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ON φ-SEMIPRIME SUBMODULES

Mahdieh Ebrahimpour and Fatemeh Mirzaee

Abstract. Let R be a commutative ring with non-zero identity and M

be a unitary R-module. Let S(M) be the set of all submodules of M

and φ : S(M) → S(M) ∪ {∅} be a function. We say that a proper
submodule P of M is a φ-semiprime submodule if r ∈ R and x ∈ M with
r2x ∈ P \ φ(P ) implies that rx ∈ P . In this paper, we investigate some
properties of this class of sub-modules. Also, some characterizations of
φ-semiprime submodules are given.

1. Introduction

Throughout this paper R is a commutative ring with non-zero identity and
M is a unitary R-module. We will denote the set of submodules ofM by S(M).

Let I be an ideal of R and N be a submodule of M . Then
√
I denotes the

radical of I and (N :M) = {r ∈ R | rM ⊆ N}, which is clearly an ideal of R.
Various generalizations of prime (resp., primary) ideals are studied in [2–

6, 9, 11–13, 21]. the class of prime submodules as a generalization of the class
of prime ideals has been studied by many authors. For example see [1, 14, 17].
Then many generalizations of prime submodules were studied such as weakly
prime (resp., primary) submodules in [10, 18], almost prime (resp., primary)
submodules in [16], 2-absorbing submodules in [22], classical prime (resp., pri-
mary) submodules in [7, 8] and semiprime submodules in [19].

In this paper we extend the concept of semiprime submodules. Let φ :
S(M) → S(M) ∪ {∅} be a function. A proper submodule P of M is called φ-
semiprime if whenever r ∈ R and x ∈M with r2x ∈ P \ φ(P ) implies rx ∈ P .
Since P \φ(P ) = P \(P∩φ(P )), without loss of generality throughout the paper
we will assume that φ(P ) ⊆ P . For two functions ψ1, ψ2 : S(M) → S(M)∪{∅}
we write ψ1 ≤ ψ2 if ψ1(N) ⊆ ψ2(N) for each N ∈ S(M).

In the rest of the paper we use the functions φ∅(N) = ∅ for semiprime
submodules, φ0(N) = 0 for weakly semiprime submodules, φ1(N) = N for any
submodule, φ2(N) = (N : M)N for almost semiprime submodules, φn(N) =
(N : M)n−1N, (n ≥ 3) for n-almost semiprime submodules and φω(N) =
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∩∞
i=1(N : M)iN for ω-semiprime submodules. Observe that φ∅ ≤ φ0 ≤ φω ≤

· · · ≤ φn+1 ≤ φn ≤ · · · ≤ φ2 ≤ φ1.
Among many results concerning the properties of φ-semiprime submodules

some characterizations of these submodules will be investigated in Theorems
2.5 and 2.12. In Theorem 2.22, it is proved that if F is a flat R-module and P is
a weakly semiprime submodule ofM such that F ⊗P 6= F ⊗M , then F ⊗P is a
weakly semiprime submodule of F ⊗M . Also we show that if F is a faithfully
flat R-module and N is a submodule of M , then N is a weakly semiprime
submodule of M if and only if F ⊗ N is a weakly semiprime submodule of
F ⊗M .

2. φ-semiprime submodules

2.1. Some properties of φ-semiprime submodules

Every semiprime submodule is φ-semiprime. But the converse is not true
in general. For example, consider the Z-module M = Z24 and the submodule
N = 8Z. Also let φ = φ2. Since φ2(N) = (N : M)N = N , so N is a φ-
semiprime submodule of M . But N is not semiprime. Because 222 ∈ N but
22 6∈ N .

Next we assert that under some conditions φ-semiprime submodules are
semiprime.

Theorem 2.1. Let R be a commutative ring and M be an R-module. Let

φ : S(M) → S(M) ∪ {∅} be a function and P be a φ-semiprime submodule of

M . If (x+(P :M))2P 6⊆ φ(P ) for all x ∈ R \ (P : M), then P is a semiprime

submodule of M .

