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TRIPLE SYMMETRIC IDENTITIES FOR w-CATALAN
POLYNOMIALS

DAE SAN KiM AND TAEKYUN KIMm

ABSTRACT. In this paper, we introduce w-Catalan polynomials as a gen-
eralization of Catalan polynomials and derive fourteen basic identities of
symmetry in three variables related to w-Catalan polynomials and ana-
logues of alternating power sums. In addition, specializations of one of
the variables as one give us new and interesting identities of symmetry
even for two variables. The derivations of identities are based on the
p-adic integral expression for the generating function of the w-Catalan
polynomials and the quotient of p-adic integrals for that of the analogues
of the alternating power sums.

1. Introduction and preliminaries

Let p be a fixed odd prime. Throughout this paper, Z,, Q,, C, will respec-
tively denote the ring of p-adic integers, the field of p-adic rational numbers
and the completion of the algebraic closure of Q,. The p-adic norm | - |, is
normalized as [p|, = 1—17. For a continuous function f : Z, — C,, the p-adic
fermionic integral of f is defined by T. Kim and given by

/Z FE)duoa(z) = lim S f@)uoale +pVZ,)
P x=0

N —oc0

N —oc0

pN -1
= lim > f(z)(-1)".
=0
Then we can easily show that

(1.1) / Fz + Dduoi(2) + / F(2)dur(2) = 2£(0).
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As is well known, the Catalan numbers C,, = %H(QT?) (n > 0) are defined by
the generating function

1—1—4t ZCt”
2 1+\/1—

In addition, the Catalan polynomials are given by the generating function

(1.2)

. )z =S Cu(a)t™ (et [1, 5, 12, 14, 15, 16)).
(1.3) 1+\/1_— Z (cf. [ 1)

As a generalization of Catalan polynomials C,,(x), for any positive integer w
the w-Catalan polynomials C,, ,,(z) are defined by

2 H
(14) 1+(1- 4t)5 Z
For z = 0, Cy 0y = Ci(0) are called the w-Catalan numbers. We note here
that
(1.5) Cn,l(ac) = Cn(l'), le = Cn
From (1.1), we note that
/ (1= )y (y) = ——— (1 - 415
z 14+(1—4t)z

P

(1.6) o0
=Y Couw(@)t™,

where
(1.7) teE={tcCylltl, <p 7}

Let E be as in (1.7). Then 1 + FE and FE are respectively groups under the
binary operations (1 + z)(1 +y) and  + y, for z,y € E, and 1+ E — E is a
group isomorphism under the map 1+ z — log(1 4+ ), with the inverse map
given by e* < x. Thus, with the restriction p > 2 in mind, we see that, for
each fixed t € E, (1 — 4t)%Y = e%vloe(l=4) ig defined for any y € Z,. This
explains why the restriction in (1.7) is needed in defining the integral in (1.6).

For a nonnegative integer k, and positive integers d, w, we define

. suatw- 1= S (%),

i=0
For d = 1, for brevity we will write

w—1

(1.9) Se(w—1) = Sga(w—1) =Y (-1) <z)

i=0
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Here Sk.q(w — 1) may be viewed as an analogue of the alternating kth power
sum

w—1

(1.10) 1%00_1)::22(_1Yﬁ.

For later uses, we observe here that

1, k=0
1.11 Sa(0) =1 ’
(L11) kal0) {0, k> 0.

From (1.6) and (1.8), we easily derive that, for positive integers w,d with
w=1 (mod 2),

Iz (1*4t)2dﬂl wz_ll—éu _1)’

(1.12) Jz (1*415) 2 dpi(x) o
:i w—l 4)ktk.
k=0

n [13], the fermionic p-adic integrals are used in order to derive symmetric
identities in two variables wy, wy involving w-Catalan polynomials and the ana-
logues of alternating power sums in (1.9). We extend this to the case of three
variables so that we will have abundant symmetries related to those polynomi-
als and the analogues. Indeed, we will produce 14 basic identities of symmetry
in three variables wi, ws, ws related to w-Catalan polynomials and the ana-
logues of alternating power sums (cf. (4.8), (4.9), (4.12), (4.16), (4.20), (4.23),
(4.25), (4.26), (4.29), (4.30), (4.32), (4.35), (4.40), (4.43)). These abundance
of symmetries shed new light even on the previously obtained identities for two
variables (cf. [13]). For instance, in [13], it was shown that (1.13) and (1.14)
are equal and (1.15) and (1.16) are so (cf. [13, Theorems 2 and 5]). In fact,
(1.13)-(1.16) are all equal, as they can be derived from one and the same p-adic
integral. Also, we have a bunch of new identities in (1.17)-(1.20). Indeed, upon
specializing w3 as 1 in some of the basic identities, we obtain the following
identities (cf. Cor. 4.9, 4.12, 4.15). Let w;, w2 be any odd positive integers.
Then we have:

(1.13) S ()" F i, (w21) S, (w1 — 1)
k=0
(114) = 2(74>nikck,w2 (w1y1>Sn7k,w1 (w2 - 1)
k=0
wa—1 . w
(1'15) = (71)ZCn,w2 (wlyl + —11)
w2

0

.
Il
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wlfl
(1.16) = 3 (1) Crppy (wigs + %i)
i=0 !
(1.17) = Z (*4)l+mck,w1w2 (Y1) Sty (W2 = 1) S, (w1 — 1)
k+l4+m=n
n wa—1 1
_ _A\n—Fk _ _1\¢ 2
(1.18) = Z( 4" Sy (w1 — 1) Z (=1)" Chywyws (Y1 + ws i)
k=0 =0
n wip—1 1
_ _1\n—k o _1\¢ =
(1L19) =3 A" Sk (w2 = 1) D (1) Crrua (1 + -9)
k=0 i=0
wo—1wp—1 1 1
(1.20) = (=)™ Croyuwn (41 + —i + — ).
j=0 =0 WL w2

In what follows, we will always assume that the p-adic fermionic integrals of the
various functions on Z, are defined for t € E (cf. (1.7)), and therefore it will
not be mentioned. The reader may refer to [2, 3, 4] and [6, 7, 8, 9, 10, 11] for
some of the previous works on identities of symmetry involving various special
polynomials.

