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HAUSDORFF DIMENSION OF THE SET

CONCERNING WITH BOREL-BERNSTEIN THEORY

IN LÜROTH EXPANSIONS

Luming Shen

Abstract. It is well known that every x ∈ (0, 1] can be expanded to an
infinite Lüroth series with the form of

x = 1
d1(x)

+ · · ·+ 1
d1(x)(d1(x)−1)···dn−1(x)(dn−1(x)−1)dn(x)

+ · · · ,

where dn(x) ≥ 2 for all n ≥ 1. In this paper, the set of points with
some restrictions on the digits in Lüroth series expansions are considered.
Namely, the Hausdorff dimension of following the set

Fφ = {x ∈ (0, 1] : dn(x) ≥ φ(n), i. o. n}

is determined, where φ is an integer-valued function defined on N, and
φ(n) → ∞ as n → ∞.

1. Introduction

For each x ∈ (0, 1], let d1 = d1(x) ∈ N be the unique integer such that

1

d1(x)
< x ≤

1

d1(x) − 1
,(1)

and the transformation T : (0, 1] → (0, 1] be defined as

(2) T (x) := d1(x)(d1(x) − 1)
(

x−
1

d1(x)

)

.

Then the algorithm of (2) leads to an infinite series expansion for every x ∈ (0, 1]
with the form

(3) x =
1

d1(x)
+

∑

n≥2

1

d1(x)(d1(x)− 1) · · · dn−1(x)(dn−1(x)− 1)dn(x)
,

Received July 26, 2016; Revised January 26, 2017.
2010 Mathematics Subject Classification. Primary 41A45, 11K16, 28A80.
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where dn(x) = d1(T
n−1(x)) ≥ 2(∀n ≥ 1) are called the digits of x. The infinite

series (3) is named the Lüroth expansion of x, which was first introduced by
J. Lüroth in 1883 ([11]). Lüroth series expansion played an important role
in the representation theory of numbers, probability theory, and dynamical
system. For metrical properties, the digits {dn, n ≥ 1} are stochastically in-
dependent but with infinite mean ([7], p. 66). For dynamical properties, the
transformation T is invariant and ergodic with respect to Lebesgue measure
([2,7,9,13]). And for more researches related to Lüroth expansion, we can refer
to [3], [7], [12] and [15]. For the exceptional sets in Lüroth expansions, the

earliest research was conducted by T. S̆alát in [12], the author obtained the
Hausdorff dimension of the sets Mk = {x ∈ (0, 1] : dn(x) = k, n = 1, 2, . . .}
for any k ∈ N, and by the conformal system theory, K. J. Falconer ([5]) ob-
tained the Huasdorff dimension for general case of the above sets, i.e., the set
JA = {x ∈ (0, 1] : dn(x) ∈ A for all n ≥ 1}, where A ⊂ N\{1}. In recent years,
great importance was attached with the Lüroth expansions. For given proba-
bility sequence ~p = (p1, p2, . . . ), i.e., pj ≥ 0 for all j ∈ N and

∑∞
j=1 pj = 1, A.

H. Fan et al. ([6]) obtained the dimension of the Besicovitch-Eggleston set

E(~p) :=

{

x ∈ (0, 1] : lim
n→∞

1

n

n−1
∑

k=0

1{d1(x)=j+1}(T
k(x)) = pj for all j ≥ 1

}

.

L. Barreira and G. Iommi ([1]) computed the Hausdorff dimension of the set
of the frequency of digits Fα = {x ∈ (0, 1] : τk(x) = αk for each k ∈ N},

where τk(x, n) = card{i ∈ {1, . . . , n} : di(x) = k}, τk(x) = lim
n→∞

τk(x,n)
n

, and

α = (α1, . . . , α2, . . .),Σ
∞
i=1αi = 1. L. M. Shen and K. Fang [14] considered the

set
Fϕ = {x ∈ (0, 1] : dn(x) ≥ ϕ(n) for all n ≥ 1},

where ϕ : N → N is a function satisfying ϕ → ∞ as n → ∞, in which not only
the set whose digits assume arbitrary is computed, but also the set F (a, b) =

{x ∈ (0, 1] : dn(x) ≥ ea
b

i. o. n} is determined.

Theorem 1.1 (Borel-Bernstein). Let φ be an arbitrary positive function on

natural numbers N and F (φ) = {x ∈ (0, 1] : dn(x) ≥ φ(n) i. o. n}, then

L(F (φ)) is null or full according to the series
∑∞

n=1
1

φ(n) converges or not,

where L denotes the Lebesgue measure.

