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SOME ARITHMETIC PROPERTIES ON NONSTANDARD
NUMBER FIELDS

JUNGUK LEE

ABSTRACT. For a given number field K, we show that the ranks of ellip-
tic curves over K are uniformly finitely bounded if and only if the weak
Mordell-Weil property holds in all (some) ultrapowers *K of K. We
introduce the nonstandard weak Mordell-Weil property for * K consider-
ing each Mordell-Weil group as *Z-module, where *7Z is an ultrapower
of Z, and we show that the nonstandard weak Mordell-Weil property is
equivalent to the weak Mordell-Weil property in * K. In a saturated non-
standard number field, there is a nonstandard ring of integers *Z, which
is definable. We can consider definable abelian groups as *Z-modules so
that the nonstandard weak Mordell-Weil property is well-defined, and we
conclude that the nonstandard weak Mordell-Weil property and the weak
Mordell-Weil property are equivalent. We have valuations induced from
prime numbers in nonstandard rational number fields, and using these
valuations, we identify two nonstandard rational numbers.

1. Introduction

In this paper, we study some arithmetic properties of nonstandard rational
number fields. At first, we are interested in the ranks of elliptic curves. The
rank of an elliptic curve E on a given field K is important to measure the
size of K-rational points E(K). The set E(K) of K-rational points forms an
abelian group, called the Mordell-Weil group and E(K) ®z Q forms a Q-vector
space. The dimension of this vector space is called the rank of F(K), denoted
by rank E(K). The ranks of elliptic curves over global fields, (for example,
number fields or the finite extensions of function fields over finite fields), are
finite by the Mordell-Weil Theorem. One can ask how large the ranks of elliptic
curves over a global field can be. In [9] and [11] it is shown that the rank of
elliptic curve can be arbitrary large in Fy,(¢). But it is not known much about
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the boundedness of ranks of elliptic curves over number field. In [7] it was shown
that the quadratic twists 4 of a elliptic curve E over Q have a bounded rank
if and only if a series associated with E is convergent and in [1] the average
rank of elliptic curves over Q has a finite value. Here, we show that the weak
Mordell-Weil properties of Nj-saturated nonstandard number fields imply that
the ranks of elliptic curves over a given number field are uniformly finitely
bounded. Next we focus on primes in the nonstandard rational number fields.
A nonstandard rational number field *Q has a nonstandard integer ring *7Z
corresponding to Z in Q. It satisfies some basic arithmetic properties of Z: Its
field of fractions is *@Q, it is integrally closed in *Q, it satisfies the (nonstandard)
Euclidean division. Unfortunately *Z need not be a Dedekind domain and not
Noetherian any more. But *Z has the set of primes and each prime gives a
valuation on *Q. Any two elements in *Q are the same if and only if they have
the same value for each valuation and the same sign. As a consequence, *Z is
the intersection of valuation rings with valuations induced from primes.

Let us briefly recall basic notations on the first order logic (from [2]). Logical
symbols are consisted of parentheses (, ), connective symbols A, V, —, -, quan-
tifier symbols V, 3, equality symbol =, and variables z,y, z,.... Let Lying =
{+,—,%;0,1} be the ring language. The (first order) formulas in L, are
well-formed sequences of logical symbols and symbols in L,;,s. A subfor-

mula of a given formula is a subsequence which is also a formula. For con-
n

. . . /_/%
venience, we may omit parentheses symbols, and we abbreviate x +x + --- 4+«
m

and y X y X --- X y to nz and y™ for integers n,m > 1. For example, ‘x? +
y? = 0’ is a formula but neither ‘z?’ nor ‘())a?)" is. A variable in a for-
mula is free if it is not bounded by quantifiers. For example, consider a for-
mula ¢ = Jy (Vz(:c2 +y=2)Adz+1= yQ)), and ¢; = V(22 +y = 2) and
¢2 = (4x + 1 = y?) so that ¢ = Fy(é1 A ¢2). In ¢, z and 2z are free but y is
not. Most of all, look at the variable x, which appears in the subformulas ¢,
and ¢5. It is bounded by the quantifier V in the subformula ¢; but is not in
the subformula ¢2. To emphasize which variables are free in a given formula 1,
we write ¥(z1,...,x,) where z1, ...z, are free variables in ¢. A (first order)
sentence is a formula having no free variables. A set of sentence is called a
theory.

