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FREDHOLM TOEPLITZ OPERATORS
ON THE PLURIHARMONIC DIRICHLET SPACE

YOUNG JOoO LEE*

Abstract. In this paper we consider Toeplitz operators on the
pluriharmonic Dirichlet space of the unit ball in the n-dimensional
complex space. We then characterize Fredholm Toeplitz operators
and describe the essential spectrum of a Toeplitz operator as a con-
sequence.

1. Introduction

Let B be the unit ball in the complex n-space C™* and V' be the
Lebesgue volume measure on C™ normalized so that V(B) = 1. The
Sobolev space .7 is the completion of the space of all smooth functions

f on B for which

Hfl!—{‘/deV

R = i ) R = pn—
1) =Yg () RIGI= D550
for z = (21, ,2n) € B. Then the Sobolev space .7 is a Hilbert space
with the inner product

<f79>=Ade/Bng+/B(Rng+7€f7€g) dav.

The pluriharmonic Dirichlet space %, is a subspace of . consisting
of all pluriharmonic functions on B. Recall that a twice continuously

9 1/2
+/B<\Rf]2+]ﬁf]2> dV} < oo

where
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differentiable function v on B is said to be pluriharmonic if the one-
variable function A — u(a+ \b), defined for A € C such that a+ \b € B,
is harmonic for each @ € B and b € C". Then one can see that the
pluriharmonic Dirichlet space 2, is closed in .. We let @ be the
Hilbert space orthogonal projection from . onto Z,,. Put

gl’m:{@ey:9078801830611007].:17'“?”}

ﬁzj 8Zj

where the derivatives are taken in the sense of distribution. By Sobolev’s
embedding theorem([1, Theorem 5.4]), we can see that each function in
£1% can be extended to a continuous function on the closed unit ball
B. We will use the same notation between a function in .# 1730 and its
continuous extension to B. For ¢ € £ we note that Ry, Ry € L.

Given a function u € £V, the Toeplitz operator T, with symbol u
is defined on Z;, by

Tuf = Q(uf)

for functions f € Z,,. Then T, is a bounded linear operator on Z;
see Proposition 1 of Section 3.

We let B denote the C*-algebra consisting of all bounded linear op-
erators on Zpy,. Also, let K be the algebra of all compact operators on
Dpn. An operator L € B is said to be Fredholm if L 4 K is invertible in
the quotient algebra B/K. Note that L € B is Fredholm if and only if
there exist L, Ly € B such that L1L — I,LLs — I € K. See Chapter 6
of [3] for details.

In this paper we study the problem of when a Toeplitz operator is
Fredholm. For Toeplitz operators acting on the Hardy space, Bergman
space or holomorphic Dirichlet space, such problems have been well stud-
ied as in [4], [6], [2] and [5].

We in this paper continue to study the same problem for Toeplitz
operators on the pluriharmonic Dirichlet space Z,,. We consider general
symbols in .Z%>° and characterize Fredholm Toeplitz operators. The
following is the our main theorem.

Main theorem. Let u € £V, Then T, is Fredholm on Dpn, if and
only if u has no zero on the boundary of B.

In Section 2, we collect some preliminary results. In Section 3, we
prove the main theorem and describe the essential spectrum of a Toeplitz
operator as an immediate consequence.
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2. Preliminaries

The Dirichlet space 2 is a closed subspace of .% consisting of all
holomorphic functions in .. We let P be the Hilbert space orthogonal
projection from . onto . Each point evaluation is easily verified to be
bounded linear functionals on both 2 and Z,;,. Hence, for each z € B,
there exist functions K, € & and R, € %,, which have the following
reproducing properties:

f(Z) = <f7 KZ>7 u(z) = <U7RZ>

for functions f € Z and u € Zp,. As is well known, a real-valued
function on B is pluriharmonic if and only if it is the real part of a
holomorphic function on B. Hence every pluriharmonic function on B
can be expressed, uniquely up to an additive constant, as a sum of a
holomorphic function and an antiholomorphic function; see Chapter 4
of [7]. Using this fact, we can see that Z,, = 2 + 2. Thus there is a
useful relation between R, and K,:

R.=K,+K,—1

Since Py = (p, K) for z € B, the formula above leads us to the follow-
ing useful connection between P and @:

(1) Q(p) = P(p) + P(@) — P(p)(0)
for functions ¢ € ..

