8,10] satisfies the sufficient condition for the null derivative. Further,
using the sufficient condition for the null derivative, we show that the Hausdorff
dimension of the non-differentiability set of the RNT singular function is less
than 1, which implies that the non-differentiability set is not dimension regular,
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which is our another main result. Explicitly,
g(r(1),r(1)) < dim(N) < Dim(N) = 1.

Conclusively, noting our two main results, we find that the RNT singular
function and the Cantor singular function have similar properties: the set of
infinite derivative points is dimension regular and the non-differentiability set
is not dimension regular.

2. Preliminaries

Let N be the set of positive integers. For the probability vectors (a1, a2) €
(Oa 1)2 and p = (p1,p2) € (07 1)27

[Oa 1] = U Sk([ov 1])7
k=1

where S1(z) = a1z and S2(x) = asx + a1 and the self-similar measure [3,9] vp
is the unique probability measure on the unit interval [0, 1] such that

2
Tp = Zpi'Yp oSi_l-

i=1

Each point ¢(€ [0,1]) has a code w = (ky, ka,...) € ¥ = {1, 2}" satisfying
n=1

for Ky = Kpy,... .k, = Sky 0 - -05k, ([0, 1]) [9] where w|n denotes the truncation
of w to the nth place. In such case, we sometimes write 7(w) for such ¢ using
the natural projection 7 : ¥ — [0, 1]. We also write the cylinder ¢, (t) for such
K, and denote w(l) = k;. We note that w|l = ky,...,k = w(l),...,w(l).
We also note that if ¢ is not an end point of ¢, (t), then it has a unique code w
where 7(w) = t.

For the code w € {1,2}", we define the number of the digit k in w|n

ne(wn) =t{1 <l <n:w(l) =k}

for k = 1,2 and denote A(z,(w)) the set of the accumulation points [3] of the
probability vector sequence {z,(w)}52; where

2n(w) = ("1(w|n) n2(w|n))

)
n n

for the code w. We also define A;(x,(w)) to be the projection of A(z,(w)) to
the first axis. Therefore A;(z,(w)) is the set of the accumulation points of the

sequence
[e'S)
{ 1 (wln) }
n n=1
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for the code w. Noting Aj(xy,(w)) = [z,y] C [0,1] since A(x,(w)) is a contin-
uum [3,10], we can also define a distribution set

Fla,y] = {w: Ai(zn (@) = [2,9]}-

3. Relation between distribution and differentiability
It is not difficult to show that the RNT function [1,2,11] can be defined as
f(t) =([0,1])

for ¢ € [0, 1], using the self-similar measure 7, on the unit interval [0, 1] where
the probability vector p = (p1,p2) € (0,1)2. We denote zi(w,n) the position
of the n-th occurrence of entry k in the code w similarly as in [13].

Remark 1. From the same arguments in [13], we easily see that for each k €

{1,2}

- neglwin e n

e ey
and

) ng(wn) n

hmn*}OO " :hmn*}mm

Remark 2. We note that A;(zr,(w)) for w satisfying w(w) = ¢ where ¢ is an end
point of ¢, (t) is {0} or {1}. Further the RNT function f satisfying a; # p; is
not differentiable at the end point [2] and the end-points for the cylinders are
countable. Therefore we can disregard them for the calculation of the Hausdorff
and packing dimensions of the non-differentiability set.

From now on, if there is no particular mention, we only consider w satisfying
m(w) =t where t is not an end point of ¢, (¢).

Lemma 1. Let {d,} be a real sequence and to be a real number. For t > tg,
we assume that there is a positive integer n(t) such that H(t) < dy ) for the
real valued function H(t). We also assume that n(t) T oo ast | tg. Then we
have

EtitgH(t) < mn%oodn
Similarly for t < tg, we assume that there is a positive integer n(t) such that

H(t) < dp for the real valued function H(t). We also assume that n(t) 1 oo
ast T tg. Then we have

limgyso H (t) < limy, s 0ody.

