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Abstract

The paper introduces bottom-up and optimal combination methods that can analyze and forecast hierar-
chical time series. These methods allow forecasts at lower levels to be summed consistently to upper levels
without any ad-hoc adjustment. They can also potentially improve forecast performance in comparison to
independent forecasts. We forecast regional traffic accident counts as time series data in order to identify
efficiency gains from hierarchical forecasting. We observe that bottom-up or optimal combination methods
are superior to independent methods in terms of forecast accuracy.
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Figure 2.1. Two-level hierarchical structure.

oz AP} (Shangd} Smith, 2013). AFFFA WL Kk AZ AALS &8 T o5
=2 A9 o9& dojul+ Weltt. Hyndman 5 (2011)9] A ‘_‘éj— Az 9y
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2 veidXe ASH ANAE EANCE wEAhal TAALE ASsta D AA G ASH A vl
gt S AR AFEE TR O By gEste] wFAa #d AAE ARE 24 2 ¢S
skith. Han3} Kim (2007)-& ARIMA 23S AHgsto] =2 S/E APA 8 34 Rysbstar &
% 539 AEALT AFEA £5 &80, KimT Lee (2014)= ARIMA 23L& 0] 83 wEATL
A4 529 AR EEMD} Han (2007)-2 3724 2¥7 AALEA RPog 54 A=
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2.1. HASH AMAL

AZEH AALL tdA Y ASS 7IA Jdow, A9 W (top-level or level 0)+= &3] AA| 7}
5319 A< (completely aggregated series, &AZ A L)S UeUH, 1-DA (level 1)= A @A &
3l (disaggregation) S UEAT}E & £}, Figure 2.12 F ©@A9] AFH AJAE 12 E =43}3}19
FH3 2107, Ax 1-DANAY AAGS UER I ABE 1-TA9 AAFol £31 2-TA o4 9] BA
45 e

Figure 2.1& 743t & ASA AALY +2& v 2o vepd & Qloh

Yrotal,t = Ya,e +YBt, Yae=Yaa:+Yass, YBit=7YBa:+YBB:. (2.1)
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AS FZ2E WASE HF 5T e T S&ﬂr- ]i‘g 474 oI5 (revised forecast) 2}l &}
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o 3
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(=]
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oL,
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5 FA W, 2P ol =
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o] ABBAZS 12)3H7] Yte] Hyndman 5 (2011)S H A2 &S Adsdr;. B =FolAs
A T A2 el F 7 Hee oET

2.2. ARSHAL G
Mg A% AR ASA ol wPEe A% B o]tk (Zellnersh Tobias, 2000). ©] WHE WA 5
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Z YA Utk Figure 2.1} 22 ASS o2 4, Hoks] oA ALl tia) SHAA v h-AlH
&S AT F, 015 27 Yaan, Yabn, Yean, Yeen ot 512h o8 A9 ©Ale] ASos 5%
FozH Yz 74]‘501] gk v AR A5e de 5 Aok

YA,h = YAA,h + YAB,h, YB,h = YBA,h + YBB,h, Y, = YA,h + YB,h-

AR oA S B Aol Bjat £ A5 J1A dl5T Bt ol AL AR W
'(l?l' ";.; h h ﬂ'

15
=
=9, Yaau,

HARA ARIMA 59 w5 A58 1831 847 ek
/H7 }61-6}/_\_1' H} % t}- ] A FLEE o]&.g].oq 27} 7Lo] 1/].1;].144 Alr/],
Yh = S?K,hy (25)
A, T = (o, P Fical = B8 ASell 0% 24 olZ0l, Vici= A3 @A (K-
R B3 BgolA] ol® AR AL HhEsA] okErhe J

ANY &S oJu)dict. AFgEAl uby ol A
oItk BHAT, Hakel WAGIA ol 4 e BATL £ASE A, olele Bt A AL B

ARG P AGA PUT DY LE ASH AALe 3 1A A5 AABTh T, )6
A e SPAoR AYH Y HEel AF T2 A3 wdslel A gk ARz PHL ol
B AA 22 AF Tz we AYHAEYes Eﬂﬁm Sl 53} Hhe e 2gshe
Je At The W 2e) AS ) BE AFs e A0S A8, 24 wAe) A 2 Auarel 4
289 vadsitiy el Qo I 7R o &0 %?i (unbiasedness) & W& A9, £ oS
= 5% 44L ATk gl ek
HAxe AT AFIARLIZL vt 2o

i;h =SBk + e, (2.6)