In light of Borel-Bernstein Theorem, the sets whose digits obey some restric-
tions would be of null Lebesgue measure. Let φ be a positive function defined
on natural numbers. In this paper, the Hausdorff dimension of the set

Fφ = {x ∈ (0, 1] : dn(x) ≥ φ(n), i. o. n}

is determined, which strengthens the result of [14].
The paper is organized as follows. In Section 2, we present some elementary

properties of Lüroth expansion which will be used later. Section 3 is devoted to
determining the Hausdorff dimension of the set F (B) = {x ∈ [0, 1) : dn(x) ≥
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Bn + 1, i. o. n} (B > 1), and the Hausdorff dimension of the set F (φ) is
determined in Section 4.

Throughout this paper, we denote I the interval (0, 1], | · | the diameter of
a set, Ht the Hausdorff measure, dimH the Hausdorff dimension and ‘cl’ the
closure of a subset of I respectively.

It should be mentioned that the proof idea is derived from [17].

2. Preliminaries

In this section, we will present some elementary properties which are enjoyed
by Lüroth expansion and present some lemmas that will be used later.

Proposition 2.1 ([7], p. 18). The series on the right hand side of (3) is the

expansion of its sum by the algorithm (1) and (2) if and only if

dn ≥ 2 for all n ≥ 1.

For any d1, . . . , dn ∈ N with dk ≥ 2 for all 1 ≤ k ≤ n, and we call

I(d1, . . . , dn) = {x ∈ I : dk(x) = dk, 1 ≤ k ≤ n}

an n-th order basic cylinder.

Proposition 2.2 ([7], p. 67). For any d1, . . . , dn ∈ N with dk ≥ 2 (1 ≤ k ≤ n),
the n-th order basic interval I(d1, . . . , dn) is the interval with the endpoints

1

d1
+

1

d1(d1 − 1)d2
+ · · ·+

n−1
∏

k=1

1

dk(dk − 1)

1

dn
,

and

1

d1
+

1

d1(d1 − 1)d2
+ · · ·+

n−1
∏

k=1

1

dk(dk − 1)

1

dn
+

n
∏

k=1

1

dk(dk − 1)
.

As a consequence,

(4) |I(d1, . . . , dn)| =

n
∏

k=1

1

dk(dk − 1)
.

The following lemma is essential to the determination of the Hausdorff di-
mension of the set {x ∈ I : dn(x) ≥ Bn + 1, i. o. n}.

Lemma 2.3. Let B > 1 and s(B) be the unique solution of the equation

(5)

∞
∑

k=2

( 1

Bk(k − 1)

)s
= 1.

Then 1) s(B) is continuous with respect to B; 2) limB→+∞ s(B) = 1
2 ; 3)

limB→1 s(B) = 1.
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Proof. 1) By the definition of s(B), for any 0 < ǫ < 1 and 1 < B
′

< B < B
′

+ǫ,
we have

∞
∑

k=2

( 1

B
′

k(k − 1)

)s(B)+ǫ
≤

1

B
′ǫ

∞
∑

k=2

( 1

B
′

k(k − 1)

)s(B)
=

1

B
′ǫ

( B

B
′

)s(B)

≤
B

B
′(1+ǫ)

< 1.

By the monotonicity of s(·), one has s(B) < s(B
′

) < s(B) + ǫ.
2) For any n ≥ 1 and B > 1,

∞
∑

k=2

( 1

Bk(k − 1)

)
1
2 ≥

1

B
1
2

∞
∑

k=2

1

k
= ∞.

Thus s(B) ≥ 1
2 .

For any 0 < ǫ < 1, take B0 =
(
∑∞

k=2(
1

k−1 )
2ǫ+1

)

1
1
2
+ǫ , then for any B > B0,

one has
∞
∑

k=2

( 1

k(k − 1)

)
1
2
+ǫ

≤
∞
∑

k=2

( 1

k − 1

)2ǫ+1
= B

1
2
+ǫ

0 < B
1
2
+ǫ.

Thus s(B) < 1
2 + ǫ.

3) For any 0 < ǫ < 1 and any B > 1 with 1 < B < B0 = 2ǫ, one has

∞
∑

k=2

( 1

Bk(k − 1)

)1−ǫ
≥ 2ǫ

∞
∑

k=2

1

Bk(k − 1)
> 1,

which implies s(B) > 1 − ǫ. On the other hand, it is obviously that s(B) ≤
1. �

3. The Hausdorff dimension of {x ∈ I : dn(x) ≥ Bn + 1, i. o. n}.

In this section, we will determine the Hausdorff dimension of

F (B) = {x ∈ I : dn(x) ≥ Bn + 1, i. o. n},

which is the main part of this paper.
Before giving the lower bound estimation of F (B), we state the mass distri-

bution principle, see ([7], Proposition 4.2).

Lemma 3.1. Let E ⊂ I be a Borel set and µ be a measure with µ(E) > 0. If

for any x ∈ E,

lim inf
r→0

logµ(B(x, r))

log r
≥ s,

where B(x, r) denotes the open ball of center x and radius r, then dimH E ≥ s.