We consider a ring R as an L,jpg-structure. Interpret the binary function
symbol + as addition, the binary function symbol x as multiplication, the
unary function symbol — as the inverse of addition, the constant symbols 0, 1
as the usual zero and identity elements in R. For a formula ¢(z1,...,z,) and
a € R", wewrite R = ¢(a) if ¢(a) holds in R, and ¢(R) := {a € R"| R = ¢(a)}.
For a positive integer n > 1, we say that a subset X C R™ is definable if there
is a formula ¢ such that X = ¢(R). For a given sentence ¢, we write R = ¢
if ¢ is true in R. The theory of R is the set of sentences which hold in R,
and denoted by Th(R). We say given two rings R; and Ry are elementary
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equivalent, denoted by R; = Ro, if for any sentence ¢,

RiEF¢& R = o,

in other words, Th(R;) = Th(Rz). Given a theory T, a ring R is a model of T
it T'C Th(R).

Consider the theory Th(K) of K in Ly, for a number field K. We say a

model of Th(K) is standard if it is isomorphic to K. Otherwise, it is called
nonstandard. A model of Th(K) is nonstandard if and only if it contains
a transcendental element. Robinson in [6] proved that the ring of integers
Z is definable in any number fields in L,;,4 so that the theories of number
fields are undecidable. Let Z(z) and Q(z) be formulas defining Z and Q in
K respectively. Let *K be a nonstandard model of Th(K). We claim that
Z C Z(*K). Since K is a finite extension of Q, there is an integral element
a € K such that Q(a) = K. It is expressed by the first order logic as the
statement saying that there is an element a such that
e « is a zero of a monic polynomial with coefficients satisfying the formula Z.
e Any element is written uniquely as a linear combination of {1,a?,..., a1}
with coefficients satisfying the formula @, where d = [K : Q].
Suppose Z = Z(*K). Then we can find an integral element *a € *K such
that Q(*«) = *K. Let f(X) € Z[X] be the minimal polynomial of *a. Since
f(X)isover Z and *K = Jz (f(z) =0), K = 3z (f(x) =0). So, K contains
a conjugate a of *a and K = Q(«). Therefore K = *K via the map sending
a to *a. This contradicts with the choice of *K as a nonstandard model of
Th(K). Moreover we conclude that between number fields, two notions of being
elementary equivalent and being isomorphic coincide.

Theorem 1.1. For any two number fields K1 and Ko, we have that
K=Ky, e K| 2 K.
Next we review elliptic curves over a field K of characteristic zero. An
elliptic curve E over K is given by the following equation
y? =2+ Az + B,4A% + 27TB%* # 0
for A, B € K. It is well-known that the set F(K) of K-rational points of E
{(z,y) € K?| y* = 2® + Az + By U {Py.}

forms an abelian group called the Mordell-Weil group. If K is a global field
for example a number field or a finite extension of function field over F,, then
the Mordell-Weil Theorem says that E(K) is finitely generated and its rank
is finite. Now let K be a global field. By the Mordell-Weil Theorem, the
cardinality of the weak nth Mordell-Weil group contains an information of the
rank of E(K). Let n > 2 and let

n

nB(K):={PeEK)|3Q € E(K), P=Q+g - +r Q}.
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The weak nth Mordell-Weil group of E over K is the quotient of F(K) by
nE(K), denoted by E(K)/nE(K). Then n" < |E(K)/nE(K)| < n" + n?
where r is the rank of F over K for all n > 2. From now on, if K is clear from
the context, we omit ‘over K’. We say a field L has the weak Mordell-Weil
property if for any elliptic curve E over L, each weak nth Mordell-Weil group
of E over L is finite.