Proof. Let r2m ∈ P , where r ∈ R and m ∈ M . If r2m 6∈ φ(P ), then rm ∈ P

since P is φ-semiprime. So assume that r2m ∈ φ(P ). First, suppose that
r2P 6⊆ φ(P ). So there exists n0 ∈ P such that r2n0 6∈ φ(P ). Then r2(m+n0) ∈
P \ φ(P ). Thus r(m + n0) ∈ P and so rm ∈ P . Hence we can assume that
r2P ⊆ φ(P ).

Next, suppose that (r + r0)
2m 6∈ φ(P ) for some r0 ∈ (P : M). Therefore,

(r+r0)
2m ∈ P \φ(P ) and so (r+r0)m ∈ P . Hence rm ∈ P . So we can assume

that (r + (P : M))2m ⊆ φ(P ). Since (r + (P : M))2P 6⊆ φ(P ) there exists
k ∈ (P : M) and n ∈ P with (r+k)2n 6∈ φ(P ). Then (r+k)2(n+m) ∈ P \φ(P ).
So (r+ k)(n+m) ∈ P . Hence rm ∈ P . Therefore P is a semiprime submodule
of M . �

Theorem 2.2. Let R be a commutative ring with characteristic 2 and M be an

R-module. Let φ : S(M) → S(M)∪ {∅} be a function and P be a φ-semiprime

submodule of M . If r20P 6⊆ φ(P ) for some r0 ∈ (P :M), then P is a semiprime

submodule of M .
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Proof. Let r2m ∈ P , where r ∈ R andm ∈M . Similar to the proof of Theorem
2.1, we can assume that r2P ⊆ φ(P ). If r2m 6∈ φ(P ), then r2m ∈ P \φ(P ) and
so rm ∈ P . Because P is φ-semiprime.

Next, suppose that r20m 6∈ φ(P ). Therefore, (r + r0)
2m = (r2 + r20)m ∈

P \ φ(P ) and so (r + r0)m ∈ P . Hence rm ∈ P . So we can assume that
r20m ∈ φ(P ). Since r20P 6⊆ φ(P ), there exists n ∈ P with r20n 6∈ φ(P ). Then
(r + r0)

2(m + n) = (r2 + r20)(m + n) ∈ p \ φ(P ). Hence (r + r0)(m + n) ∈ P

and so rm ∈ P . Therefore, P is a semiprime submodule of M . �

Corollary 2.3. Let R be a commutative ring and M be an R-module. Let P be

a weakly semiprime submodule of M which is not semiprime. Then r2P = (0)
for some r ∈ R \ (P :M).

Proof. In Theorem 2.1, set φ = φ0. �

Corollary 2.4. Let R be a commutative ring with characteristic 2 andM be an

R-module. Let P be a weakly semiprime submodule of M that is not semiprime.

Then r2P = (0) for all r ∈ (P : M).

Proof. In Theorem 2.2, set φ = φ0. �

In Theorem 2.5, we give several characterizations of φ-semiprime submod-
ules.

Theorem 2.5. Let R be a commutative ring, M be an R-module, P be a proper

submodule of M and φ : S(M) → S(M)∪{∅} be a function. Then the following

statements are equivalent:
1) P is a φ-semiprime submodule of M .

2) (P :M (r2)) = (φ(P ) :M (r2)) ∪ (P :M (r)) for all r ∈ R.

3) (P :M (r2)) = (φ(P ) :M (r2)) or (P :M (r2)) = (P :M (r)) for all r ∈ R.