A7IA, Yre € AT AL Yol thal v h-AlE F 714 ol 5 WEolu,

Bn = E [Yi.rin|Y1,...,Yr]

+ 3 dAY 71A Sl tidt v FFolt)h ep= FHo] 002 v FEA FE B, & 7
= A3 Aol gt e Ao, vl h-AlR & Aol thETh
A AE5Y AL VA dE5L ZAECE AFSA AAYE F2E UET oy, WA 2 ]’ sk
IAA SR ASA FRE UEY AotH(F, en = Sek,n). A7NA, exnte A3 SAY dF A5
UeRdt). o83t 7gslol A 8,9 AP E TS (best linear unbiased estimator; BLUE)-2 t}
3 28-S BY 4 9¢ (Hyndman 5, 2011).

Bn = (8'8) 'S5 (2.7)
wEbA, A (2.7) 4 (2.6)9] tiete] T 22 £ A& S 48 5 Uk

Y, = S(S'S) 'SV (2.8)
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Table 3.1. Hierarchy of the regional traffic accident counts

Level Number of series
Korea 1
City 16
Gender 2
City x Gender 32
Total 51

=3, 74 5ol e E4h2 thE 3} Zo] Attt

var (Yh) = S<S' i S) . S. (2.9)

h

al

ZES © 54 elZe Btk T, e TR ASH 22E 24
oz WEsoF Bk /4L 44317} oyt wael gt

3

H Fo|Ae 2o A A3 AZA AAG BA vl AFSRAl vl Tl H A2 WS o] 83l nE

AT BAASE ol Se 1 AL SHA 5 L} B2
H Az EY o= RE hts 3]7]#] (Hyndman 5, 2016) ©]t}.

3.1. A2 < 0|5 dlw e

ASEA ] AR HlolHE =W 167 A= A8 e S Agelw, 200595 E 20157142
A Agolth o] FollA 2012d 12U7HA Y] AR+ B AFE f5t] ARl 2013 FE1 S 2
BE 59 B vuE AT A5 ARE ARSI AR LA EAA A (TAAS)S 530
A & 4= Ach(http://taas.koroad.or.kr/).

B AR 7ML Ae 1%7‘4 TFZ+& Table 3.17% 2ttt &, 4 (Korea) = 13270Y Y =
U REALT 2] & Agolt). 1- uw:n(xpa City, &A= & A5 1671 =l A= (72, 4
7], BE, A, &7, ‘:H?", A, Fab A, 248 JA, A&, A, Xi]—,—, 8 FhHE BEHge o
Aolw, 38k (City x Gender) r’"ﬁl% -7 9 /\]‘:Bﬂ ARLAGE ThA] (A, A48)= Falst
At °]9Jr 22 A4S ALY AFL Aot BR7F oAl emg a7 AAE XPE ' 5
Jtk &, I-HAE Al=E thA] A (Gender) 2 23S = Qith. mekA, AFH AALS F 5174
]%ﬂo] %‘:‘r.

Figure 318 A 9405 Aol e AAD 2ol Total 29 A4 AFL2A T
5 LEAD WAL, ‘GUSH G2 E 47 A58 48 TEAT BYA%, Bottom’ S A9 A
o2A AEN AW BT BAASE e
£ AZA RA 192 3712 st AdAe) Feivk 283 dehta gick oAl 195 29
01]% oz AmASTE Ak do] A LAANA AAFE vgo] £ wE dAel AzA
S7h ol HT DA $A et gon), Aozt 37 R AgelA Andss A B4 et
gtk Be AGEe] $5 0 IPIAE F AL AR, AFEY AnAST} b A et
som AEA W gy, o4 AuASe Felt e A3 W% see By

il
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Figure 3.1. Plot of series at each level of hierarchy. Note: The numbers 01, 02, ..., 16 indicate the names of
region Gangwon, Gyeonggi, Gyeongbuk, Gyeongnam, Gwangju, Daegu, Daejeon, Busan, Seoul, Ulsan, Incheon,
Jeonbuk, Jeonnam, Jeju, Chungbuk, Chungnam in order, and the characters M and F indicate the genders male
and female, respectively.