2. Uniformly finite boundedness of the ranks of elliptic curves

We may consider elliptic curves as definable objects in K. Fix A,B € K
such that 443 + 27B% # 0. Then E(K) can be seen as a definable subset of
K3 by the following formula
E(A,B;x,y,2) = (4A% + 27B* £0)

ANMy*=2>+Az+BArz=1)V(z=0Ay=1Az=0)).
Moreover the group operation +pg of the Mordell-Weil group (E(K),+g) is

also definable, that is, the graph of +5 : E(K) x E(K) — E(K) is a definable
subset of K? x K3 x K3 given by the following formula: For Z = (z¢, 21, 72),

g = (?Janlay2)a and z = (20,21,22),

+£(2.5.2) = (B@ ABG) AEE)) A ((22=0— A\ vi=2)

0<i<2
V(y220—> /\ ,Tj:Zj)
0<5<2
\/(ZL'OZy()/\.Il#yl%(ZOZO/\Zlil/\ZQZO))
32+ A
V(zg=yo Az =41 — (20 = (F—2—=)? — 20 — 21)
290
33+ A 323+ A
Nzy=—(———2z0— (11— ———x0)) Nzo =1
(g0 = (01 = =) A = 1))
Y1 — 1
\/(9607&3/0%(20:(7)2*1”0*101))
Yo — o
/\21:(%*961207yOfEl*yleo)/\ZQ:l))).
Yo — Xo Yo — Xo

For n > 2, each nE(K) is definable. Consider a formula

nE(z) = E(Z)A321,Z2,...,Tn /\ (BE(Z:) A +E(Z:,T1,Tip1)) NTn =2 |
1<i<n

where z = 7’ is an abbreviation for \;(z; = zj) for = (zo,...,z,) and

' = (xp,...,x,), and this formula defines nF(K).

We recall some basic properties of the notion of ultraproduct. Fix a count-
ably infinite index set I and a nonprincipal ultrafilter U on I. Let {M;}icr
be a set of L-structures by the set I. Define an equivalence relation ~qy
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on [[,c; M; as follows: For (a;), (b;) € [ M, (a;i) ~y (b) if and only if
iel
{i € Ila; = b;} € U. The set [ M;/ ~y (=: [],, M) of equivalence classes
iel
of ~y; is called the ultraproduct of M;’s with respect to the ultrafilter U. We
denote by [(a;)] the equivalence class of (a;) € [ M;. A subset S of [[M; is

i€l u
called induced if it is of the form of [] S;/ ~y for a set of subsets S; of M;
iel
indexed by I.
Remark 2.1. Let {M;}icr be a collection of infinite structures indexed by I.
(1) For a formula ¢(x1,...,7,) and a' = [(a})],...,a" = [(a?)] € [ M,
u

[[MiEd@',....a") & {icl| Mi=¢(d,...,a,)} €U.
u

(2) The ultraproduct [] M, is R;-saturated.
u

(3) An induced set []M; is finite or at least > 2%°, and any definable set
u

is induced.

For a fixed infinite structure M, if M; = M for i € I, we write * MY for
the ultrapower of M with respect to the ultrafilter 4. We write *M if U is
obvious. In this case, there is a canonical embedding ¢ : M — *M,m — [(m)]
and this embedding is an elementary embedding, that is, for a formula ¢(Z)
with |Z| = n and a € M", M | ¢(a) if and only if *M [ ¢(c(a)). So *M is
an Ni-saturated elementary extension of M.

Next we consider ultraproducts of abelian groups. Let {A;};c; be a set of
abelian groups indexed by I and consider the ultraproduct [ 4;. Then we can

7]

consider the ultraproduct [] 4; as a *Z-module, where *Z is the ultrapower [[ Z
u u

of Z as follows: For a = [(a;)] € [[ A; and n = (n;) € [[ Z, define na := [(n;a;)].
u u

Remark 2.2. Let {A;};cr be a set of abelian groups indexed by I.
(1) If each A; is generated by n elements, then the ultraproduct ] 4; is
u

generated by n elements as *Z-module.
(2) If the ultraproduct [] 4; is finitely generated as *Z-module, then the
7]

cardinality of the quotient of [] A; by k [ A; is finite for all K > 1. More
precisely, if [T 4; is generateduby n elen?ents, then | [T Ai/k ] 4] < k™
for each k zul. “ "

Proof. (1) Suppose A4; is generated by a;1,...,a;, for each i € I. Then ];[Ai

is generated by a1 = [(a:1)],...,an = [(ain)] as *Z-module. Take z = [(z;)] €
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[ A; arbitrary. For eachi € I, there are cy;, . . ., ¢n; in Z such that z; = c1;a;1+
u