Theorem 3.2. For any B > 1, we have dimH F (B) = s(B).
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Firstly, we give the upper bound of F (B).

F (B) = lim sup
n→∞

{x ∈ [0, 1) : dn+1(x) ≥ Bn+1 + 1}

=
⋂

N≥1

⋃

n≥N

{x ∈ [0, 1) : dn+1(x) ≥ Bn+1 + 1}

=
⋂

N≥1

⋃

n≥N

⋃

d1,...,dn

{x ∈ [0, 1) : dk(x)=dk, 1 ≤ k ≤ n, dn+1(x) ≥ Bn+1+1}

:=
⋂

N≥1

⋃

n≥N

⋃

d1,...,dn

|J(d1, . . . , dn)|.

From (4), we have

|J(d1, . . . , dn)| =
∑

dn+1≥Bn+1+1

|I(d1, . . . , dn, dn+1)| =
1

QnBn+1
,

where Qn = d1(d1 − 1) · · · dn(dn − 1).
For any ǫ > 0,

Hs(B)+ǫ(F (B)) ≤ lim inf
N→∞

∑

n≥N

∑

d1,...,dn

|J(d1, . . . , dn)|
s(B)+ǫ

= lim inf
N→∞

∑

n≥N

∑

d1,...,dn

(
1

QnBn+1
)s(B)+ǫ

= lim inf
N→∞

∑

n≥N

∑

d1,...,dn

(
1

QnBn+1
)s(B)(

1

QnBn+1
)ǫ

≤ lim inf
N→∞

∑

n≥N

∑

d1,...,dn

(
1

QnBn
)s(B)(

1

2nBn+1
)ǫ

= lim inf
N→∞

∑

n≥N

(
1

2nBn+1
)ǫ = 0.

This implies that dimH F (B) ≤ s(B) + ǫ. By the arbitrary of ǫ, we have
dimH F (B) ≤ s(B).

In order to get the lower bound of dimH F (B), we will construct a subset
Fα(B) ⊂ F (B) and use the Hausdorff dimension of Fα(B) to approximate that
of F (B).

3.1. Structure of Fα(B)

Let α ∈ N and a sequence Λ = {n1, n2, . . .} satisfying nk ∈ N

(6) n1 = 1 and n1 + n2 + · · ·+ nk ≤
1

k + 1
nk+1

for all k ≥ 1. For ∀α ≥ 2, we define

Fα(B) = {x ∈ I : [Bnk ] + 2 ≤ dnk
(x) ≤ 2[Bnk ] + 1,

∀k ≥ 1, and 2 ≤ dj(x) ≤ α, ∀j 6= nk},
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and define sα(B) be the unique solution of the equation

α
∑

k=2

( 1

Bk(k − 1)

)s
= 1.

Remark 3.3. By the definition of s(B) and sα(B), we have

(7) lim
α→∞

sα(B) = s(B).

In order to illustrate the structure of Fα(B), we will use the following sym-
bolic space. Let

Dn = {(σ1, . . . , σn) ∈ N
n : [Bnk ] + 2 ≤ σnk

≤ 2[Bnk ] + 1

∀k ≥ 1, and 2 ≤ σj ≤ α, ∀j 6= nk}.

D =

∞
⋃

n=0

Dn (D0 := φ).

For any n ≥ 1 and (σ1, . . . , σn) ∈ Dn, we call In(σ1, . . . , σn) a n-th basic

interval and

(8) J((σ1, . . . , σn)) =
⋃

σn+1

cl((σ1, . . . , σn+1))

an n-th fundamental interval, where the union in (8) is taken over all σn+1 such
that (σ1, . . . , σn, σn+1) ∈ Dn+1. Then, if n+ 1 6= nk for some k ≥ 1,

(9) |J((σ1, . . . , σn))| =
1

Qn

(1−
1

α
),

if n+ 1 = nk for some k ≥ 1,

(10) |J(σ1, . . . , σn)| =
1

Qn

[Bn]

([Bn] + 1)(2[Bn] + 1)
.

It is clear that

(11) Fα(B) =
⋂

n≥1

⋃

(σ1,...,σn)∈Dn

J(σ1, . . . , σn).

3.2. Gaps in Fα(B)

In this subsection, we estimate the gaps between the adjoint fundamental
of the same order. Given a fundamental interval J(d1, . . . , dn), the distance
between J(d1, . . . , dn) and fundamental intervals of the same order which lies
on the right of J(d1, . . . , dn) is denoted by gr(d1, . . . , dn), the distance between
J(d1, . . . , dn) and fundamental intervals of the same order which lies on the left
of J(d1, . . . , dn) is denoted by gl(d1, . . . , dn).