Proof. Assume that n(t) T oo as t | to and there is a positive integer n(t) such
that H(t) < dy) for the real valued function H(t). For any 6 > 0, noting
n(t) > n(to + 9) for to <t <ty + J, we have

sup  H(t) <  sup dpp < sup  dy.
to<t<to+d to<t<to+do n>n(to+9)
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This gives

limyy H(t) =lim sup H(t) <lim sup d, = lim, cd,.
60 ¢y <t<to+6 010 p>n(tg+5)

Similarly the dual part follows. O

From now on we assume that £- > 1 which implies 22 > <1 for convenience
since the following theorems and corollary hold for the condition Z—l < 1 simi-

larly.

Theorem 2. Let A (z,(w)) = [z,y] with 0 < x <y < 11 where
DPivey (P2y1—ry _
(=) (=) =1

a1 ag
If
1 P1yy(P2)\1l-y
1<g< Og(al)(az) i1
—x log as
and .
_ log(BL)Y(B2)1~y
1§1 x< g(al)(w) 1,
1—y log aq
then
f(m(w)) = 0.

Proof. Consider m(w') = t' > w(w) = t. Then there exists n such that w'|n =
wln and w'|(n+1) # w|(n+1) with I,, = w(w|n). Let € > 0 such that y+€ < r;.
Since w € Flx,y] that is

li < lim "
r = lim Mpsco”—7 "~ =Y,
—==—n—00 21 (w, TL) — — 21 (w, TL) Y
% < ¥ + ¢ for all large n. Clearly for all large n
e ) Pl (P2 e o py p2
H (_)1/21(%”) = () aem (2) aen < (_)y+e(_)17(y+6)
Py Ao(1) ay as ay a2
since n
21 (w’ 7’L)
For I, = K|, so satisfying (),-_; I, = {t}, we have for all large n
(@) = f(r(w) _ |F (L (wm)—1)]
ﬂ-(w/) - W(w) a a;l(w7n+1)_21(w’n)al|Iz1(w,n)—1|
z1(w,n)
. 1 Pu(1)
plagl(w,nJrl)le(w,n) ll;ll aw(l)
1 1 z1(w,n)—n

— - 11 zl(z,n) p_2 z1(w,n) Zl(wvn)
o (BT ) )
2




1178 I.-S. BAEK

< i( ; 1 (Byvre(22y1-(+e)yma(wm)
_pl a2;+€71 ai as

This and the above lemma give for t = 7(w) and ¢’ = w(w’),

— ) — f(¢ 1 1
0< hmt’itf( )/ f( ) < im M oo ( — &)y(@)l—y)m(w,n) =0
=1 D1 a2 ai’ “az
. Yy IOg(s_i)y(Z_Z)liy 1 P1 p2\1—
since £ < —H—— 41 — F(al) (E2)7¥ <1 and z1(w,n) T 0o as
2
n 1 oo.
Now, since w € F[z,y] that is
I " <Tm "
x = lim —— <lim - =
=2 (w,m) T noee z1(w, n) Y
we have
n — n
1—y=1l =1-1 -
Y e w,n) )
< lim —1li " 1
im — = im —=1-2x
=T % (w,n) T 2 (w,n)
Therefore % < t—z + € for all large n. Clearly for all large n
z2(w,n) ( -
H M)l/ZQ(an) — (p_l)zzzzw(:l,n)n (p_Q)zg(w n) > (pl )z €(p2)1 ( )
Ay (1 ai az ay a9
=1 O
since
— n
limy,, yoo—— <1 —2.
z9(w,n)

Similarly for ¢ < ¢, by
EPPE i

1< 1
—1- log a; +h
— 1 1
0< hmt/th( ) f( ) < hmn%oo ( S (p_l)y(p_Q)lfy)zQ(w,n) =0
- D2 allfyfl ay” - az
follows from the similar arguments above. (|

Remark 3. In the above theorem,

n{log(%) (22)! 7 log(2: >y<§—z>1y} iy

log as ’ log a;

since (24)Y (52)1 Y <1fromy<r.