The derivations of identities are based on the p-adic integral expression for
the generating function of the w-Catalan polynomials in (1.6) and the quotient
of p-adic integrals in (1.12) for that of the analogues of the alternating power
sums.

Before proceeding to the next section, we will state a result about w-Catalan
numbers.

Proposition 1.1. Let w be any positive integer. Then we have the following:
(1.21)

S N (oA
m=0 1y y

n=0  ki+-+koy=n =1

Proof. The left hand side of (1.21) is
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o), % (o) I o

E1tetkw=n 1=1

SR (HRREE
1yeeesy R

n=0  ki+-+ky=n =1

O

2. Several types of quotients of fermionic integrals

Here we will introduce several types of quotients of p-adic fermionic integrals
on Zj, or Zg from which some interesting identities follow owing to the built-in
symmetries in wi, we, ws. In the following, w1, ws, w3 are all positive integers
and all of the explicit expressions of integrals in (2.2), (2.4), (2.6), and (2.8)
are obtained from the identity in (1.6). In below, we will use the following
notation:

dp—1(X) = dp—1(21)dp—1(v2)dp—1(3).
(a) Type I, (for i = 0,1,2,3)

st (1-— 4t)%(wzwsz1+w1wsxz+w1wzms+w1wzws(Z?;f yj))d,u,1 (X)

2.1) I(IT;) = 1 i
(2.1) I( 3) (pr(l_4t)§w1w2wsx4d,u_1($4))z

B 23—i(1 _ 4t)éw1wzw3(2?;i yj)((l _ 4t)%w1w2w3 + 1)i
(a7 (L an3=m + (1 _ani=m 4 1)
(b-0) Type I,

(2.2)

(2.3) I(H(l)Q) :/ (1 74t)%(w111+wzmz+w3xs+w2w3y+w1w3y+w1wzy)dﬂil(X)
Z

8(1 — 4t)%(wzw3+w1w3+w1w2)y
(1 —dt)Fwr 4 1)((1 — ) Fwz 4 1)((1 - 4)Fve 1)

(2.4) -

(b-1) Type IIi,

L(wieytwozgtwse
fzg(1*4t)2( Leatw2eatwsts) gy (o1)dpo 1 (w2)dp—1(3)

(2.5) (L) =

I3 (1*40%(w2w321+w1w322+w1w223)d#—l(zl)d#—l(22)(1#—1(23)
(L= 4 4 (1 a4 1) ado 1)
(1 —4t)7wr 4 1)((1 — 48)7%2 + 1)((1 — 4t)2%s + 1)

(c) Type IIi5 (for i =0,1,2,3)

(2.6) -

. fZS (1 _ 4t)%(w1m1+w2z2+w3z3+w1w2w3(2§;f yj))d,U/_l(X)
(2.7)  I(Iliz) = —*

(fy, (1 — dp)enm=womady_; (z4))f
2371'(1 _ 4t)%w1wzws(zi;f ’yj)((l _ 4t)%w1wzw3 + 1)i

(2.8) ; : : .
(1= 46)2™ £ 1)((1 — 48)3™ + 1)((1 — 48)3vs + 1)
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All of the above p-adic integrals of various types are invariant under all
permutations of wy, we, w3 as one can see either from p-adic integral represen-
tations in (2.1), (2.3), (2.5), and (2.7) or from their explicit evaluations in (2.2),
(2.4), (2.6), and (2.8).

3. Identities for Euler polynomials
In the following w1, we,ws are all odd positive integers except for (a-0), (b-
0), and (c-0), where they are any positive integers.

(a-0) First, let’s consider Type Ilj, for each i = 0, 1,2, 3. The following results
can be easily obtained from (1.6) and (1.12).

1) = |

i (1— 4t)%w2w3(zl+wly1>du_1(x1)/ (1— 4t)%“’1“’3(1'2+w2y2)du_1(3:2)
P

Zp

X/ (1 74t)%w1w2(13+w3y3)du_1(x3)
z

(1) = O Chapus W1yt Crousyug (w212)t) (Y Com oy (w3ys)t™).
k=0 =0 m=0

(a-1) Here we write I(I133) in two different ways:

(a-1-1)
I(H%g) — / (1 o 4t)%1‘)27173(ml+u}1yl)d,LL,1(:El)/ (1 . 4t)%wlwg(m2+w2yg)d‘u71(‘,L,2)
Zy Zp
Jo, (L= at)yzmneamady_y (x3)
(3.2) Zo

S, (U= apForeswssady_ (o,)

(Z Crwzws (wlyl)tk)(z Clowywg (w2y2)tl)( Z Sim,wyw, (w3 — 1)(—4)"™)

k=0 =0 m=0

(33) = Z( Z Ck,wgwg (wlyl)cl,w1w3 (w2y2)sm,w1w2 (w5 - 1)(_4)m)tn

n=0 k+l+m=n

(a-1-2) Using (1.12), (3.2) can also be written as

’Lugfl
1) = 3 (<17 [ (= dnhee e g o)
i=0 L
B x [ S, )