71A A& f5te] ARIMA 23 % Aegeys 47 ARgstglod, 28 A 95t R fore-
cast 9 7]A] (Hyndman, 2016)2] auto.arima ¥ ets T55 A3 o] S-E2 H A 2y &
7] $13l9] Akaike information criterion(AIC) FEFH 7|&S ARSIy T3, 2013 19REY A3
A5 £ rolling window HPHE ARE3Fe] A7 (re-estimate) I oSS WMt F g R oz HE
g 12-A18 &S 3k, o] AL 2014 128714 B8 37|18 3 22 S 71EA 251 v
stolch 20159 2kgE o5 DAl vlaE ASA T ARETE oS 59, 2012 1297149
AAE Aoz 2013 195 E 1297H 5 55k, 20139 19704 9] AJAG Ao g 20139
295 E 20149 19704 &, 20139 297119 Aoz 2013 d 39HFE 20149 2€97HA & oS3
Zolth. upxEt 259 A WEEO A=, 2014 1297HA]S] AFLo R 2015UZ oS3t} ol st wHE 1}
e Bt 22E S BIEE B

3.2. 0|53 H|W: MAPE

AIAIE oS oiet A& vlwE 23] mean absolute percentage error(MAPE)S A83}3ith
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MAPE+ AlAE o&& 37y dof Agle] HAE alge 543 V€22 va 7hssitte %
Aol k. 4 AL j(=1,...,51)9 vl h-AlHol e MAPE; & W& ¢&9] 7oz o3 2
o] Aojsich
T+ITER S
1 Yitns — Yitn, _ _
MAPE; . = pree T 100, h=1,...,12, ITER =25  (3.1)

o] 714 ITER = 25+ rolling window ¥ o] v 3142 Uelyn, T+ 20123 129 8€ A Zsto] 3
24 7 Al o2 20149 1297415 veRdth. wEbA, v h-AlF 52 (T + h)-A12] AlA
doll thgt &S oujsitt. 7 AFE MAPEE 5¢ AS W EAske AEScl e MAPES] 3+
O = vyt 2ol Axtetgith

MAPE;, (k) ZMAPEk i, k=0,1,..., K(=3). (3.2)

%2 Ui Ajeln k= 0% 49 ASS vehith E=9, AAA o3 Fa= 3
} BE 7159 MAPE 9% % 7 4153 BE nje) A9 MAPE B2 b3t

51 12
MAPE,(-) = % > MAPE;,,  MAPE.(k) = % > MAPE, (k). (3.3)
1= h=1

Table 3.2+ 7]A o|&& 9A5te] ARIMA 232 st 4%, ZF dAdA Ak 714 o5 (base) T
AZEH ANALE d=(43A], bottom-up; & 23}, combination)2] MAPEE Ueldc} H|ZE §9]
AL S8t 7 oS 71TelA 7P 22 MAPE g 7HA+ A9+ 255 X3 A AEsad
o} upX]9t d(mean)2 AA| oS 7|7t tidt MAPEE @3t gholth. T3t Table 3.29] Wole&
e (average across all levels)-2 2E AlF) thst A| 7}x] ®{ o] MAPE ¢ 3to|th.

Table 5251 8548 ok ¥ . 2991 QA H BAAE SR 14 450l Grh 505 A
A AALG dSHEY B £2 235 WL IS I 5+ Adoh T AlRE BA 2 AR x
A A ]) DANAE JA2E Y ASH AIAE oS ol ddFes £2 A8 HQl

c}.
o w2 ALE 2@t e AL S A2 el @2 v F2 AFE HolFa Qv & ¢
At BE ATl g MAPE B2 SalAE A2 9] ASH AAde] 48 A2 +
At “6“4 e ASH AL 52 AEE DS} HEe] DAE ALk BE AT 7
A &2 A5 e Bylrk ol AR DA s 271670 o) dEolA SR 71A
ASHY F2 A2 Btk H5ke] SACNA g4 st 714 ol 5] 22 MAPES 7HA& A
< 3 e St

Table 3.3 7|4 o5& F15t9] ARIMA 23 tial NP8 s ARS8t oSS MAPES AWtet
Zlojth. o] A% HA49 @ A ASS ARIMA EFAMAE 5714 o] AFH dJSEt o F
< Ade Btk ey, BE ASE BFA0R 2 ) W8] ASH o5e] o sl Al
AT Sl A el AdAoR fd o5HS Hth ARIMA EZIMAH, Al
= x AR EE) GACNA 1A 53 A4 5ol T4 MAPES Holvh 7 o5 iy
MAPES®] #}o]7} Ath= 22 ARIMA B ¥} Xpo]gd oz Fadr.