Remark 4. For every normal point [3,8,10] m(w), the derivative of the RNT
function satisfying a; # p1 at w(w) is 0 since Ay (zn(w)) = {a1} and a3 < ry.
This also gives a direct proof that the derivative of the RNT function satisfying
a1 # p1 is zero almost everywhere.
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Dually we have a sufficient condition for the infinite derivative. We need the
following dual lemma without proof.

Lemma 3. Let {d,} be a real sequence and ty be a real number. For t > to,
we assume that there is a positive integer n(t) such that H(t) > dyy for the
real valued function H(t). We also assume that n(t) T oo as t | to. Then we
have

h—mt,LtOH(t) > h—mn—>oodn
Similarly for t < to, we assume that there is a positive integer n(t) such that
H(t) > dp) for the real valued function H(t). We also assume that n(t) 1 oo

ast T tg. Then we have
h—mtTtoH(t) > h—mn—>oodn

Theorem 4. Let A (z,(w)) = [z,y] with r1 < x <y <1 where

BBy =1,

ay as
If
Loy e
L —logp2
and
Lo o oG E)T™
T 1l-y —logp ’
then
f'(m(w)) = co.

Proof. Consider m(w') = ¢ > m(w) = ¢. Then there exists n such that w'|n =
wln and w’'|(n+1) # w|(n+1) with I,, = m(w|n). Let € > 0 such that z—e > rq.
Since w € Flx,y] that is

) n — n
T = h_mn_wom < hmnﬁoom =1,
% < 2 4 ¢ for all large n. Clearly for all large n
z1(w,n) D B -
H (aw_(l))l/m(w,n) = (Iysdm By e > (Bye—e(22y1-(—9)
=1 w(l) ai az ay a2
since
lim " >
T 2 (wym) T
For I, = K|, so satisfying (),-_; I, = {t}, we have for all large n

fr@)) = fr@)  p3 " (L 1)

ACY ) - W(w) h |IZ1(w,n)—1|
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ot ntem T Pet)
z1(w,n+1)—2z1(w,n w
|

= aip:
Qoo (1)

=1

21 (w,ntl) .
= a1(p2 1) 1(2—1)21(2,70 (Z_z) lzl(w,n) )Z1(w,n)

Z+e—1,Pl\z—e P2 \1—(z—€)\21(w,n

This and the above lemma give for t = 7(w) and t' = w(w’),
%_1 P1ygz P2 \1—¢ z1(w,n) __
()P () aen) =

f&)—f@)
Yy 2 imnea(ps o) G

lim, 00

: y log(&1)" (2)" ™" 2 lip e p2yl—g
since £ < 14— 22— <= p; (5)7(£2)"7" > 1 and z1(w,n) T oo as

n 1T oo.
Now, since w € F[z,y] that is

. n - n
T = lim —— <lim, oo

222 —o00 Zl(w,n) m =Y,
we have
— n
1—y=1 —1-1
Y= Mhnooor (won) e (W)

—_ n
<T L R - —1-q
= Mitnoee” ovn) Hnoroo” (Wi m) !