ZP

w3z —1 fe'e] [e%} w
A 2.
= > (D' o (w19)) (3 Clanyus (w22 + 2001

=0 k=0 =0

fe%e] wz—1
w

Z(Z Ck,wgwg (wlyl) Z (_1)icn—k,w1w3 (w292 + w_zl))tn

n=0 k=0 i=0 3
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(a-2) Here we write I(I135) in three different ways:
(a-2-1)

1

fy (1= at)yhoresmady_ ()
Jo, (1= atyFowmssdy (ay)

I(H%g) — /Z (1 . 4t)%“)2“)3(:I;lerlyl)d‘u,,l(iCl) %

P

Jo (1= dt)2ene2msdy_y (ay)

3.5
( ) f (1 _ 4t) w1w2w314du 1(%4)
= (Z Chwows (wlyl)tk)(z St wiws (wa — 1)(*4)ltl)(z Sm,wiws (w3 —1)(—4)"t™)
k=0 =0 m=0
(3.6) = Z( Z Chywaws (W1Y1) Sty ws (W2 — 1) Sy ws (W3 — 1)(_4)”'")75"-

n=0 k+l+m=n
(a-2-2) In view of (1.12), (3.5) can also be written as

’Luzfl
H8y) = Y (1) [ (1= aghren ot B, (o)
i=0 Zp
(3.7) Jo, (1= 48)20r =" dpy (as)
. f (1 —4t) wiwawsTay, 1(.%'4)
wo—1 %)
= Z Z Ck Jwaws (wlyl + _Z )(Z Sl,wlwz (w3 - 1)(_4)ltl)
=0 k=0 =0
[oe] n wo—1
(3.8) = O S ks (ws = 1)(=4)"F >~ (1) Ch s (w191 + Z—;i))t"-
n=0 k=0 1=0

(a-2-3) Invoking (1.12) once again, (3.7) can be written as

w2 — 1’LU3 1

H§3 Z Z HJ/Z 4t)2w2w3($1+w1y1+ H__])d,u 1($1)

=0 7=0 P

wo—1wz—1 %) w w
(89) = 3 Y (DY Coay (wryn + i )"

=0 j=0 n=0 2 3

oo wo—1wsz—1

i+j wy . W1 \\n
Z( Z Z (1) Crwgws (wiy1 + w_gl + w_gj))t

n=0 i=0 ;=0

Jo, (L= 40)525dpy_y (a) Jo, (1= 40)3052dyy_y (a2)
T U aEe e ), (1 ADF R ()
Jo, (L= 40)5mr2msdp_y (a3)
Jo, (L= 4t)zoreswstady_y (ay)
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Z Sk ,Wa W3 wl - 1 tk Z Sl wlwg, - (74)%1)

k=0 =0

Z Sm wlwz 1)(74)mtm)

m=0

(3.10) = Z (D Skawsws (W1 = 1Sty (W2 — 1) Sy, (w3 — 1)E".

n=0 k+l+m:n

1) = [ (= aEn g ) [ (1= e o)
Z Z

(3.11) X /(1—4t)%w3(m3+w1y)du71(z3)
ZP

= (Z Ck,wl(wzy)tk>(z Ctuw, (w3y)t! Z Cmws (w19)t™)
n=0 =0 m=0

Z( Z Ck7w1 (w2y>clyw2 (w3y>cmyw3 (wly))tn'

n=0 k+l+m=n

(b-1)
o (L= dt)2 o mdp (@) [, (1—46)2"2"2dpy (x2)
X
Jo (L= 4t)zmreemduy (z3) [, (1 48)2"20 5 dp_ (z1)
(3.12) Jo, (1= 48) 70575 dp_y (a3)

Jo, (L= 4t)5mm22dp_ (2)

(Z Shyun (w2 — 1)tk)(z Stuws (W3 — Z Shm,uws (W1 = 1)E™)
k=0 =0

m=0

DO DT Sk (wa = 1), (ws — 1) Sy (w1 — 1)E™

n=0 k+Il+m=n

(c-0) Let’s consider Type IIi5, for each i = 0, 1,2, 3. The following results can
be easily obtained from (1.6) and (1.12).

1wy = [

X/ (1—4t)%1‘)3(1;3+1011U2?/3)dﬂ,1($3)
Z

P

(1 o 4t) Twi (z1+wawsy1) dﬂfl(xl)/ (1 o 4t)%wz(.7:2+w1w3yg)d‘u471(‘,L,2)
Zp

(313) = (O Chow (wowsy)t*) (D Chows (wiwsya)t') (Y Comaw (wiways)t™)
k=0 =0 m=0
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= Z Z Clown (Waw3y1) Ciaw, (W1 w3Y2) Crp sy (W1 w2y3)t"
n=0 k+l+m=n

(c-1) Here we write I(Il}3) in two different ways:(c-1-1) I(II1,)
— / 4t 2w1(961-&-11121113311)(1‘u 1($1)/ (1— 4t)%wz(zQ+w1w3yz)du71(x2)
ZP
Jo, (L= 4) 2575 dp_s (x3)
fz 1*4t)2w1w2w3“du 1(24)

(3.14)

o0

= (Z Ck,wl (w2w3yl)tk)(z Cl,’wg (wlw3y2 Z Sm w3 w1w2 - 1)( 4)7ntm)
m=0

k=0 1=0

(315) =D > Chouw, (w2wsy1)Chou, (W1wsy2) Sy (wrwz — 1)(—4)™)E".
n=0 k+Il+m=n

(c-1-2) Using (1.12), (3.14) can also be written as

wiwg—1

D S e A

i=0 Zyp

(3.16) x/ (1 — 4p)2w@twwsy b 50 g ()
Z

P
wiwg—1 (%)