We let L? = L?(B, V) be the usual Lebesgue space and A? be the well
known Bergman space consisting of all holomorphic functions in L?. Let
® be the Bergman projection which is the orthogonal projection from
L? onto A? whose its explicit formula can be written as

Bip(z) = /B Pw)Ba@)dV(w),  z€B

for functions ) € L?. Here B, is the well known Bergman kernel given
by

1

BZ(’LU) = m, w€E B

where w - Z = w1z1 + -+ + wyZzp is the Hermitian inner product for
points z,w € C". For any multi-index o = (aq,---,a;,) where each
oy is a nonnegative integer, we will write |a| = a3 + -+ + @, and
al = a1l o). We will also write

24 =2z
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for z = (z1,--- ,2,) € B. Note that Rz® = |a|z“ for every multi-index
a. Since |
B.(w) = Z w,zawa, z,w € B,
lor|>0
we have
|
2 ouz) =Y w,za/)gww(w) dV(w), z€B

o] >0

for functions ¢ € L?; see Chapter 2 of [8] for details and related facts.
Using Lemma 1.11 of [8], we see that

Hal?2a!
1P = o [ P avis) = SIS
B (n+ |a)!
for each multi-index a with |a| > 0. Note that the set {z% : |a| > 0}

spans a dense subset of Z. Thus it can be easily seen that the kernel
function K, on Z has the following explicit formula

for z,w € B. Since K,(0) =1 for all z € B, it follows from the repro-
ducing property that

n—Ha\ o [ o= w w
(3) /¢dv+|%0 _ /Bw Rip(w) dV (w)

for functions ¢ € . and points z € B. Combining the above with (2),
we can see

(n+la)! o [ —

R(PY)(z) = —z wARY (w) dV (w

” (P)(2) a§|>0 Tl /B Y(w) dV (w)
=P (RY) (2) —  (Ry) (0), z€ B

for functions ¢ € ..
In the following, we use the notation

11l = (/B|f|2dV>2

for functions f € L2. Note that |f(0)| < ||f]|2 for all f € A%, Also, one
can see that

(®) 1fll2 < IRSfll2 < [I£]
for every f € 2. See Chapter 2 of [8] for details.
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We begin with the boundedness of Toeplitz operators.

Proposition 1. For u € £, the Toeplitz operator T, is bounded
on Dyp,.

Proof. Let ¢ € P, be arbitrary and write ¢ = f+g for some f,g €
with f(0) = 0. Note up € . and ||o||?> = ||f||* + ||g||?>. Hence, by (5)
we see

(6) lellz < I1f1l2 + lgllz < [[f1] + [lgll < 2[lell-
Hence, by (3),

(7) [P (up)(0)] =

/BusodV' < lulloollll2 < 2lJulloolle]]-

Also, by (4) and the L2-boundedness of the Bergman projection ®, we
see

1P (up) = P(up)(0)|| = [R(P(up))ll2
< [[2(R(up))ll2 + [® (R(up)) (0)]
< 2[|2(R(uw))ll2
< 2[[R(ue)ll2
= 2[[¢Ru + uRepl|2
< 4([Rulloc + [[ulloo) llll
and similarly
IR(P(@p))ll2 < 4 ([[Rulloo + llulloo) llell
Combining the above with (7), one obtains
I1P(ap)|* = [P(ap)(0)]” + IR(P(ap))|I3 < Cillell?

for some constant Cy depending only on u. It follows from (1) and (8)
that

ITuell* = 1Q(ue) |
= [|P(ug) — P(up)(0)|]* + || P(ag)||*
< Cllell?

for some constant C depending only on u, which implies the boundedness
of T, as desired. The proof is complete. O
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3. Fredholm Toeplitz operators

In this section, we prove the main theorem and compute the essential
spectrum of a Toeplitz operator as an immediate consequence.

We let %) be the space of all f € Z such that f(0) = 0. Note that
Qph =% D 2.

Proposition 2. If a sequence u; = f; +9; € o + 9 converges to
0 weakly in Py, then f; and g; converge to 0 weakly in 9. Also, if a
sequence h; € & converges to 0 weakly in &, then h; and Ej converge
to 0 weakly in Dy,

Proof. Let ¢ € 2. Since f;(0) = 0, we first have g;(0) = u;(0) =
(uj,1) and hence

(fis0) =(u; —G5,0) = (uj,0) —(u;,1) ¢(0)
for each j. So, if u; — 0 weakly in Zp;,, we have (u;,¢) and (uj,1)
converge to 0 as n — oo. Hence f; converges to 0 weakly in &. Similarly,
since

(gj,0) =@ — fi.o) = (@5, 0) — [;(0)p(0) = (u;,¢) —0
as j — 00, we see g; converges to 0 weakly in Z.
To prove the remaining part, let a +b € Dpn = Do + 9. Then

(hj,a+b) = (hj,a) + hj(0)b(0) = (hj,a) + (h;,1)b(0)

for each j. Note a,1 € . So, if h; converges to 0 weakly in 2, we
see (hj,a+b) — 0 as j — oco. Hence hj — 0 weakly and then h; — 0
weakly in Z,,. This completes the proof. O

We let b? be the pluriharmonic Bergman space consisting of all pluri-
harmonic functions in L?. By (6), we see that the identity operator from
Dy, into b? is bounded. The following lemma shows that it is in fact
compact. Recall that the identity operator from 2 into A? is compact;
see [5] for example.