Proof. (1) ⇒ (2) Let x ∈ (P :M (r2)). Then r2x ∈ P . If r2x 6∈ φ(P ), then
rx ∈ P , because P is φ-semiprime and so x ∈ (P :M (r)). Now, let r2x ∈ φ(P ).
Then x ∈ (φ(P ) :M (r2)). Hence (P :M (r2)) ⊆ (φ(P ) :M (r2)) ∪ (P :M (r)).
Since φ(P ) ⊆ P we have (φ(P ) :M (r2))∪ (P :M (r)) ⊆ (P :M (r2)). Therefore,
(P :M (r2)) = (φ(P ) :M (r2)) ∪ (P :M (r)).

(2) ⇒ (3) It is straightforward.
(3) ⇒ (1) Let r2x ∈ P \ φ(P ), where r ∈ R and x ∈ M . Hence x ∈ (P :M

(r2)) and x 6∈ (φ(P ) :M (r2)). So x ∈ (P :M (r)), by assumption. Thus rx ∈ P

and P is φ-semiprime. �

Theorem 2.6. Let R be a commutative ring, M be an R-module, P be a

proper submodule of M and φ : S(M) → S(M) ∪ {∅} be a function. If P is

a φ-semiprime submodule of M , then
√

(P : x) =
√

(φ(P ) : x) or
√

(P : x) =
(p : x) for all x ∈M \ P .
Proof. Let x ∈ M \ P and a ∈

√

(P : x) \
√

(φ(P ) : x). Thus asx ∈ P \ φ(P )
for some s ∈ N. Hence a ∈ (P : x). Because P is a φ-semiprime submodule
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of M . So
√

(P : x) ⊆
√

(φ(P ) : x) ∪ (P : x). Since φ(P ) ⊆ P we have
√

(φ(P ) : x) ∪ (P : x) ⊆
√

(P : x) and so
√

(P : x) =
√

(φ(P ) : x) ∪ (P : x).

Therefore,
√

(P : x) =
√

(φ(P ) : x) or
√

(P : x) = (p : x). �

2.2. m-almost semiprime submodules

Corollary 2.7. Let R be a commutative ring, M be an R-module and P be

a proper submodule of M . Then P is an m-almost semiprime submodule of

M if and only if for any submodule N of M and a ∈ R with (a2)N ⊆ P and

(a2)N 6⊆ (P :M)m−1P , one has (a)N ⊆ P .

Theorem 2.8. Let R be a commutative ring, M be an R-module and 0 6= Rx be

a proper submodule of M such that (0 : x) = 0 and
√

(Rx :M) = (Rx :M). If

Rx is not a semiprime submodule of M , then Rx is not an m-almost semiprime

submodule of M , (m ≥ 2).

Proof. Since Rx is not a semiprime submodule ofM , there exist a ∈ R and y ∈
M such that a2y ∈ Rx and ay 6∈ Rx. If a2y 6∈ (Rx :M)m−1x, then Rx is notm-
almost semiprime, by definition. So we can assume that a2y ∈ (Rx :M)m−1x.
We have a(x + y) 6∈ Rx and a2(x + y) ∈ Rx. If a2(x + y) 6∈ (Rx : M)m−1x,
then again Rx is not m-almost semiprime. So let a2(x + y) ∈ (Rx : M)m−1x.
Then a2x ∈ (Rx : M)m−1x. Which gives that a2x = rx for some r ∈ (Rx :
M)m−1. Then (0 : x) = 0 gives that a2 = r ∈ (Rx : M)m−1 ⊆ (Rx : M). So

a ∈
√

(Rx :M) = (Rx :M). Thus ay ∈ Rx, which is a contradiction. �

Corollary 2.9. Let R be a commutative ring, M be an R-module and 0 6= Rx

be a proper submodule of M such that (0 : x) = 0 and
√

(Rx :M) = (Rx :M).
Then Rx is a semiprime submodule of M if and only if Rx is an m-almost

semiprime submodule of M , (m ≥ 2).

Corollary 2.10. Let the assumptions be as in Corollary 2.9. Then Rx is

a semiprime submodule of M if and only if Rx is an m-almost semiprime

submodule of M , (m ≥ 2).