= Z (*Dl(z Chy (wawsyy )t* ZCI w, (W1w3Y2 + —Z) t')
=0 k=0 1=0

wiws—1
w

—g Chw, (W2w3Y1) Z (1) Cr—keywo (W1 w3 Y2 + " i))t".

k=0 i=0 2
(c-2) Here we write I(I1%3) in three different ways:
(c-2-1)
f (1 — 4t) wzz?du 1($2)
Jy (U= apyFormswssady  (ay)

111 = [ (1= apimrendy (o)

Iz (1*4t) s dp_q(x3)
L (1~ a0y S owmesm g (za)

(3.17)

ch wy (W2w3y1)t Z Stywy (wrwz — 1)(— Z Simyws (W1w2 — 1)(—4)™¢™)

k=0 =0 m=0

(318) =D "( > Chuw, (wowsy1) S, (wiws — 1)Spm uy (wiwy — 1)(=4)Fm)e".
n=0 k+l+m=n

(¢-2-2) In view of (1.12), (3.17) can also be written as

wiws—1

M) = Y (1) [ @ apmetemn Eg, )

i=0 Zp
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Jo, (1= 40)3575dp_s (a3)

3.19
( ) fz 1 _ 4t) w1w2w314du 1(%4)
wiwsz—1 ) ws [e’s)
= *1)1(2 Cloyun (W2wsyr + Ei)tk)(z St (w1wg — 1)(—4)'t)
=0 k=0 =0
e’} n wiwg—1
(3.20) = ;(;0 S toog (wW1ws — 1)(—4)"* ; (—1)'Chowy (wrwsys + Z—ji))t”.

(c-2-3) Invoking (1.12) once again, (3.19) can be written as

wlwgfl w1w271

I(H?g)z Z Z (71>i+j/ (1 4t>2w1(z1+w2wsy1+ H__J)dﬂ 1(1,1)
i=0  j=0 Zyp
wiwz—1 wiws—1

(3.21) =

Z Z ( H_chn w1 w2w391 +—Z—|— —j)
i=0  j=0

n=0

oo wiws—1wiwe—1

we . Wws .
SO Y (F) I (wowsyr + —i+ =)t
n=0 i=0  j=0 w1 w1

(c-3)

3 Jo (L= at)2™ ™ dp () S, (L= 48)7272dps_y ()
I(Ily3) = . I X
S, (L —At)zenwawasady_, () fzp(l — 4p)F U sTady  (zy)
Jo, (1 —4t)z swssady_y (x3)
fZ (1 —4t)2 wlw?w”“du 1(x4)
= (3 S (s — 1) (YD Sy (s — 1)(—4)'t)

k=0 =0
Z Sm w3 ’LU1’w2 — 1)( 4)mtm)
m=0

(3.22) = Z(—4 > Sk (waws — 1)Spw, (wiws — 1) S uy (wiwy — 1))¢".
n=0 k+l+m=n

4. Main theorems

As we noted earlier in the last paragraph of Section 2, the various types
of quotients of p-adic fermionic integrals are invariant under any permutations
of wy,ws,ws. So the corresponding expressions in Section 3 are also invariant
under any permutations of wi,ws,ws. Thus our results about identities of
symmetry will be immediate consequences of this observation.

However, not all permutations of an expression in Section 3 yield distinct
ones. In fact, as these expressions are obtained by permuting wi,ws,ws in a
single one labelled by them, there is a natural transitive action of S3 on them
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so that it is in bijective correspondence with a quotient of S3. In particular, the
number of possible distinct expressions are 1,2,3, or 6. (a-0), (a-1-1), (a-1-2),
(a-2-2), (c-0), (c-1-1), (c-1-2), and (c-2-2) give the full six identities of symme-
try, (a-2-1), (a-2-3), (c-2-1), and (c-2-3) yield three identities of symmetry, and
(b-0) and (b-1) give two identities of symmetry, while the expressions in (a-3)
and (c-3) yield no identities of symmetry.

Here we will just consider the cases of Theorems 4.8 and 4.17, leaving the
others as easy exercises for the reader. As for the case of Theorem 4.8, in
addition to (4.15)-(4.17), we get the following three ones:

(41) Z Ck,wzws (wlyl)Sl,wlwg (’LUg - 1)Sm7w1’w3 (’LU2 - 1)(_4)l+m,
k+l4+m=n

(42) Z quwlw,?. (w2y1)Slyw2w3 (wl - 1)S’m7w1w2 (w3 - 1)(74)l+m,
k+l4+m=n

(4.3) Z Cleywyws (W3Y1) St w1 ws (W2 = 1) S wyws (W1 — 1)(*4)l+m'
k+l4+m=n

But, by interchanging ! and m, we see that (4.1), (4.2), and (4.3) are respec-
tively equal to (4.15), (4.16), and (4.17).
As to Theorem 4.17, in addition to (4.26) and (4.27), we have:

(4.4) > Sk (w2 — 1) Sty (w1 = 1) S, (w3 — 1),
k+l4+m=n

(4.5) > Sk (w3 — 1) Sty (wa = 1) S, (w1 — 1),
k+l4+m=n

(4.6) > Sk (w3 — 1) Sty (w1 — 1) S, (ws — 1),
k+l+m=n

(4.7) > Sk (w1 = 1) Sty (wa — 1) S w, (w5 — 1)
k+l4+m=n

However, (4.4) and (4.5) are equal to (4.27), as we can see by applying the
permutations k — m,l — k,m — [ for (4.4) and k — [, = m,m — k for
(4.5). Similarly, we see that (4.6) and (4.7) are equal to (4.26), by applying
permutations k — I, — m,m — k for (4.6) and k — m,l — k,m — [ for
(4.7).