Also, let J
(l)
n (d

(l)
1 , . . . , d

(l)
n ) and J

(r)
n (d

(r)
1 , . . . , d

(r)
n ) be two fundamental inter-

vals (if exist) lying the left most and right most to Jn(d1, . . . , dn). Without loss
of generality, we can assume that these three fundamental intervals are lying in
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the same interval In−1(d1, . . . , dn−1), otherwise, we consider the gaps between

their mother fundamental intervals. Then, J
(l)
n and J

(r)
n are just

J (l)
n = J(d1, . . . , dn−1, dn + 1), J (r)

n = J(d1, . . . , dn−1, dn − 1).

Let G(d1, . . . , dn) = min{gr(d1, . . . , dn), g
l(d1, . . . , dn)}.

Since we care only about the gaps between fundamental intervals, all the
digits blocks (d1, . . . , dn) appearing below will be assumed in the symbolic
space D without special announcement.

Case I. n+ 1 6= nk for any k ≥ 1.
(i) I(d1, . . . , dn) is the rightmost subinterval of I(d1, . . . , dn−1). Then dn =

[Bn] + 2 if n = nk for some k ≥ 1 and dn = 2 if n 6= nk for any k ≥ 1. So
gl(d1, . . . , dn) is just the distance between the left endpoint of J(d1, . . . , dn)
and the left endpoint of I(d1, . . . , dn). Hence,

gl(d1, . . . , dn)

=
1

d1
+

1

d1(d1 − 1)d2
+ · · ·+

n−1
∏

k=1

1

dk(dk − 1)

1

dn
+

n
∏

k=1

1

dk(dk − 1)

1

α

−
( 1

d1
+

1

d1(d1 − 1)d2
+ · · ·+

n−1
∏

k=1

1

dk(dk − 1)

1

dn

)

=

n
∏

k=1

1

dk(dk − 1)

1

α
.

gr(d1, . . . , dn) is larger than the distance between the right endpoint of I(d1,
. . . , dn) and the right endpoint of I(d1, . . . , dn−1). Hence

gr(d1, . . . , dn)

≥
1

d1
+

1

d1(d1 − 1)d2
+ · · ·+

n−2
∏

k=1

1

dk(dk − 1)

1

dn−1 − 1

−
( 1

d1
+

1

d1(d1 − 1)d2
+ · · ·+

n−2
∏

k=1

1

dk(dk − 1)

1

dn−1
+

n
∏

k=1

1

dk(dk − 1)

1

dn − 1

)

=
n−1
∏

k=1

1

dk(dk − 1)
(1 −

1

dn − 1
).

Thus

(12) G(d1, . . . , dn) =

n
∏

k=1

1

dk(dk − 1)

1

α
.

(ii) I(d1, . . . , dn) lies on the leftmost of all basic interval of order n contained
in I(d1, . . . , dn−1). In this case, dn = 2[Bnk ]+1 if for some n = nk and dn = α
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if n 6= nk for any k ≥ 1. gr(d1, . . . , dn) is just the distance between the right
endpoint of J(d1, . . . , dn) and the left endpoint of J(d1, . . . , dn − 1). Hence

gr(d1, . . . , dn) =
1

d1(d1 − 1) · · · dn−1(dn−1 − 1)(dn − 1)(dn − 2)α
.

gl(d1, . . . , dn) is just the distance between the left endpoint of I(d1, . . . , dn) and
the left endpoint of J(d1, . . . , dn), thus

gl(d1, . . . , dn) =
1

d1(d1 − 1) · · · dn(dn − 1)

1

α
.

Hence

(13) G(d1, . . . , dn) =
1

d1(d1 − 1) · · · dn(dn − 1)

1

α
.

(iii) If I(d1, . . . , dn−1), I(d1, . . . , dn), I(d1, . . . , dn+1) are contained in I(d1,
. . . , dn−1). In this case, gl(d1, . . . , dn) is just the distance between the right end-
point of J(d1, . . . , dn+1) and the left endpoint of J(d1, . . . , dn). g

r(d1, . . . , dn)
is just the distance between the left endpoint of J(d1, . . . , dn) and the right
endpoint of J(d1, . . . , dn).

Thus

gl(d1, . . . , dn) =
1

d1(d1 − 1) · · · dn(dn − 1)
(
1

α
+

dn − 1

2(dn + 1)
),

gr(d1, . . . , dn) =
1

d1(d1 − 1) · · · dn(dn − 1)
(
1

2
+

dn

(dn − 2)α
).

Thus

(14) G(d1, . . . , dn) =
1

d1(d1 − 1) · · · dn(dn − 1)
(
1

α
+

dn − 1

2(dn + 1)
).

Case II. n+ 1 = nk for some k ≥ 1.
In this case, gl(d1, . . . , dn) is larger than the distance between the left end-

point of I(d1, . . . , dn) and the left endpoint of J(d1, . . . , dn). gr(d1, . . . , dn) is
larger than the distance between the right endpoint of I(d1, . . . , dn − 1) and
the right endpoint of J(d1, . . . , dn). Thus

gl(d1, . . . , dn) ≥
1

d1(d1 − 1) · · · dn(dn − 1)

1

2[Bn] + 1
,

gr(d1, . . . , dn) ≥
1

d1(d1 − 1) · · · dn(dn − 1)
(1−

1

[Bn] + 1
).