Proof. Let Rx be m-almost semiprime. This is clear that Rx is almost semi-
prime. Conversely, let Rx be almost semiprime. So Rx is semiprime, by Corol-
lary 2.9. So again Rx is m-almost semiprime, by Corollary 2.9. �

Lemma 2.11. Let R be a commutative ring, I be an ideal of R, M be a finitely

generated faithful multiplication R-module and N be a submodule of M . Then

(IN :M) = I(N :M).

Proof. See [16, Lemma 3.4]. �

Theorem 2.12. Let m ≥ 2 be a positive integer, R be a commutative ring,

M be a finitely generated faithful multiplication R-module and P be a proper

submodule of M . Then the following conditions are equivalent:
1) P is an m-almost semiprime submodule of M .
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2) (P :M) is an m-almost semiprime ideal of R.

3) P = QM for some m-almost semiprime ideal Q of R.

Proof. (1) ⇒ (2) Let a, b ∈ R and a2b ∈ (P :M)\(P :M)m. Then (a2)bM ⊆ P

and (a2)bM 6⊆ (P : M)m−1P , by Lemma 2.11. So (a)bM ⊆ P , by Corollary
2.7. Hence ab ∈ (P :M) and (P :M) is an m-almost semiprime ideal of R.

(2) ⇒ (1) Let r2x ∈ P \ (P : M)m−1P where r ∈ R and x ∈ M . Then
(r2)((x) :M) ⊆ ((r2x) :M) ⊆ (P :M). If (r2)((x) :M) ⊆ (P :M)m, then

(r2)((x) :M) ⊆ (P :M)m ⊆ ((P :M)m−1P :M).

So we have (r2)(x) = (r2)((x) : M)M ⊆ (P : M)m−1P , a contradiction. Thus
(r)((x) :M) ⊆ (P :M), because (P :M) is an m-almost semiprime ideal of R.
Therefore, (r)(x) = (r)((x) :M)M ⊆ (P : M)M = P and so rx ∈ P . Hence P
is an m-almost semiprime submodule of M .

(2) ⇔ (3) We have Q = (P : M), by [15, Theorem 3.1]. �

2.3. φ-semiprime submodules of some well-known modules

Let S be a multiplicatively closed subset of the commutative ring R. We
know by [20, Theorem 9.11], that each submodule of S−1M is of the form
S−1N , for some submodule N of M . It is easy to show that if P is a weakly
semiprime submodule of M with S−1M 6= S−1P , then S−1P is a weakly
semiprime submodule of S−1M . In Theorem 2.13, we want to generalize this
fact for φ-semiprime submodules.

Let N(S) = {x ∈M | sx ∈ N ; ∃s ∈ S}. It is clear that N(S) is a submodule
of M containing N and S−1(N(S)) = S−1N . Let φ : S(M) → S(M) ∪ {∅} be
a function and define S−1φ : S(S−1M) → S(S−1M) ∪ {∅} by S−1φ(S−1N) =
S−1(φ(N(S))) if φ(N(S)) 6= ∅ and S−1φ(S−1N) = ∅ if φ(N(S)) = ∅ for every
N ∈ S(M). Since φ(N) ⊆ N we have S−1φ(S−1N) ⊆ S−1N .

Next, we show that if S−1(φ(P )) ⊆ S−1φ(S−1P ), then φ-semiprimeness of
P together with S−1P 6= S−1M implies that S−1P is S−1φ-semiprime.

For a submodule L of M , define φL : S(M
L
) → S(M

L
) ∪ {∅} by φL(

N
L
) =

φ(N)+L

L
if φ(N) 6= ∅ and φL(

N
L
) = ∅ if φ(N) = ∅ for N ∈ S(M) with L ⊆ N .

Theorem 2.13. Let R be a commutative ring, M be an R-module, φ : S(M) →
S(M) ∪ {∅} be a function and P be a φ-semiprime submodule of M . Then

1) If L ⊆ P is a submodule of M , then P
L

is a φL-semiprime submodule of
M
L
.