“ o+ Cpi@in S0 that @ = cra + -+ -+ cpay for ¢1 = [(c13)], .- -, en = [(cni)] € *Z.
Thus ] A; is generated by n elements as *Z-module.
7]

(2) Suppose ] A; is generated by ay,...,a, as *Z-module for some n > 1.
u
Let k > 1. Define a map fy : *Z/k*Z x --- x *Z/k*Z — [[ A:i/k]] A: by
u u

sending (¢1,...,¢,) to c1a1 + - -+ + ¢pan. Then this map is well-defined and it

is onto. Since *Z/k*Z = Z/kZ, the domain of f is finite and its cardinality is

k™. Thus, the cardinality of [ A;/k ] 4; is less than or equal to k™. O
u u

Note that for an ultrapower *K of a field K and an elliptic curve E over *K,
the Mordell-Weil group E(*K) is an ultraproduct of an elliptic curve over K
and E(*K) is an ultraproduct of abelian groups.

From now on, we fix a number field K. We see some relations between the
ranks of elliptic curves over K and over *K. Let F be an elliptic curve over K,
then F is also over *K and F(K) C E(*K). It can be directly shown that the
rank of E(*K) is larger than or equal to the rank of F(K). But unfortunately
the rank of elliptic curve is not an elementary invariant, that is, for an elliptic
curve F over K, the rank of F(K) need not be equal to the rank of F(*K)
unless rank F(K) = 0.

Proposition 2.3. Ifrank E(K) is not equal to 0, then rank E(* K) >rank E(K)
and rank E(*K) is always infinite. If rank E(K) =0, then E(K) = E(*K).

Proof. Let E be an elliptic curve over K. Suppose rank E(K) > 0 so that
E(K) is infinite. Thus E(*K) is infinite. Since F(*K) is induced and infinite,
the cardinality of E(*K) is 2%0. Also there are countably many torsion points
in E(*K). Thus the vector space E(*K) ®z Q is of cardinality of 2%. So its
dimension as Q-vector space is 280 and rank E(*Z) = 2%o,

Suppose rank E(K) = 0 so that F(K) is finite. Let k& = |E(K)|. We can
write down in the sentence ¢ saying there are only k-many points in E. Since
K and *K are elementary equivalent, *K |= ¢, that is, k = |F(*K)|. Always
E(K) is a subset of E(*K) and therefore E(K) and E(*K) are same. O

From Proposition 2.3, the rank itself may not be an elementary invariant. By
the way, each weak nth group may be a good elementary invariant. Consider
an equivalence relation ~g , on E defined by the following formula

3z (nE(2) A +5(%,2,7))
for each elliptic curve F and each n > 2.

Proposition 2.4. Let E be an elliptic curve over K. For each n > 2,

Proof. Let E be an elliptic curve over K with |E(K)/nE(K)| = k, < o
for n > 2. Fix n > 2. There is a natural embedding ¢p from E(K) to
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E(*K) and it induces amap tg ,, from E(K)/nE(K) to E(*K)/nE(*K). Since
E(K)nnE(*K) =nE(K), this map is injective. It remains to show surjectivity.
For n > 2 and k > 1, define a formula

¢E,n,k(j1;---;jk)5 /\ E(fi)/\ /\ ﬁ(zfi ~E.n -fj)-

1<i<k 1<i<j<k

Next consider the following sentence

Gpp =31 Tk, [SBnk, (T1,. . 2k, ) AVE (E@) > \/ (2 ~pnZ:)
1<i<kn

Since |E(K)/nE(K)| = k, < o0, K | ¢, and so *K | ¢ ,. Thus

|[E(*K)/nE(*K)| = ky also. Thus g, is surjective and it is bijective. There-

fore tp ., : BE(K)/nE(K) = E(*K)/nE(*K). O

We get the following equivalent conditions for the boundedness of ranks of
elliptic curves over K.

Definition 2.5. We say *K has the nonstandard weak Mordell-Weil property
if each Mordell-Weil group of elliptic curve over *K is finitely generated as
*Z-module.

Theorem 2.6. The followings are equivalent:

(1) The ranks of elliptic curves over K are uniformly finitely bounded.