Hence

(15) G(d1, . . . , dn) ≥
1

d1(d1 − 1) · · · dn(dn − 1)

1

2[Bn] + 1
.

By (9) and (12)-(14), we have in case I,

(16) G(d1, . . . , dn) ≥
1

α− 1
|J(d1, . . . , dn)|.
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And for case II, by (10) and (15), we have

(17) G(d1, . . . , dn) ≥
1

2
|J(d1, . . . , dn)|.

3.3. A measure supported on Fα(B)

In order to estimate the Hausdorff dimension of the lower bound of Fα(B),
we define a probability on this set.

Let m1 = n1 and mk = nk − nk−1 − 1 for any k ≥ 2. Then a set function
µ : {J(σ), σ ∈ D \D0} → R

+ is defined as follows.

Write Qk(σ1, . . . , σk) =
∏k

j=1 σj(σj − 1).
For any σ1 ∈ D1, let

µ(J(σ1)) =
1

[B]
.

For any (σ1, . . . , σn2−1) ∈ Dn2−1, let

µ(J(σ1, . . . , σn2−1)) = µ(J(σ1))
( 1

Bm2Qm2
(σ2, . . . , σn2−1)

)sα(B)

and for any (σ1, . . . , σn2
) ∈ Dn2

, let

µ(J(σ1, . . . , σn2
)) =

1

[Bn2 ]
µ(J(σ1, . . . , σn2−1)).

For any 1 < n < n2 − 1 and (σ1, . . . , σn) ∈ Dn, let

µ(J(σ1, . . . , σn)) =
∑

2≤σn+2,...,σn2−1≤α

µ(J(σ1, . . . , σn, σn+1, σn2−1)).

Suppose for some k ≥ 2, µ(J(σ1, . . . , σnk−1)) has been defined for any
(σ1, . . . , σnk−1) ∈ Dnk−1, let

µ(J(σ1, . . . , σnk
)) =

1

[Bnk ]
µ(J(σ1, . . . , σnk−1)).

For any nk−1 < n < nk − 1 and (σ1, . . . , σn) ∈ Dn, let

µ(J(σ1, . . . , σn)) =
∑

2≤σn+2,...,σnk−1≤α

µ(J(σ1, . . . , σn, σn+1, . . . , σnk−1)),

and let

µ(J(σ1, . . . , σnk+1−1))

= µ(J(σ1, . . . , σnk+1−1))
( 1

Bmk+1Qmk+1
(σnk+1, . . . , σnk+1−1)

)sα(B)
.

It is easy to check that for any n ≥ 1 and (σ1, . . . , σn) ∈ Dn, we have

µ(J(σ1, . . . , σn)) =
∑

σn+1

µ(J(σ1, . . . , σn, σn+1)),
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where the summation is taken over all σn+1 such that (σ1, . . . , σn, σn+1) ∈
Dn+1. Notice that

∑

σ1∈D1

µ(J(σ1)) = 1,

by Kolmogorov extension theorem, the set function µ can be extended to a
probability measure supported on Fα(B), which is still denoted by µ. From
the definition of µ, we have for any k ≥ 1 and (σ1, . . . , σnk

) ∈ Dσnk

µ(J(σ1, . . . , σnk
)) =

1

[Bnk ]
µ(J(σ1, . . . , σnk−1))

= µ(J(σ1, . . . , σnk−1
))

1

[Bnk ]

( 1

BmkQmk

)sα(B)

=

k
∏

j=1

1

[Bnj ]

( 1

BmjQmj

)sα(B)
.(18)

3.4. Estimation of µ(J(σ1, . . . , σn))

Fix 0 < t < sα(B), take τ = sB(α)−t

2 , τ
′

= log 2
logα(α−1)B τ . Choose N0 and k0

large enough such that

(19) mk ≥ N0,
mk

nk

≥
log 2

(t+ τ)nk logB
+

t− τ

(t+ τ) logB
, ∀k > k0,

(20) mk ≥ N0,
mk

nk

≥
t logB

(t+ τ) logB + log 2τ
, ∀k > k0,

(21) 23k(1 −
1

α
)τ ≤ 2nk−1τ , ∀k > k0.

Take c0 = [α(α − 1)]nk0
−k0B2(n1+···+nk0

).
For any n > nk0

and (σ1, . . . , σn) ∈ Dn, we estimate µ(J(σ1, . . . , σn)).
Case I. n = nk for some k ≥ k0.