2) Suppose that S is a multiplicatively closed subset of R such that S−1P 6=
S−1M and S−1(φ(P )) ⊆ S−1φ(S−1P ). Then S−1P is an S−1φ-semiprime

submodule of S−1M .

Proof. (1) Let a ∈ R and x ∈ M
L

with a2x ∈ P
L
\ φL(PL ), where x = x + L,

for some x ∈ M . So we have a2x ∈ P \ φ(P ). Thus ax ∈ P , because P is
φ-semiprime. Therefore, ax ∈ P

L
and so P

L
is a φL-semiprime submodule of M

L
.
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(2) Let a
s

∈ S−1R and x
t
∈ S−1M with (a

s
)2 x

t
∈ S−1P \ S−1φ(S−1P ).

Then a2x
s2t

∈ S−1P \ S−1(φ(P )), by assumption. So there exists u ∈ S such

that ua2x ∈ P \ φ(P ) (note that va2x 6∈ φ(P ), for each v ∈ S). Thus uax ∈
P . Therefore, a

s
x
t
∈ S−1P and S−1P is an S−1φ-semiprime submodule of

S−1M . �

In the semiprime submodules case, P is a semiprime submodule of M if and
only if P

K
is a semiprime submodule of M

K
for any submodule K ⊆ P . But

the converse part may not be true in the case of φ-semiprime submodules. For
example, consider the ring R = K[X,Y ], where K is a field and φ = φ2. Also,
let P = (X,Y 2) and L = (X,Y )2. Then P

L
is an almost semiprime submodule

of R
L
, while P is not so in R. But we have the following theorem.

Theorem 2.14. Let R be a commutative ring, M be an R-module and φ :
S(M) → S(M) ∪ {∅} be a function. Let P and K be submodules of M such

that K ⊆ φ(P ). Then P is a φ-semiprime submodule of M if and only if P
L

is

a φL-semiprime submodule of M
L
.

Proof. ⇒) This is clear, by Theorem 2.13(1).
⇐) Let P

L
be a φL-semiprime submodule of M

L
and assume that a2x ∈

P \ φ(P ), where a ∈ R and x ∈ M . If a2(x + L) ∈ φL(
P
L
) = φ(P )+L

L
= φ(P )

L
,

then a2x ∈ φ(P ), which is a contradiction. So we have

a2(x+ L) ∈ P

L
\ φL(

P

L
).

Thus a(x + L) ∈ P
L
, because P

L
is φL-semiprime. So ax ∈ P and P is φ-

semiprime. �

Proposition 2.15. Let R be a commutative ring, M be an R-module, φ :
S(M) → S(M) ∪ {∅} be a function and P be a proper submodule of M . Then

P is a φ-semiprime submodule of M if and only if P
φ(P ) is a weakly semiprime

submodule of M
φ(P ) .

Proof. ⇒) Assume that P is a φ-semiprime submodule of M . Let r ∈ R and
x + φ(P ) ∈ M

φ(P ) with 0 6= r2(x + φ(P )) ∈ P
φ(P ) . Hence r2x ∈ P \ φ(P ) and

so rx ∈ P . Thus r(x + φ(P )) ∈ P
φ(P ) . Therefore, P

φ(P ) is a weakly semiprime

submodule of M
φ(P ) .

⇐) Assume that P
φ(P ) is a weakly semiprime submodule of M

φ(P ) . Let r
2x ∈

P \ φ(P ), where r ∈ R and x ∈ M . Then 0 6= r2(x + φ(P )) ∈ P
φ(P ) and hence

r(x + φ(P )) ∈ P
φ(P ) . Therefore, rx ∈ P and P is φ-semiprime. �

Let Ri be a commutative ring and Mi be an Ri-module for i = 1, 2. Let
R = R1 ×R2. Then M =M1 ×M2 is an R-module and each submodule of M
is of the form N1 ×N2, where Ni is a submodule of Mi for i = 1, 2.
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Let P1 × M2 be a weakly semiprime submodule of M and r1 ∈ R1 and
x1 ∈M1 with r21x1 ∈M1. Let 0 6= x2 ∈M2. Then (r1, 1)

2(x1, x2) ∈ P1 ×M2 \
{(0, 0)}. By assumption, r1x1 ∈ P1. Therefore, P1 is a semiprime submodule
of M1. If P1 is a weakly semiprime submodule of M1, then P1 ×M2 need not
be a weakly semiprime submodule of M .