Figure 3.2%= Tables 3.29} 3.39] d3& AW aezsiet Aoju} o] F3to] 7|4 A A

O|(ARIMA B3 vs A53&H)) nwE &olsH sttt 2R, ASH AAL A7 9
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Table 3.2. MAPE for out-of-sample forecasts of the hierarchical time-series methods using ARIMA model applied
to the regional traffic accident counts

Forecast horizon (h) given at time T'

1 2 3 4 5 6 7 8 9 10 11 12 Mean
Top level: Korea (1 series)
Base 2.83 247 274 2.83 319 334 334 358 3.48 3.76 3.87 4.21 3.30

Bottom—up 3.61 336 3.03 332 326 348 3.52 3.68 4.05 4.04 433 444 3.68
Combination 2.94 275 2.63 289 3.05 3.22 3.18 3.52 3.68 385 4.06 4.21 3.33
Level 1: City (16 series)

Base 5.73 6.17 6.08 6.33 6.12 6.31 6.34 6.41 6.45 6.46 6.58 6.77 6.31
Bottom—up 5.78 6.09 6.05 6.21 6.05 6.27 6.37 6.55 6.60 6.51 6.76 6.99 6.35
Combination 5.43 5.69 5.71 5.90 5.80 5.99 6.03 6.23 6.20 6.23 6.39 6.58 6.02
Level 2: Gender (2 series)

Base 3.35 3.16 3.38 3.71 3.70 3.99 4.18 4.45 4.66 4.97 525 555 4.20
Bottom—up 3.88 4.00 391 4.09 410 4.27 445 448 484 500 5.23 560 449
Combination 3.33 3.05 3.41 3.86 3.88 4.12 4.21 446 4.62 497 5.18 5.50 4.22
Bottom level: City x Gender (32 series)

Base 8.03 8.26 825 834 828 828 837 844 855 862 878 926 845
Bottom—up 8.03 8.26 825 834 828 828 837 844 855 862 878 926 845
Combination 7.60 7.77 8.03 8.21 8.22 8.22 8.31 8.32 8.37 8.48 8.57 8.93 8.25

Average across all levels (51 series)
Base 4.99 5.02 5.11 530 532 548 556 5.72 578 595 6.12 6.45 5.57
Bottom—up 5.33 543 5.31 549 542 557 568 579 6.01 6.04 6.27 657 574
Combination 4.83 4.82 4.95 5.21 5.24 5.39 5.43 5.63 5.72 5.88 6.05 6.30 5.45

Table 3.3. MAPE for out-of-sample forecasts of the hierarchical time-series methods using ETS model applied to
the regional traffic accident counts

Forecast horizon (h) given at time T’
1 2 3 4 5 6 7 8 9 10 11 12 Mean

Top level: Korea (1 series)

Base 243 1.92 2.19 2.71 2.46 3.11 3.09 343 3.79 3.70 4.20 4.23 3.11
Bottom-up 2.28 205 229 266 269 3.09 323 346 3.88 3.87 4.28 442 3.18
Combination 2.40 196 224 2.65 254 3.08 3.14 3.40 3.82 3.75 4.23 4.28 3.12

Level 1: City (16 series)
Base 4.84 521 528 543 561 585 6.00 589 6.07 6.15 6.37 6.38 5.76
Bottom-up ~ 4.77 5.01 5.10 5.35 5.48 5.71 5.77 5.75 6.02 6.04 6.23 6.22 5.62
Combination 4.79 5.06 5.16 5.39 5.52 5.77 5.88 583 6.02 6.07 6.27 6.28 5.67

Level 2: Gender (2 series)

Base 296 2.54 3.00 355 3.46 391 4.28 4.45 494 5.26 5.63 5.99 4.16
Bottom-up 2.82 283 3.11 3.53 3.67 393 441 472 506 547 586 6.22 4.30
Combination 2.89 2.58 2.98 3.54 3,50 3.88 4.29 4,51 4.93 530 5.69 6.07 4.18

Bottom level: City x Gender (32 series)
Base 702 7.03 7.19 7.31 7.40 7.56 7.79 7.66 8.06 830 8.46 8.61 7.70
Bottom-up 702 7.03 7.19 7.31 740 7.56 7.79 7.66 8.06 830 8.46 8.61 7.70
Combination 7.01 7.05 7.28 740 743 759 7.85 7.69 8.02 8.29 8.46 862 7.72
Average across all levels (51 series)
Base 4.31 4.18 4.42 475 4.73 5.11 529 5.36 571 5.85 6.17 6.30 5.18
Bottom-up 4.22 423 442 4.71 481 5.07 530 540 575 592 6.20 6.37 5.20
Combination 4.27 4.16 442 4.74 4.75 5.08 5.29 536 5.70 585 6.16 6.31 5.17
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Figure 3.2. Plots of MAPE for all hierarchical levels using ARIMA and ETS models.