µ(J(σ1, . . . , σnk
))

=
k
∏

j=1

1

[Bnj ]

( 1

Qmj
Bmj

)sα(B)
(by (18))

=

k0
∏

j=1

1

[Bnj ]

( 1

Qmj
Bmj

)sα(B)
k
∏

j=k0+1

1

[Bnj ]

( 1

Qmj
Bmj

)sα(B)

≤ c0

k0
∏

j=1

( 1

Qmj
B2nj

)t
k
∏

j=k0+1

1

[Bnj ]

( 1

Qmj
Bmj

)t+τ
(by (18))

≤ c0

k0
∏

j=1

( 1

Qmj
B2nj

)t
k
∏

j=k0+1

2
( 1

Qmj
Bmj+nj

)t+τ
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≤ c0

k0
∏

j=1

( 1

Qmj
B2nj

)t
k
∏

j=k0+1

( 1

Qmj

)t
k
∏

j=k0+1

2
( 1

Bmj+nj

)t+τ

≤ c0

k0
∏

j=1

( 1

Qmj
B2nj

)t
k
∏

j=k0+1

( 1

Qmj

)t
k
∏

j=k0+1

( 1

B2nj

)t
(by (19)-(21))

= c0

k
∏

j=1

( 1

Qmj
B2nj

)t
≤ c0

23k

Qt
nk

≤ c0
23k

Qt
nk

(1−
1

α
)t

≤ c0|J(σ1, . . . , σnk
)|t−τ (by (9) and (21))(22)

Case II. n = nk − 1 for some k > k0.
Choose σnk

∈ N such that (σ1, . . . , σnk−1, σnk
) ∈ Dnk

. Similar to the proof
of (22), we have

µ(J(σ1, . . . , σnk−1)) = [Bnk ]µ(J(σ1, . . . , σnk
))

=

k−1
∏

j=1

1

[Bnj ]

( 1

Qmj
Bmj

)sα(B)( 1

Qmk
Bmk

)sα(B)

≤ c0
23(k−1)

Qt
nk−1

( 1

Qmk
Bmk

)t+τ
≤ c0

23(k−1)

Qt
nk−1

( 1

Bnk

)t
(by (19))

≤ c0|J(σ1, . . . , σnk−1)|
t−τ .(23)

Case III. nk−1 < n < nk − 1 for some k > k0.

Let l = n− nk−1, l
′

= nk − 1− n. Similar to the proof of (22), we have

µ(J(σ1, . . . , σn)) =
∑

σn+1,...,σnk−1≤α

µ(J(σ1, . . . , σnσn+1, . . . , σnk−1))

=
k−1
∏

j=1

1

[Bnj ]

( 1

Qmj
Bmj

)sα(B) ∑

σn+1,...,σnk−1≤α

( 1

Qmk
Bmk

)sα(B)

≤ c02
3k 1

Qt
n

∑

2≤d1,...,d
l
′≤α

( 1

Ql
′Bmk

)sα(B)
.

Notice that

1 =
∑

2≤d1,...,d
l
′≤α

( 1

Qmk
Bmk

)sα(B)

=
∑

2≤a1,...,a
l
′≤α

( 1

Ql
′Bl

′

)sα(B) ∑

2≤b1,...,bl≤α

( 1

QlBl

)sα(B)
.

(i) If l ≤ N0, then

1 =
∑

2≤d1,...,d
l
′≤α

( 1

Qmk
Bmk

)sα(B)
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=
∑

2≤a1,...,a
l
′ ≤α

( 1

Ql
′Bl

′

)sα(B) ∑

2≤b1,...,bl≤α

( 1

QlBl

)sα(B)

≥
∑

2≤a1,...,a
l
′ ≤α

( 1

Ql
′Bl

′

)sα(B) 1

BN0(α(α − 1))N0
,

thus, by (9) and (22), we have

µ(J(σ1, . . . , σn)) ≤ c02
3kBN0(α(α − 1))N0

1

Qt
n

≤ c0|J(σ1, . . . , σn)|
t−τ .(24)

(ii) If l > N0. In this case, we have

∑

2≤b1,...,bl≤α

( 1

QlBl

)sα(B)
≥

∑

2≤b1,...,bl≤α

( 1

QlBl

)sα(B)+τ
′

≥
∑

2≤b1,...,bl≤α

( 1

Blα(α − 1)

)lτ
′ 1

BlQl

sα(B)

=
( 1

Blα(α − 1)

)lτ
′

≥
1

2lτ
.

Thus, by (9) and (22), we have

µ(J(σ1, . . . , σn)) ≤ c02
3k2nτ

1

Qt
n

≤ c0|J(σ1, . . . , σn)|
t−τ

≤ c0|J(σ1, . . . , σn)|
t−2τ .(25)

3.5. The estimation of µ(B(x, r))

For any n ≥ 1 and (σ1, . . . , σn) ∈ Dn, if n 6= nk − 1(k ≥ 1), define

(26) G1(σ1, . . . , σn) :=
1

Qnα
≥

1

α− 1
|J(σ1, . . . , σn)|,

if n = nk − 1 for some k ≥ 1,

(27) G1(σ1, . . . , σn) :=
1

Qn

1

2[Bn] + 1
≥

1

2
|J(σ1, . . . , σn)|.