Next, we show that if P1 is a weakly semiprime submodule of M1, then
P1 ×M2 is a φ-semiprime submodule of M if {0} ×M2 ⊆ φ(P1 ×M2).

Proposition 2.16. Let Ri be a commutative ring and Mi be an Ri-module,

for i = 1, 2. Let R = R1 ×R2, M =M1 ×M2 and φ : S(M) → S(M) ∪ {∅} be

a function. Suppose that P1 is a weakly semiprime submodule of M1 such that

{0} ×M2 ⊆ φ(P1 ×M2). Then P1 ×M2 is a φ-semiprime submodule of M

Proof. We have P1×M2\φ(P1×M2) ⊆ P1×M2\{0}×M2 = (P1\{0})×M2. Let
(r1, r2)

2(m1,m2) ∈ P1×M2\φ(P1×M2), where (r1, r2) ∈ R and (m1,m2) ∈M .
So (r21m1, r

2
2m2) ∈ P1 \{0}×M2 and by assumption on P1 we have r1m1 ∈ P1.

This gives (r1, r2)(m1,m2) ∈ P1 ×M2. Therefore, P1 ×M2 is a φ-semiprime
submodule of M . �

Proposition 2.17. With the same notation as in Proposition 2.16, let φ :
S(M) → S(M) ∪ {∅} be a function such that φω ≤ φ. Then for any weakly

semiprime submodule P1 of M1, P1×M2 is a φ-semiprime submodule of M1×
M2.

Proof. We have

{0} ×M2 ⊆ (P1 ×M2 :M1 ×M2)
i(P1 ×M2) = [(P1 :M1)

iP1]×M2

for all i ≥ 1 and hence

{0}×M2 ⊆ ∩∞
i=1(P1×M2 :M1×M2)

i(P1×M2) = φω(P1×M2) ⊆ φ(P1×M2).

So the result follows by Proposition 2.16. �

Proposition 2.18. Let R = R1 × · · · ×Rn be a ring and M =M1 × · · · ×Mn

be an R-module, where Ri is a commutative ring and Mi is an Ri-module, for

i = 1, . . . , n. Let φ : S(M) → S(M) ∪ {∅} be a function, P = P1 × · · · × Pn

be a φ-semiprime submodule of M , where Pi is a submodule of Mi and let

ψi : S(Mi) → S(Mi) ∪ {∅} be a function and φ(P ) = ψ1(P1) × · · · × ψn(Pn).
Then Pj is a ψj-semiprime submodule of Mj for each j with Pj 6=Mj, (n ≥ 2).

Proof. Let Pj 6=Mj , xj ∈Mj and rj ∈ Rj such that r2jxj ∈ Pj \ ψj(Pj). Thus

(0, . . . , 0, rj , 0, . . . , 0)
2(0, . . . , 0, xj , 0, . . . , 0) ∈ P \ φ(P ). Therefore,

(0, . . . , 0, rj, 0, . . . , 0)(0, . . . , 0, xj, 0, . . . , 0) ∈ P.

Because P is φ-semiprime. So rjxj ∈ Pj . Hence Pj is a ψj -semiprime submod-
ule of Mj . �
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Corollary 2.19. Let R = R1 × · · · ×Rn be a ring, M =M1 × · · · ×Mn be an

R-module and P = P1 × · · · × Pn, where Ri is a commutative ring, Mi is an

Ri-module and Pi is a submodule of Mi for i = 1, . . . , n. Let P be an m-almost

semiprime submodule of M . Then Pj is an m-almost semiprime submodule of

Mj for each j with Pj 6=Mj, (n,m ≥ 2).