Lemma 3. The identity operator from Dy, into b* is compact.

Proof. Let u; be a sequence converging weakly to 0 in %, and write
uj = fj+9; € Yo+ 9. To prove the result, we need to show that
llujll2 = 0 as j — oo. By Proposition 2, f,, and g, converge weakly
to 0 in 2. Since the identity operator from 2 into A? is compact as
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mentioned before, we see that || f;[|2 and |[|g;[|2 converge to 0 as j — oo.
It follows that

lujll2 < 11fill2 + 1lgjllz — 0
as j — 0o. The proof is complete. ]

Given u € £V, the (little) Hankel operator h, : 9 — 9 with
symbol u is defined by

hu(f) =P (Uf )
for functions f € 2.
The following shows that the Hankel operator is always compact.

Proposition 4. For u € %>, the Hankel operator h,, is compact
on 9.

Proof. Let f; be a sequence converging weakly to 0 on 2 as j — oo.
Since the identity operator from 2 into A? is compact, we have

(9) lim /B\fj\2dvzo.

Jj—o0
Note that

< lullool|f51l2

IP(uf;)(0)] = ) [ utyav

for each j. It follows from (4) and the L?-boundedness of the Bergman
projection ® that

lhufill? = 1P (uf;)]|?
= [P(uf;)(0)* + [|R[P(uf;)]l3
= [ull3l1£5113 + |R[(Ru) ;] — @[(Ru) f;](0)]13
< |l Bl £5113 + 4[| @[(Ru) f5]113
< |l 31 £5113 + 4l (Ru) f5113
< Nl 31 £5113 + 4l Rul 311 /5113
for each j. It follows that

hafsl? < (Ilull + 4lIRulZ) /B 57 av

for each j. Combining the above with (9), we see ||h, f;|| = 0 as j — oo,
which implies the compactness of h, as desired. The proof is complete.
O



182 Y. J. Lee

Given u € £V, the (Dirichlet space) Toeplitz operator t,, with sym-
bol u is defined on Z by t,f = P(uf) for functions f € . Then t, is
a bounded linear operator on Z; see [5] for example.

The following lemma shows that there are useful relations between
Toeplitz operators and Hankel operators. The notation L* denotes the
adjoint operator of a bounded operator L.

Lemma 5. For u € .Z%*, the following statements hold for every

fea.

(0) T2 = [t = K. ) + 1|2
(©) |ITfI2 = [I1f 12 + it I~ |(F. 1)
(©) T2 1 = NI = £ 0D 2 + A I

Proof. Given F + G € Dy, = % + 9, we first note that
|1F+ G = [|F||* + |G
and ||G — G(0)||> = ||G||? — |G(0)|?. Fix a function f € 2. Since
Tuf = P(uf) = P(uf)(0) + P(uf) = tuf = tuf(0) + haf
by (1), it follows that
ITufI? = [t fI* = [t fO)* + [[haf]*.
Now, (a) follows from the fact that
tuf(0) = (tuf, 1) = (f, 131).

By the similar argument, we can prove (b). To prove (c), we first note
that

(Tyf,a+b) = (tyf,a)+ (b0, f)
for every a +b € 9y + 2. It follows that
T, f(z) = (T, f, Rz)
= <T:faKz -1 +E>

=t/ (2) — 5 £(0) + h3(F)(2)

for every z € B. Then, (c) follows from the similar argument as in the
proof of (a). This completes the proof. O

For v € £V, we note from the reproducing property

PuF)(0) = (t.F, Ko) = (t.F, 1) = (F.£}1)
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and hence

P(uF)(0) = P(uF)(0) = (F,t;1)
for every F' € 9. Thus, by (1), we have

Tup = P(uf) + P(ag) + haf + hug — (f,t51) — (g, t:1)

= tuf + tag + haf + hug — (f,t51) — (g, t31)

for functions ¢ = f+g € % ® 9. Here Ay, By, Cy: D0 ® 7 — Dy, are
bounded linear operators defined by

Au(f+g) = tuf"‘@
Bu(f+9) = haf + huy

respectively. Thus we have the following decomposition for T:
(10) T, =A,+ By, + C,.

The following lemma shows that the Fredholm properties of T, and
A, are equivalent.