(2) For each n > 2, the cardinalities of weak nth Mordell-Weil groups over
K are uniformly finitely bounded.

(3) For any (some) nonprincipal ultrafilter U on I, weak Mordell-Weil
property holds for *KY.

(4) For any (some) nonprincipal ultrafilter U on I, nonstandard Moredell-
Weil property hold for * KY.

Proof. Tt is easy to check (1) < (2). It it enough to show (1) = (4), (4) = (3),
and (3) = (2). Let E(A, B;z,y,z) be a formula

(4A°+2TB* £ 0)A ((z=1Ay* =2’ + A2+ B)V (2 =0Az=0Ay =1)),

which parametrizes all pairs of elliptic curves E(A, B) : y?> = 2® + Az + B and
points in E(A, B). Consider a two variable formula

(I)n,m(Aa B) = 3@1, o ;jmqﬁE(A,B),n,m
for each m > 1 which parametrizes all nonsingular elliptic curves whose the
weak nth Mordell-Weil group has the cardinality at least m.

(1) = (4) Suppose there is C' > 0 such that rank F(K) < C' for each elliptic
curve E over K. There is r > 0 such that F(K) is generated by at most r
elements for all elliptic curves E over K because there are only finitely many
possibilities for torsion points of elliptic curves over K. Then by Remark 2.2(1),

each Mordell-Weil group of an elliptic curve over *K is finitely generated as
*Z-module.
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(4) = (3) Suppose the nonstandard weak Mordell-Weil property holds for
any (some) *KY. By Remark 2.2 (2), each nth weak Mordell-Weil group of an
elliptic curve over *KY is finite and so the weak Mordell-Weil property holds
for *KY.

(3) = (2) Suppose (2) does not hold. Then there is n > 2 such that for each
m > 1, there is A,,, By, € Q such that

Q |: (I)n,m(Ama Bm)

So for any (some) *KY,

FKY ': (I)n,m/([(Am)]a [(Bm)])
for all m’ > 1. So *KY does not have the weak Mordell-Weil property. (]

We extend Remark 2.2 to arbitrary definable abelian groups in saturated
nonstandard number fields in the ring language Lring = {+,—, x;0,1}. Let
*Q be a saturated model of Th(Q) and *Z be a nonstandard integer ring of *Q
corresponding to Z in Q, which is definable in £,;,4. Let K be a number field
and let *K be a saturated model of Th(K). First note that K is interpretable
in Q in Lyng. More precisely, fix a € K which is integral over Z and K =
Q(a). Let f(X) = X" + a1 X"t 4+ -+ 4+ ap € Z[X] be the irreducible
polynomial of a with n = [K,Q]. We can associate a field structure on Q" 1.
We define the plus +x and the multiplication Xz on Q"™ ! as follows: for

(20, Tn1)s (Yos -+ Yn_1) € QUL
(20,3 Tn—1) & (Y05 -+ Yn—1) = (Lo + Y05+ - s Tn—1 + Yn—1),
and
(0, Tt X& (Y0s- -3 Un—1) := (205 ..., 2n_1) € Q™!

n—1 . n—1 . n
such that (Y z;a?) - (Y yjaf) = 3 zpa* € K. Note that x i is definable
i=0 i=0 k=0

with the parameter {ao,...,an—1}(C Q) so that it is definable over (). The

field (Q™, 4+ K, X i) is isomorphic to K by the map
n—1
(20, Tp_1) €EQ" 1 > Z zio € K.
i=0
Let (*A,4++4,1+4) be a definable abelian group in *K. It is clear that *A is a

Z-module as
In

—_—
a+*A"'+*A0J 1fn>0
n-a:=<l-a if n=20

(—a)+*A---—|—*A(—a) ifn<0

In|
for a € *A and n € Z. Our main aim in the rest of this section is to show that
we can see *A as a *Z-module extending the Z-module structure, that is, there
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is a map -* : *Z x *A — *A to make *A as *Z-module and n -* a = n - a for
a€*Aandn€Z.