Proof. We have φm(P ) = (P : M)m−1P = (P1 : M1)
m−1P1 × · · · × (Pn :

Mn)
m−1Pn = φm(P1) × · · · × φm(Pn). So the result follows by Proposition

2.18. �

2.4. Weakly semiprime submodules and flat modules

A flat module over a commutative ring R is an R-moduleM such that taking
the tensor product over R with M preserves exact sequences.

Let R be a commutative ring, M be an R-module, N be a submodule of M
and r ∈ R. It is easy to show that (N :M r) = {m ∈ M | rm ∈ N} is a sub-
module ofM containing N . In the following lemma we have a characterization
of φ-semiprime submodules.

Lemma 2.20. Let R be a commutative ring, M be an R-module and φ :
S(M) → S(M) ∪ {∅} be a function. Let P be a proper submodule of M . Then

P is a φ-semiprime submodule of M if and only if (P : r2) = (φ(P ) : r2) or

(P : r2) = (P : r) for every r ∈ R.

Proof. This is clear, by Theorem 2.5. �

Lemma 2.21. Let R be a commutative ring, M be an R-module, P be a

submodule of M and r ∈ R. Then for every flat R-module F we have F ⊗ (P :
r) = (F ⊗ P : r).

Proof. See, [5, Lemma 3.2]. �

Theorem 2.22. Let R be a commutative ring and M be an R-module.

1) If F is a flat R-module and P is a weakly semiprime submodule of M

such that F ⊗ P 6= F ⊗M , then F ⊗ P is a weakly semiprime submodule of

F ⊗M .

2) Let F be a faithfully flat R-module. Then P is a weakly semiprime sub-

module of M if and only if F ⊗P is a weakly semiprime submodule of F ⊗M .

Proof. (1) Let r ∈ R. We have (P : r2) = (0 : r2) or (P : r2) = (P : r), by
Lemma 2.20. Therefore, (F ⊗ P : r2) = F ⊗ (P : r2) = F ⊗ (0 : r2) = (0 : r2)
or (F ⊗ P : r2) = F ⊗ (P : r2) = F ⊗ (P : r) = (F ⊗ P : r), by Lemma 2.21.
Hence F ⊗ P is a weakly semiprime submodule of F ⊗M , by Lemma 2.20.

(2) Let P be a weakly semiprime submodule of M and F ⊗ P = F ⊗M .
Therefore 0 → F ⊗ P → F ⊗M → 0 is an exact sequence and since F is a
faithfully flat R-module we have 0 → P →M → 0 is an exact sequence. Hence
P =M , which is a contradiction. So F ⊗P 6= F ⊗M . Now, F ⊗P is a weakly
semiprime submodule of F ⊗M , by part (1).
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Conversely, suppose that F ⊗P is a weakly semiprime submodule of F ⊗M .
We have F ⊗ P 6= F ⊗ M and obviously P 6= M . Let r ∈ R. We have
(F ⊗ P : r2) = (0 : r2) or (F ⊗ P : r2) = (F ⊗ P : r), by Lemma 2.20. Then
F ⊗ (P : r2) = F ⊗ (0 : r2) or F ⊗ (P : r2) = F ⊗ (P : r), by Lemma 2.21.

So 0 → F ⊗ (P : r2) → F ⊗ (0 : r2) → 0 or 0 → F ⊗ (P : r2) →
F ⊗ (P : r) → 0 is an exact sequence. Thus 0 → (P : r2) → (0 : r2) → 0 or
0 → (P : r2) → (P : r) → 0 is an exact sequence, because F is faithfully flat.
Hence (P : r2) = (0 : r2) or (P : r2) = (P : r). So P is a weakly semiprime
submodule of M , by Lemma 2.20. �
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