Therefore % < }:—; + € for all large n. Clearly for all large n

z2(w,n)
H (M)l/m(wm) - (p_l)zzz(ﬁlﬁ;n (p_Q)ZZ(Z,m > (p_l)rfe(p_?)lf(rfe)
i1 Gw() ax a2 3 az
since
— n
lim,, yoo——— <1 — 1.
22((*]5 TL)
Similarly for ¢’ < ¢, by
low e
T 1l-y —log p1 ’
. f@) = f(®) . =21 P1g, P2 1—
1 P U A ST A S | -y Plyg P2 zyz2(w,n) _
am, 1t t—t —l—mn—>ooa’2(p1 (al) (a2) ) o0
follows from the similar arguments above. (I

Remark 5. In the above theorem,
lop_1mp_21—m10p_1zp_21—m
min{ g(5r)"(82) g(5)"(82) }>0

—logpy ' —log p1

since (%)z(g—z)l_z > 1 from x > ry.
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From now on, we put

rlogp+ (1 —r)log(l — p)
rloga; + (1 —r)logay

g(r,p) =

In fact, the above expression of g(r,p) is same as that of g(r,p) in our Intro-
duction.

Corollary 5. The Hausdorff and packing dimension of the set of the infinite
derivative points is

g(T1,T1),
where (5—1)”(5—2)17” =1.

Proof. From Theorem 13 of [2], the upper bound for the packing dimension of
the set of the infinite derivative points is g(r1,71). From the above theorem,
f'(m(w)) = oo for any w € Fr,r] where r; < r < 1. Since the lower bound for

the Hausdorff dimension of {J,. .., 7(F[r,7]) is g(r1,71) [3], it follows. O

Remark 6. The solution 1 satisfying (£-)" (£2)1="1 =1 is the solution of the
equation g(r,p1) = 1. Therefore the solution r; is the same as the solution (1)

in our Introduction. Noting Theorem 13 of [2], we remark
0<g(ri,m)<1.

Using the sufficient condition for the null derivative of the RNT singular
function, we have an upper bound less than 1 for the Hausdorff dimension of
its non-differentiability set. For this, we need a lemma. From now on, we
denote dim(FE) the Hausdorfl dimension of set E.

Lemma 6. Let F(2) = Uy<y<1F[z,y] and F(y) = Up<z<,F[z,y]. Then, for
x> ai,

dim(Us<i<1m(F (1)) < g(x, ).
Similarly, fory < ai,

dim(Uo<i<,m(E(1))) < 9(y, ).

Proof. We note that g(t,z) < g(z,z) < 1forag < z <t <1 and g(t,y) <
9(y,y) < 1for 0 <t <y < aj. It essentially follows from Theorem B (1.3) of
[3] or Theorem 1.2 of [10]. O

Theorem 7. Let S be the non-differentiability set of the RNT function f
satisfying a1 # p1. Then

g(ri,r) < dim(S) < 1,

where (5—1)”(5—2)17” =1.

Proof. dim(S) > g(r1,71) follows from [2]. Therefore we only need to show
dim(S) < 1. We see that f/(t) = 0 for the point ¢ = m(w) where w € Flx,y]

1 P1yy(P2yl-y 1 P1yy(P2yl-y
satisfying 1 < £ < loele ) a) 7 Logle)"ay) 7 + 1 for

log as log ay

+1and1§ﬁ<
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0 <z <y < ry from the above Theorem 2. That is, f/(¢t) = 0 for the point
t = w(w) where w € F[z,y] satisfying

log po

r<y<c(x)=

log#” —log 2t +log £2
and
ea(y) <z <y,
where
eay) = (= By’ + (20 —a+1)y—5
with
_ logar
log aq
and
log £2
= m.

We note that ¢1(r1) = 1 and limg o ci(x) = 0 and c2(r1) = r1 and ¢2(0) < 0
with ¢/(r1) = 1—a > 1. Noting this, we can easily show that there is § > 0 such
that f/(t) = 0 for the point ¢ = m(w) where w € F[z, y] with the coordinate

(r,y) e D={(2",y): 2’ <y <a1+d,a1 —§ <2’ <ay+ 5}
Noting the above lemma, we have
dim(S) < max{g(a; — d,a1 — d),9(a1 + d,a1 + )} < 1
since S C 7({w € F[z,y] : (x,y) € D})°. O

Acknowledgement. The author thanks a referee for helping to revise this
paper.
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