In below, Theorems 4.1, 4.2, 4.5, 4.8, 4.11, 4.14, 4.16, 4.17, 4.19, 4.20, 4.22,
4.25, 4.28, and 4.31 follow respectively from the equations (3.1), (3.3), (3.4),
(3.6), (3.7), (3.9), (3.11), (3.12), (3.13), (3.15), (3.16), (3.18), (3.20), and (3.21).

Theorem 4.1. Let wi,wq, w3 be any positive integers. Then the following
expression is invariant under any permutation of wi,ws,ws, so that it gives us
s1x symmetries.

(4.8) Z Ch,waws (W191) Clowy ws (W212) Cm oy wa (w3Ys3)
k+l4+m=n
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= Z Cr,waws (W1Y1) Clwy ws (W3Y2) Crm,wy ws (W2Y3)
k+l+m=n

= Z Ch,wrws (W241) Clawgws (W1Y2) Oy wa (w3Ys3)
k+l4+m=n

= Z Chywyws (W2y1) Clawiws (W3Y2) Crm g (W1Y3)
k+l4+m=n

- Z Ck,wlwg (wByl)Cl,wgwg (wlyQ)Cm,wlwg (w2y3)
k+l+m=n

- Z Ck,wlwg (wByl)Cl,wlwg (w2y2)Cm,w2w3 (wlyB)'
k+l+m=n
Theorem 4.2. Let wy,ws, w3 be any odd positive integers. Then the following

expression is invariant under any permutation of wi,ws,ws, so that it gives us
S1T symmetries.

(4.9) Z Clewaws (W191) Cliwy wg (W2Y2) Sy wz (w3 — 1)(—4)™
k+l+m=n
- Z Ck,’UJQ’LUS (wlyl)cl,wlwg (w3y2)Sm,’LU1’LU3 (w2 - 1)(74)771
k+l+m=n
= Z Cheyunws (W211) Cliwz ws (W1Y2) Sy ws (w3 — 1) (—4)™
k+l4+m=n
= Z Cle,wyws (W291) Claoy wy (W3Y2) Smwyws (w1 — 1)(—4)™
k+l4+m=n
- Z Ck,wlwg (wByl)Cl,wlwg (w2y2)sm,w2w3 (wl - 1)(74)771
k+l+m=n
- Z Ck,wlwg (wByl)Cl,wag (wlyQ)Sm,wlwg (w2 - 1)(74)m
k+l4+m=n

Putting w3 = 1 in (4.9), we get the following corollary.

Corollary 4.3. Let wi,ws be any odd positive integers.

(4.10) > Chou (W11) Co oy (w2y2)
k=0

= Z Ckﬂul (waI)Cn—k,wg (w1y2)
k=0

= Z Chwrws (yl)cl,wl(w2y2)sm,w2 (w1 - 1)(*4)m
k+l+m=n

= Z Chywn (W2y1) Clwywz (Y2) Sy (w1 — 1) (=4)"™
k+l4+m=n

= Z Crywyws (Y1) Cliws (W1Y2) Sy (w2 — 1)(—4)™
k+l4+m=n
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= Z Croywz (W1Y1)Cliwy s (Y2) Sy (w2 — 1)(—4)™
k+l+m=n

Letting further we = 1 in (4.10), we have the following corollary.

Corollary 4.4. Let wy be any odd positive integer.

(4.11) Z Cr(w1y1)Cn—kwr (y2)

k=0

=3 Chow, (Y1) Cri(w1y2)

k=0

= Z Ck,un (yl)cl,un (y2)Sm(w1 - 1)(_4)771
k+l4+m=n

Theorem 4.5. Let wy,ws, w3 be any odd positive integers. Then the following
expression is invariant under any permutation of wi,ws,ws, so that it gives us
$1T symmetries.

n wi—1
. woy
(4.12) ZCkﬂmwz (w3y1) Z (_1)ZCn—k,w1w3 (’LU2y2 + w_jl)
k=0 i=0
n wlfl w
:ch,wlws (w2y1) Z (_1)ch—k,w1w2 (w?)yQ + _31)
; w1
k=0 i=0
n w271 w
2 1.
:ch,wle (’LU3y1) Z (_1)ch—k,w2w3 (w192 + _Z)
; Woy
k=0 i=0
n w271 w
:ch,wgws (wlyl) Z (_1)10"_7%11111112 (w?)yQ + _31)
w2
k=0 i=0
n ’u)gfl
[ w1 .
:ZCk,w1w3(UJ2yl) (_1) C”l—k,IUQ’u)s (w1y2 + _Z)
; ws
k=0 i=0
n ’u)gfl
[ w2 .
:ch,w2w3 (wiy1) (=1 Cr—kwiws (w2y2 + w_l)
i 3
k=0 i=0

Letting w3 = 1 in (4.12), we obtain alternative expressions for the identities
in (4.10).

Corollary 4.6. Let wy,ws be any odd positive integers.