Lemma 6. Let uw € £, Then T, is Fredholm on Dy, if and only
if A, is Fredholm on Zyy,.

Proof. First we prove that the operators B, and C, are compact on
Dpn- To do this, let ¢; = f; +7; € Yo + 9 be a sequence converging
weakly to 0 on Z,. Then, by Proposition 2, f; and g; converge weakly
to 0 on Z. Since the operators h, and hg are compact by Lemma 4,
we have ||hgfj|| = 0 and ||hyugj|| = 0 as n — oco. Thus, the operator
B, is compact on Z,,. Also, the compactness of C, follows from it’s
definition. Now, decomposition (10) gives the desired result. The proof
is complete. O

We say that L € B is left Fredholm if there exists L1 € B such that
LiL—1 € K. Also, L € B is called right Fredholm if there exists Lo € B
such that LLo — I € K. Thus, L is Fredholm if and only if L is left
and right Fredholm. Also, it is known that L is not left(resp. right)
Fredholm if and only if there exists a sequence {f;} of unit vectors for
which f; — 0 weakly and ||Lf;||(resp. ||L* f;||) converges to 0 as j — oo;
see Chapter 6 of [3] for details and related facts.

Now we prove the our main theorem. In the course of the proof of
the main theorem, we will use a characterization of Fredholm Toeplitz
operators on the Dirichlet space 2. Given u € £ it turns out that
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t, is Fredholm on & if and only if u has no zero on 9B, the boundary
of B; see [5] for detail.

Proof of the main theorem. First assume T,, is Fredholm on Z,;, and
suppose u has a zero on dB. Then ¢, is not Fredholm on &. Suppose t,
is not left Fredholm on Z. Then, there is a sequence {f;} € Z of unit
vectors converging weakly to 0 on & for which [|t, f;|| = 0 as j — oo.
Note [|haf;|| — 0 as j — oo by Proposition 4. Since {f;} converges
weakly to 0 in 2, it follows from Lemma 5(a) that

ITu 5112 = [t fs11? = 1 0P + [[hafil* — 0
as j — o0o. Since {f;} converges weakly to 0 in Z,;, by Proposition 2, we
see Ty, is not left Fredholm on &, which is a contradiction. Now suppose
t,, is not right Fredholm on Z. As before, there is a sequence {g;} € Z
of unit vectors converging weakly to 0 on & for which ||t}g;|| — 0 as
n — oo. Note {g;} converges weakly to 0 in 2. By Lemma 5(c) and
Lemma 4, we have

17595117 = I1Eagsll* = st + [[h255]1* — 0

as j — oo. Since {g;} also converges weakly to 0 in Z,), by Proposition
2, we see T, is not right Fredholm on %, which is also a contradiction.
Thus v has no zero on 0B.

Conversely, suppose u has no zero on 9B and hence t, is Fredholm
on 9. Since t, is left Fredholm in particular, there exists a bounded
linear operator S; on & such that Sit, — I is compact on Z. Also, since
@ has no zero on 9D, by the same reason, there exists a bounded linear
operator Sy on & such that Sotz — I is compact on 2. With theses
operators S; and So, let us define T': 9y + 2 — Dpn, by

T(f +g) = S1(f) + S2(9)

for functions f +g € %y + 2. Then, it is easy to check that T is well
defined and linear. Also, using the boundedness of S1,.52 on &, one can
see that T is also bounded. Recall the operator A, defined by

Au(f+9) =tuf +tag

for functions f + g € %y + @.7NOW, we show T A, — I is compact on
Do Let @ = fj +g; € Yo + Z be a sequence converging weakly to 0
on Z,y. By a simple manipulation, we can see

(TAL — D)(¢5) = [Stta — 11(f;) + [Sata = 11(g7) + tuf5 (0)[S21 — S11]

for each j. By Proposition 2, we note that f; and g; converge weakly
to 0 on Z. Since Sit, — I and Sty — I are compact on &, we see
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that [Sit, — I](f;) and [Saty — I](g;) converge to 0 in &. Also, since
tuf;(0) = (fj,t;1) for each j, we have t,f;(0) — 0 in 2. Hence A,
is left Fredholm on ;. Also, by a similar argument, we can see that
A, is right Fredholm on %, and then A, is Fredholm on ;. Now,
by Lemma 6, we see T;, is Fredholm on Zp,, as desired. The proof is
complete. ]

Recall that the essential spectrum o.(L) of L € B is defined to be the
spectrum of L + K in B/K. As an immediate consequence of the main
theorem, we describe the essential spectrum of a Toeplitz operator on
the pluriharmonic Dirichlet space as shown in the following.

Corollary 7. For u € £, we have o.(T,) = u(0B).
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