Take r0 = min1≤j≤nk0
min(σ1,...,σj)∈Dj

G1(σ1, . . . , σj). Fix x ∈ Fα(B) and

0< r < r0. There exists a unique sequence σ1, σ2, . . . such that x∈J(σ1, . . . , σk)
for all k ≥ 1 and for some n ≥ nk0

,

G1(σ1, . . . , σn, σn+1) ≤ r < G1(σ1, . . . , σn).

From the definition of G1(σ1, . . . , σn), we know that the ball B(x, r) can inter-
sect only one fundamental interval of order n, which is just J(σ1, . . . , σn).

Case I. n = nk − 1 for some k > k0.
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(i) r ≤ |I(σ1, . . . , σnk
)|. In this case, the ball B(x, r) can intersect at most

four basic intervals of order nk, which is I(σ1, . . . , σnk
− 1), I(σ1, . . . , σnk

),
I(σ1, . . . , σnk

+ 1) and I(σ1, . . . , σnk
+ 2). Thus, by (22) and (26),

µ(B(x, r)) ≤ 4µ(J(σ1, . . . , σnk
)) ≤ c0|J(σ1, . . . , σnk

)|t−τ

≤ 4(α− 1)c0|G1(σ1, . . . , σnk
)|t−τ ≤ 4(α− 1)c0r

t−τ .(28)

(ii) r > |I(σ1, . . . , σnk
)|. In this case, since

|I(σ1, . . . , σnk
| =

1

Qnk−1

[Bnk ]

([Bnk ] + 1)([2Bnk ] + 1)
≥

1

Qnk−1

1

[Bnk ]2
,

we have that the number of fundamental intervals of order nk contained in
J(σ1, . . . , σnk

−1) that the ball B(x, r) intersects is at most 2rQnk−1[B
nk ]2+2 ≤

4rQnk−1[B
nk ]2. Therefore, by (10) and (23),

µ(B(x, r)) ≤ µ(J(σ1, . . . , σnk−1))min{1, 4rQnk−1[B
nk ]2

1

[Bnk ]
}

≤ c0|J(σ1, . . . , σnk
)|t−τ

≤ c0|J(σ1, . . . , σnk−1)|
t−τ min{1, 4rQnk−1[B

nk ]}

≤ c0
( 1

[Bnk ]Qn

)t−τ
11−t−τ (4rQnk−1[B

nk ])t−τ

≤ 4c0r
t−τ .(29)

Case II. n = nk − 2 for some k ≥ 1. For any 2 ≤ ξ ≤ ζ ≤ α, we have

µ(σ1, . . . , σnk−2, ξ)

µ(σ1, . . . , σnk−2, τ)
=

Qmk
(σnk−1+1, . . . , σnk−2, ζ)

Qmk
(σnk−1+1, . . . , σnk−2, ξ)

≤
α(α − 1)

2
.

Thus by (24) and (25), we have

µ(B(x, r)) ≤
α2(α− 1)

2
µ(J(σ1, . . . , σnk−1))

≤
c0α

2(α − 1)

2
|J(σ1, . . . , σnk−1)|

t−τ

≤ c0α
2(α − 1)|G1(σ1, . . . , σnk−1)|

t−τ ≤ c0α
2(α− 1)rt−τ .(30)

Case III. n 6= nk − 1 and n 6= nk − 2 for any k ≥ 1. Similar to case II, we
have

(31) µ(B(x, r)) ≤ c0α
3(α− 1)rt−2τ .

From (28)-(31), and the distribution principle, we have

dimH Fα(B) ≥ t− 2τ = 2t− sα(B).

Since t < sα(B) is arbitrary, we have

dimH F (B) ≥ dimH Fα(B) ≥ sα(B).
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Corollary 3.4. Let Λ ⊂ N be an infinite set. Then we have

dimH{x ∈ I : dn(x) ≥ Bn, i. o. n ∈ Λ} = s(B).

4. The Hausdorff dimension of {x ∈ I : dn(x) ≥ φ(n), i. o. n}

In this section, we generalize Theorem 3.2 to the general case in order to
give a complete characterization on the Hausdorff dimension of the set {x ∈ I :
dn(x) ≥ φ(n), i. o. n}.

Lemma 4.1 ([14]). For any a, b > 1, set E(a, b) = {x ∈ I : dn(x) ≥ ab
n

}

and F (a, b) = {x ∈ (0, 1] : dn(x) ≥ ea
b

, i. o. n}, then dimH(E(a, b)) =
dimH(F (a, b)) = 1

b+1 .