Let V be the standard model of the ZFC axioms in the language L.+ = {€}.
From now on, we mean ‘formula’ and ‘definable’ in L., not in £L,;ng. The ring
and field structures of Z and Q are definable and let ¢z(x) and ¢g(x) be
formulas defining Z and Q respectively. Also there is a formula ¢ (x) defining
a field isomorphic to K. We identify K and ¢x (V). Consider a definable group
(G,+a,1g) in K, which includes the case of definable groups in L, since
the field structure of K is interpretable in Ls.¢, and let 6(Z,y) be a formula
and @ € K9 such that the formula 6(Z,a) defines the set G and says the
function +¢ on G is a group operation with the identity 1. Let §(y) be a
formula saying that for b € K19, §(b) holds if and only if 6(z, b) defines a group
(G4, +a;51c;)- Consider a formula

Fo(Ti, o Zny Y1y Ym) = /\¢K(zi) A/\qﬁj(yj) N6(Y) AN O(Z,7)

parametrizing all pairs of groups definable in K by the formula § and elements
in such groups. Consider a function f: Z x Fy(V) — Fp(V) such that

e £(0,7,b) :7(16'1;75) for b € K7l and g € Gy; and

o f(n+1,5,b) = (7 +g, 7(f(n,3,b)),b) for n € Z and (g,b) € Fp(V),
where 7 is the projection map from Fy(V) to UEece(K) Gs.

Then by recursion theorem, this function f is definable. Moreover if Gz is
commutative for b € K7 then the Z-module structure on Gy is given by

f(-,-,b). Thus we have the following.

Proposition 2.7. Let K be a number field. Let 6(Z,y) be a formula such
that for some a € K9, 0(K,a) defines a group G. Then for each b € KV
with 0(Z,b) defining a group Gy, there is a uniformly definable function f; :
Z x Gy — Gy such that

o f3(0,9) = 1g; for any g € Gy; and

o fi(n+1,9) = fz(n,g) +g for any g € Gy and n € Z.

Now let k be an inaccessible cardinal and let *V be a saturated extension of V'
of cardinality k. Let *Z = ¢z (*V), *Q = ¢o(*V), and *K = ¢x (*V'), which are
saturated models of cardinality x of Th(Z), Th(Q), and Th(K) respectively.
Let (*G,++q, 1+¢) be a definable abelian group in *K by the formula 6(Z, *a)
for some *a € *K!7. It has a *Z-module structure extending the Z-module
structure given by the definable function f«5(-,-) : *Z x *G — *G. Since any
saturated model is unique up to isomorphism, we get the following result:

Theorem 2.8. Any abelian group definable in *K has a *Z-module structure
extending the Z-module structure. Especially any elliptic curves over *K has a
*Z-module structure.

As a corollary, we extend Theorem 2.6 to arbitrary saturated models of Th(K).
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Theorem 2.9. The followings are equivalent:

(1) The ranks of elliptic curves over K are uniformly finitely bounded.

(2) For each n > 2, the cardinalities of weak nth Mordell-Weil groups over
K are uniformly finitely bounded.

(3) Weak Mordell-Weil property holds for *K.

(4) Nonstandard Moredell-Weil property hold for *K.

3. Factorization in *Z

We fix a nonstandard rational number field *@Q. We know that Z is definable
in Q (see [5] and [6]) by a formula Z(z). So *Q also has a nonstandard integer
ring *Z = Z(*Q) corresponding to Z in Q as a definable subset in *Q. By
Lagrange theorem, the set of natural numbers N is definable in Q by the formula

N(@) = 3yi,y2,u,0( \ Z(w) Aw =y + 45+ 93 +17),
1<i<4

and let *N := N(*Q) corresponding to N of Q. The nonstandard integer *7Z
inherits some basic arithmetic properties of Z:

The quotient field of *Z is *Q.

*Z is integrally closed in *@Q.

*77 = {+1}.

Any finitely generated ideal is a principal ideal.

There is a linear order < on *Z to make *Z as an ordering ring so that
(*Q, <) is an ordered field.

The nonstandard Euclidean division holds in *Z as follows:

e For any a,b € *Z, there are unique ¢, € *Z such that a = bg + r and
0<r<|al,

where |a| = a if 0 < a, or = —a otherwise. By the way, *Z need not be a PID,
a Dedekind domain, and a Noetherian ring.

Example 3.1. Let *Q be Ny-saturated. Let I = (), 2i*7. Then I is not a
finite product of prime ideals and it is not finitely generated.