(4.13) D Oy (W11) Co oy (w22)
k=0

= Z Cloywy (W2y1) o,y (W1Y2)

k=0
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n wi—1
wa .
= Chunwa (1) Y (—1)'Cro oy (wyo + —)
k=0 i=0 1
n wy—1 Z
= Z Cr,wn (w2y1) Z (_1)ZCn—k,w1wz (y2 +—)
k=0 i=0 w1
n wo—1
:chauhwz (yl) Z (_1)10"—]%“12 (w1y2 + _’L)
k=0 i=0
n wo—1 i
= Crows(w1y1) Y (=1) Corbuyws (y2 + —).
k=0 i=0 w2

Putting further wy = 1 in (4.13), we have the alternative expressions for the
identities for (4.11).

Corollary 4.7. Let wy be any odd positive integer.

> Chow, 1) k(wry2) =S Cr(wiy1)Co—kn (2)

k=0 k=0
n wy—1 .
. 2
4.14 => Ciuw —1)'Cr—po, —).
(4.14) k:OC‘k, (1) ;:O( ) Crtewn (2 + )

Theorem 4.8. Let wi, w2, ws be any odd positive integers. Then we have the
following three symmetries in wi, ws, ws:

(4.15) Z Creywaws (W191) St w105 (W2 — 1) Sy w, (W3 — 1)(*4)l+m
k+l+m=n

(4.16) = Z Cleywyws (W241) St 1wz (W3 — 1) S wpws (W1 — 1)(*4)l+m
k+l4+m=n

(417) = Z Chywiws (W3Y1)Stwsws (W1 — 1) Sy, (W2 — 1)(_4)l+m-
k+l4+m=n

Putting w3 = 1 in (4.15)-(4.17), we get the following corollary.

Corollary 4.9. Let wi,ws be any odd positive integers.

(4.18) Y e (w191) Sy (w3 — 1) (—4)"
k=0
= Z Choyw (W2Y1)Sn— s (w1 — 1)(—4)"F
k=0
= Z Cleywyws (Y1) St (W1 — 1) Sy (02 — 1)(_4)l+m-
k4+l4+m=n

Letting further we = 1 in (4.18), we get the following corollary.
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Corollary 4.10. Let wy be any odd positive integer.

n
(4.19) Culwryn) = D Chan, (91) S = 1)(—4)" "
k=0
Theorem 4.11. Let wy, wa, w3 be any odd positive integers. Then the following
expression is invariant under any permutation of wi,ws,ws, so that it gives us
s1x symmetries.

n wlfl
e i ws .
(4_20) Z Sn—k,wlwz (’wg - 1)(—4) k Z (_1) Ck,w1w3 (w2y1 + w—ll)
k=0 =0
n w11 w
n— i ¥
= ZSn—k,wlws (wy — 1)(—4)"F Z (—1)" Cr,wywe (w3yr + w_ll)
k=0 =0
n w21 w
- i 1.
— Zgn_,“wlw (ws — 1)(—4) k Z (—1)" Cr,waws (w1y1 + w_gl)
k=0 =0
n wz—1 w
B N g\n—k EERY =35
= Su ks (w1 — 1)(—4) Z (=) o, (wsyr + 0)
k=0 =0
n ’Lugfl
n—k 7 Wi,
= > St (w2 — 1)(—4) (—1)" gy (wrn + )
k=0 1=0
n w3 —1 w
n— i 2
= 2 Snmtwua w1 = DG D (1 Oy (s + 25)

Putting ws = 1 in (4.20), we obtain the following corollary. In Section 1,
the identities in (4.18), (4.21), and (4.24) are combined to give those in (1.13)-
(1.20).

Corollary 4.12. Let w1, w2 be any odd positive integers.
wlfl

(4.21) 3 (1) Cruyi (ways + %i)
i=0 1

’Luzfl

= Z (_1)icn,wz (wlyl + ﬂ'L)
w2

=0

= Z Sy ooy (w1 — 1)(—=4)" " C o, (way1)
k=0

= Z Sn—kywn (w2 = 1)(=4)"* o, (wr91)
k=0

wy—1

= 3 Suhan (1 = D D (1) 01+ 710)

=0
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n wa—1

Z n—k, wz 1)(_4)n_k Z (_1)i0k,w1wz (yl + L)

k=0 i=0 w2
Letting further wy = 1 in (4.21), we get the following corollary.

Corollary 4.13. Let wy be any odd positive integer.

wlfl

(4.2 Calwiy) = Y (<1 Coy (g1 + )

=0 !
= > Su-ilwr = D(4)"*Cha, (42).

Theorem 4.14. Let wy,ws, w3 be any odd positive integers. Then we have the
following three symmetries in wy, ws, ws:

wlfl ’Luzfl
(423) Z Z (_1)Z+JCN,U/1’UJ2 (w3y1 + _31 + _3])
i=0 =0 w1 w2
w271 ’Lugfl w w
- Z Z (71)Z+]Cn,w2ws (wlyl + _1i + _1.7)
i=0 j=0 w2 W3
wz—1w;—1 w w
= —1)HiC, i+ 2j).
: ( ) n,wiws (w2y1 + wgl + wlj)

=]
Il
=]

Letting w3 = 1 in (4.23), we have the following corollary.

Corollary 4.15. Let wy,ws be any odd positive integers.

wi—1
i wa .
4.24 —1)'Ch.w il
(4.24) §< ) Cnn (w2ys + 210)
wo—1 w
= Z Chwy (W1y1 + —11)
w2

wy— 1w2 1

= —1D)C, L i
ZZ( ) 0112(y1+w1+w2)

i=0 j=0
Theorem 4.16. Let wy,ws,ws be any positive integers. Then we have the
following two symmetries in wy, we, ws:
(4.25) Z Chywy (W2Y) Clwy (W3Y) Cr g (W1Y)

k+l+m=n

Z Crwz (019)Clwy (W3Y) Crp g (W2Y).
k+l+m=n
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Theorem 4.17. Let wy,ws, w3 be any odd positive integers. Then we have the
following two symmetries in wy, we, ws:

(4.26) Z Sk,wl(w2 - 1>Sl,w2 (w3 — 1)Sm,w3 (w1 — 1)
k+l+m=n

(4.27) = > Sk (w1 = 1)Sw, (w3 — 1) Sy, (wa — 1),
k+l4+m=n

Putting w3 = 1 in (4.26) and (4.27), we get the following corollary.