Theorem 4.2. Let φ be an arbitrary positive function defined on natural num-

bers and

{x ∈ I : dn(x) ≥ φ(n), i. o. n}.

Suppose that lim infn→∞
log φ(n)

n
= logB.

(1) If B = 1, then dimH E(φ(n)) = 1.
(2) If 1 < B < ∞, then dimH E(φ(n)) = s(B).

(3) If B = ∞, and let lim infn→
log logφ(n)

n
= log b.

(3a) If b = 1, then dimH E(φ(n)) = 1
2 .

(3b) If 1 < b < ∞, then dimH E(φ(n)) = 1
1+b

.

(3c) If b = ∞, then dimH E(φ(n)) = 0.

Proof. (1) B = 1. In this case, for any ǫ > 0, logφ(n)
n

≤ log(1 + ǫ), i.e.,
φ(n) ≤ (1 + ǫ)n holds for infinitely many times. Let

Λ = {n : φ(n) ≤ (1 + ǫ)n}.

Then,

{x ∈ I : dn(x) ≥ (1 + ǫ)n i. o. n ∈ Λ} ⊂ E(φ(n)).

By Lemma 2.3, Theorem 3.2 and Corollary 3.3, we have

dimH E(φ(n)) ≥ sup
ǫ>0

s(1 + ǫ).

(2) 1 < B < ∞. In this case, for any ǫ > 0, logφ(n)
n

≤ log(B + ǫ), i.e.,
φ(n) ≤ (1 + ǫ)n holds for infinitely many times. At the same time, there exists
N ∈ N such that for all n ≥ N , we have (B − ǫ)n ≤ φ(n). Let

Λ = {n : φ(n) ≤ (B + ǫ)n}.

Then

{x ∈ I : dn(x) ≥ (B + ǫ)n, i. o. n ∈ Λ}

⊂ E(φ(n)) ⊂ {x ∈ I : dn(x) ≥ (B − ǫ)n, i. o. n ∈ Λ}.
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By Lemma 2.3, Theorem 3.2 and Corollary 3.3, we have

sB = lim
ǫ→0

s(B + ǫ) ≤ dimH E(φ(n)) ≤ lim
ǫ→0

s(B − ǫ) = s(B).

(3) B = ∞.

(3a) b = 1. In this case, for any ǫ > 0, log log φ(n)
n

≤ log(1 + ǫ), i.e., φ(n) ≤

e(1+ǫ)n holds for infinitely many times. Let

Λ = {n : φ(n) ≤ e(1+ǫ)n}.

Then

{x ∈ I : dn(x) ≥ e(1+ǫ)n ∀n ≥ 1} ⊂ {x ∈ I : dn(x) ≥ e(1+ǫ)n i. o. n ∈ Λ}

⊂ E(φ(n)).

By Lemma 4.1, we have

dimH E(φ(n)) ≥ lim
ǫ→0

1

2 + ǫ
=

1

2
.

On the other hand, since B = ∞, we have for any B1 > 0, log φ(n)
n

≥ logB1,
i.e., φ(n) ≥ Bn

1 holds for infinitely many times. Then

E(φ(n)) ⊂ {x ∈ I : dn(x) ≥ Bn
1 , i. o.}.

By Lemma 2.3, Theorem 3.2 and Corollary 3.3, we have

dimE(φ(n)) ≤ lim
B1→∞

s(B1) =
1

2
.

(3b) 1 < b < ∞. In this case, for any ǫ > 0, log logφ(n)
n

≤ log(b + ǫ), i.e.,

φ(n) ≤ e(b+ǫ)n holds for infinitely many times. At the same time, φ(n) ≥
e(b−ǫ)n holds for n ultimately. Let

Λ = {n : φ(n) ≤ e(b+ǫ)n}.

Then

{x ∈ I : dn(x) ≥ e(b+ǫ)n , ∀n ≥ 1} ⊂ {x ∈ I : dn(x) ≥ e(b+ǫ)n , i. o. n ∈ Λ}

⊂ E(φ(n)) ⊂ {x ∈ I : dn(x) ≥ e(b−ǫ)n , i. o. n}.

By Lemma 4.1, we have

1

b+ 1
≤ lim

ǫ→0

1

b + 1+ ǫ
≤ dimH E(φ(n)) ≤ lim

ǫ→0

1

b+ 1− ǫ
=

1

b+ 1
.

(3c) b = ∞. In this case, for any B1 > 0, log log φ(n)
n

≥ logB1, i.e., φ(n) ≤ eB
n
1

holds for n ultimately. Then

E(φ(n)) ⊂ {x ∈ I : dn(x) ≥ eB
n
1 , i. o. n}.

By Lemma 4.1, we have

dimH E(φ(n)) ≤ lim
B1→∞

1

B1 + 1
= 0.

�
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