The following theorem holds in Q:

Theorem 3.2. Let v, denote the valuation on Q induced from a prime number
p. For ag,a1 € Q\ {0},

ap = a1 if and only if vp(ag) = vp(a1) for each prime number p and 0 < aga;.

Z= () Zp

pEP(N)

So we have

where Z,, is the vp-valuation ring of Q.
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Our goal in this section is to show that Theorem 3.2 holds in *@Q even though
*Z need not be a UFD. More precisely, we will show that the statement in
Theorem 3.2 can be expressed by the first order logic.
We define a binary relation by a formula
ly=Z(@)ANZ(y) NIz (Z(z) Nz £ 0Ny = zx)

saying that z and y are integers and x divides y. Next we consider a formula
defining primes as follows:

P(x) = N(@) Az # 1) AVy((yle) = ((y = £1) V (y = 1)) ).
So, P(Q) gives the set P(N) of primes in N and P(*Q) is the set P(*N) of

primes in *Z corresponding P(N). For each prime, we define the set of powers
of a given prime. Consider a formula

pw(x;y) = N(x) AN(y) A (y: 1\/Vz((N(z)/\z7$i1/\z|y)—>x|z)).

For each p € P(*N), let p'N := pw(p; *N) be the set of 1 and elements in *N
divisible only by p. Next consider a function v, : *Z\ {0} — p VN sending each
x to y such that y|z but —(py|z), which is definable by a formula

dp(x,y) = (Z(x) Ax #0) Apw(p;y) Ayle A =(py|)
with the parameter p. This map extends on *Q\{0}. Let pw'(x;y) = pw(z;y)V
z(pw(x; 2) Azy = 1). Let p % := pw'(p; *Q) = p NU{1/z|z € p'N}. Note that
we give an order <, on p % as follows: a <p bif b/a € p N and (p'Z, X, <p)
forms an ordered group. Extend v, to the map from *Q\ {0} into p % by sending
a/b with a,b € *Z into vy, (a)/vp(b), which is a surjective group homomorphism
from (*Q \ {0}, x) to (p %, x). For any a,b € *Q\ {0}, if a + b # 0, then
vp(a+b) > min {vy(a),vp(b)}. Thus v, : *Q\ {0} — p 7 is a valuation, which
is definable by a formula

dy(x,y) = Fz1x291y2 (v22 = 21 A Y2y = y1 Adp(21,41) A dp(2,y2)) -

We already note that *Q has the order < which gives the absolute value |a| = a
if 0 < a and = —a otherwise. Consider an order < on *Z asa <bifb—a € *N
and extend < on *Q by defining a1 /b1 < az/bs with a1, az € *Z and by, by € *N
if asby — a1by € *N. This ordering is definable by a formula

r <y=3Irizayiy2 (Z(x1) A Z(yr) A N(z2) AN (y2)

A (zza = 21) A (yy2 = 1) A N(y122 — 2132)).

Using these valuations and the absolute value, we get the following theorem:

Theorem 3.3. For ag,a; € *Q\ {0},
ap = ay if and only if vy(ag) = vp(a1) for all p € P(*N) and |aga1r| = apaq.

We have an injective group homomorphism from *Q\{0} to [[ p %x{*1}
PEP(*Z)

by sending a to ((vp(a))p,a/lal)).
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Proof. By Theorem 3.2, the following sentence
b= me(((my #0) AVz (P(2) = Vw (d, (z,w) < d.(y,w))) A (z >0+ y > 0))

- (z = y))
holds in @, and so does in *Q because Q = *Q. (I

As corollary, we have that *Z is the intersection of all v,-valuation rings for
p € P(*N).

Corollary 3.4. Let *Z, be the vy-valuation ring of *Q for p € P(*N). Then,

L= (] *Zy

pEP(*N)

Remark 3.5. From Corollary 3.4, one can expect that for any two ideals I; and
Iy in *Z, if ,*Z, = I,*Z,, for all p € P(*N), then I = I,. Unfortunately, this
fails. If we take a nonprincipal ultrapower *Z of Z, there is a maximal ideal
m of *Z which is not contained in p*Z for any p € P(*N). This maximal ideal
satisfies m*Z, = *Z, for all p € P(*N) but m # *Z.
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