1A AFRLUL o4 WL ARIMA 2L 049 wiink A oe 959 o
T, %%71 A% D 7 AZS FRAA B W D A Folze WAL (1) B4 7
o 2ol SRH ARIMA o] $5a1907; (2) A AZolAE @] ol 2olAl A53Lol, %
7 slZelAle ARIMA 2] 224e] % Pyl $5sisiche ol o 2%
o] 7] o 2], ARIMA B3] 7] o ZoA o feldt 3FE 13l

iﬂ

0% W 7+ ol% AHA Aold fel4e AR N3 Friedman (137)8] AAL SAFAT
Friedmans] Q4L 21254 A} HE GAZA QUAA L4249 v Folch 47 5
AL 374 o) 5 el ol e 39 MAPEE 7} v]d) o5 A elM 713 22 3e 14
A=, Vg 2 e 34 UK F 7 oIS g 0% o 85l THTH MAPEZL 22 49 ¥

F £92 ch webAl, o3 B 2 A Aelsk drkd Holw & el 2ATY AFE F
37 22 ghe 744 Aclth Friedmand] 274 $A%S chet 2o] VY 4 k.
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Table 3.4. Friedman test statistics to test statistical significance of the forecast accuracy difference

ARIMA model ETS model
xR F R F
Top level 1946 18.17 1826 8.17
City level 1946 18.17 2016 24.00
Gender level 1910 15.17 1826 8.17
Bottom level 1944 18.00 1752 2.00

@ K =32 183 95 WY fold, H = 12& vg A5 7|39 Folth. R;j& 7 A5 e
MAPE <& olth. Friedman #%A SAZFL “odS ol F3 2po|7} girh el A F7 o] &Y
o, ZAR 08 AFETF K — 19 x%_, £2E w2t} Table 3.4 ZF A&l A Friedman A3 4
Alg A3fo|th

webA, §2 5 5%(714A = 5.99)04 714 o& W (ARIMA 28 Z]—’Fﬁ%‘%‘)"ﬂ ﬂ'ﬂ]c’qol L5
E AZNA A5 3 T F 3 Afol7t vk Ag A Ut ok o, AFHEHE AT A
A AZAME A5 W el o8 Aol gle AoE vehdth. FaE, o @XF: RellA
stats 3 7] 2] 9] Friedman.test 45 o]-&3lo] 433} T}.

A4 o1 W F ol Wo] $918 Aol Mol Ttes] A8 AT A 249 Nemenyi
(1963) A4S ST o] AL RES] BARHOIA A% A7 (post-hoc test)ol AP Ao
A, o A3E ol&3fel o2 BT WAL wAE Bopd & Atk ATAY <AL Table 3.29
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Table 3.5. p-values of the Nemenyi's test statistics to test statistical significance of the forecast accuracy among
methods using ARIMA model

Base Bottom—up

Bottom—up 0.0003 -
Top level: Korea . S

Optimal combination 0.9122 0.0015

Bottom-— 0.9122 -
Level 1: City © .om b s

Optimal combination 0.0015 0.0003

Bottom-— 0.0015 -
Level 2: Gender © .om P .

Optimal combination 0.9773 0.0031

Bottom-— 1.0000 -
Bottom level: City x Gender © .om up L

Optimal combination 0.0001 0.0001

Table 3.6. p-values of the Nemenyi's test statistics to test statistical significance of the forecast accuracy among
methods using ETS model

Base Bottom-up

Bottom—up 0.0220 -
Top level: Korea . S

Optimal combination 0.9120 0.0640

Bottom-— <0.0001 -
Level 1: City © .om P s T nasn

Optimal combination 0.0380 0.0380

Bottom— 0.0220 -
Level 2: Gender © Aom P .

Optimal combination 0.9120 0.0640

Bottom-— 0.6900 -
Bottom level: City x Gender © .om 1P L

Optimal combination 0.2300 0.6900

107 A 9 Y DA B 30 Ach 43 ¢
S S EREEEE =
xo% aoinsies ol A

A z2o9 A Y wFel AFHT 741%  =r agaE A4 A
A FAZAE AS L 23S Fasisholo] e 24 Pyl AL
& Ao o4 oln)7} gtk S
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