Corollary 4.18. Let w1, w2 be any odd positive integers.

n n
(4.28) D Sk (w2 — 1)Sp_p(wy — 1) = > Spouy (w1 — 1)Sp_p(ws — 1).
k=0 k=0
Theorem 4.19. Let wi,wq, w3 be any positive integers. Then the following
expression is invariant under any permutation of wy,ws, w3, so that it gives us
1T symmetries.

(4.29) D Chowy (wawsy1) Cow, (w1w3y2) Con g (w102y3)
k+l+m=n

= Z Clewr (W2w3y1) Crowy (W1w2Y2) O, (W1W03Ys3)
k+l+m=n

= D Crw (w1wsy1)Clu, (w2wsys) Con g (w1w3ys)
k+l4+m=n

= Z Che s (W1w3Y1) Cl g (W1w2Yy2) Cry g (W2w3y3)
k+l4+m=n

= > Chwy (w1way1)Cru, (w2w3Y2) Con oy (w1w3ys)
k+l+m=n

= Z Crk,ws (W1w2y1) Cla, (W1w3Y2) Crp oy (W2w3Y3).
k+l+m=n
Theorem 4.20. Let wy, w2, w3 be any odd positive integers. Then the following

expression is invariant under any permutation of wy,ws,ws, so that it gives us
1T symmetries.

(430) Z Ck,un (’LUQ’LU;:-,yl)C'Lw2 (’LU1’LU3y2)Sm,w3 (’LUl’LU2 — 1)(_4)m
k+l+m=n

= Z Cr,wy (W2w3y1) Coawg (W1 W2Y2) S oy (W1w3 — 1)(—4)™
k+l+m=n

= Y Crows (w1w3y1)Craw, (W2w3Y2) S,y (wrws — 1)(—4)™
k+l4+m=n

= > Crun(wiwsyr)Croug (w1w2y2) S,y (wows — 1)(=4)™
k+l4+m=n
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= Z Chyws (W1w2y1) O, (W2w3Y2) Sy (w1 w3 — 1) (—4)™
k+l+m=n

= Z Chws (W1w2y1) Clw, (W1w3Y2) Smw, (W2wz — 1)(—=4)™.
k+l4+m=n

Putting we = w3 = 1 in (4.9), we get the following corollary.

Corollary 4.21. Let wi be any odd positive integer.

ch(wlyl)cn—k(wlyQ) = Z Chw, (y1)Cr(wry2) S (wy — 1)(—4)™

k=0 k+l+m=n
(4.31) = Y Crelwiy)Craw, (y2)Sm(wr — 1)(—4)™.
k4+l4+m=n

Theorem 4.22. Let wy, w2, w3 be any odd positive integers. Then the following
expression is invariant under any permutation of wy,ws, w3, so that it gives us
1T symmetries.

n wowsz—1
. wy
(432) Z Ck,’wg (w1w2y1) Z (*1)1071,]61“)2 (w1w3y2 + w_;l)
k=0 1=0
n wowz—1 w
= Z Cloywz (W1w3Y1) Z (—1)Cy— s (W1 WYz + —1)
’ ws
k=0 1=0
n wiwz—1 w
= Z Ck,ws (w1w2y1) Z (*1)1071,]61“)1 (w2w3y2 + _21)
’ wy
k=0 1=0
n wiwg—1 w
= Z Cloywy (W2w3Y1) Z (—1)Cy— s (W1 woys + —1)
’ ws
k=0 1=0
n wiws—1 w
i 3.
= Z Ck,’wz (w1w3y1) Z (*1)1071,]61“)1 (w2u}3y2 + —’L)
’ wy
k=0 1=0
n wiws—1 w
i 3.
- Z iy (wawsyn) Z (=1)" Crpoyws (Wrw3y2 + —10).
k=0 i=0 wa

Letting w3 = 1 in (4.12), we obtain the following corollary.

Corollary 4.23. Let wy,ws be any odd positive integers.

n wo—1

. w1 .

(4.33) > Cr(wiwayr) Yy (71>10n,k,w2(w1y2+w—;z)
k=0 1=0

wo—1

= Z Chws (W1Y1) Z (1) Cp—i (wrways + w1i)
k=0

=0
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n wlfl
. woy
= Z Cr(wiwayr) Z (—=1)" Ch—k,w, (w2y2 + _22)
k=0 i=0 w1
n wlfl
:ch,un (w2y1) Z (_1)ZCn_k(’LU1’LU2y2 +’LU22)
k=0 1=0
n wiwa—1 . 1
- Z Ck,wg (wlyl) Z (_1) Cn—k,ﬂll (w292 + w—ll)
k=0 i=0
n wiwz—1 . 1
= O w _1 ’LCn_ ws ] ]
; k, 1(w2y1) ; ( ) k, (w1y2 + o Z)

Putting further we = 1 in (4.13), we have the alternative expressions for the
identities for (4.11).

Corollary 4.24. Let wi be any odd positive integer.

n n wy—1
> Cr(wiyn)Cook(w1y2) =Y Crowy (1) Y (—1)'Cro(wrya +1)
k=0 k=0 1=0
n wyp—1 . ’L
(4.34) =2 Crlwiyn) D (=1 Coan (42 + 7).
k=0 1=0

Theorem 4.25. Let wy,ws, w3 be any odd positive integers. Then we have the
following three symmetries in wi, ws, ws:

(435) Z Ck,uu (’ll)g’LU;:-,yl);S’lﬂu2 (w1w3 — 1)Sm7w3 (wlwg — 1)(_4)l+m
k+l4+m=n

(4.36) = Z Con (W1w3Y1) St 0y (W1w3 — 1) S a0, (w2w3 — 1)(—4) ™
k4+l4+m=n

(4.37) = Z Chws (W1w2y1) 51w, (Waws — 1) S w, (W1 ws — 1)(*4)l+m-
k+l4+m=n

Putting ws = 1 in (4.15)-(4.17), we get the following corollary.

Corollary 4.26. Let wy,ws be any odd positive integers.

(4.38) Z Crwoy (W2y1) St (w1 — 1) Sy (wrwa — 1)(—4)F™
k+l4+m=n

= Z Ch s (W131)S1(wrwe — 1) Sy, (we — 1)(—4)l+m
k+l4+m=n

= Z Cr (w1w2y1)Siw, (e — 1)Spy w, (w1 — 1)(—4)l+m.
k+l4+m=n

Letting further we = 1 in (4.18), we get the following corollary.
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Corollary 4.27. Let wy be any odd positive integer.

(4.39) Z Chow, (1)1 (w1 — 1) S, (wy — 1)(—4)H™
k+l4+m=n
= Cr(wiy1)Sn—r(wy — 1)(—4)"*.
k=0

Theorem 4.28. Let wy, w2, w3 be any odd positive integers. Then the following
expression is invariant under any permutation of wi,ws,ws, so that it gives us
1T symmetries.

n wowz—1
_ i wy .
(440) D Snpug (wrwy — 1)(=4)" 7" Z (=1)" Chw, (wrw3ys + w—;@)
k=0 =0
n wawsz—1 ) wy
= Sn ks (wrwg — 1)(=4)""F 3" (1) Oy (wrways + —1)
, w3
k=0 =0
n wiws—1 ) wa
= Sk (wrws = 1)(=4)"F Y (1) Cho, (wowsys + —0)
- w1
k=0 =0
n wiws—1 ws
ke -1 4 n—Fk -1 zC w- 2.
kz_: kwr (W2ws — 1)(—4) ZZ:; (=1)" Cryws (wrways + wgi)
n wiwa—1 w3
_ n—k _1)\¢ S .
Z n—k,wsz ’LU1’LU3 1)( 4) Z ( 1) Ck,wl (w2w3y1 + wy 'L)
k=0 1=0
n wiwa—1 ) w3
Z =y (W2wz — 1) (—4)" " Z (1) Cr o (W1w3yr + w—2¢)-
k=0 1=0
Putting ws = 1 in (4.20), we obtain the following corollary.
Corollary 4.29. Let w1, w2 be any odd positive integers.
n wo—1 w
4.41 . —1)(—4)"F —1) Cronw —
(@41) 3 Sl = (=47 3 (<1 Cry (0 + 1)
k=0 1=0
n wo—1
- Z Sk (w1 — 1)(=4)"7F 3~ (=1)'Ch(wyways + wri)
= i=0
wy—1

fZ&kmwa4> E D (1) o (g + 2 24)

= Z Sn—toywy (w2 — 1) (—4)"F _ (—1)°Cr(wrways + wai)
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n wiwa—1
: 1
_ _ _A\n—k _1)\¢ o
= Z Sn—k,ws (w1 —1)(—4) Z (=1) Ckw, (wa2y1 + w1 i)
k=0 =0
n wiwa—1 1
=Y Sp_rw —1)(—4)"F —1)'Ch —1).
kZ:O k,w (’LU2 )( ) ; ( ) k,wz (wlyl + we Z)

Letting further wy = 1 in (4.21), we get the following corollary.
Corollary 4.30. Let w1 be any odd positive integer.

i (71) C w1y1 JrZ an k wl — 1 ( 4) i (*1)iCk,w1(y1 + wil)
1=0 1=0
(442) = 3 Suulwr - (" G ().

Theorem 4.31. Let wy,ws, w3 be any odd positive integers. Then we have the
following three symmetries in wy, ws, ws:

wowz—1 wiwz—1

wq . wo .

(4.43) Z Z 1) Gl (wrw2yn + w—;z + w_zj)
wilws— 1 wiwa — 1 ’LU2 w3

Z Z )™ oy (wowsys + —=i + —=j)
1 1
wiwa — 1 WwawWws — 1 w3 w1

Z Z 1) Cpw,y (wrwsys + it )
2 2

Letting w3 =1 in (4.23)7 we have the following corollary.
Corollary 4.32. Let w1, w2 be any odd positive integers.

w2 — 1’LU1 1

(4.44) Z Z DOy (wiwayy + wri 4 wa)
=0 7=0

wy—1wiwo—1

- Z Z lﬂcn qwp (Way1 + —Z + i])

w1

wlwa — 1 wo — 1

> Y O + i+ 1)
— — w2 w2

Letting further wy = 1 in (4.24), we get the following corollary.
Corollary 4.33. Let wy be any odd positive integer.

wi—1w;—1 wy—1

(@49) Y Y (Do + i+ ) = D (<1 Colung + )

i=0 ;=0 i=0
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