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Outlier tests on potential outliers
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Abstract

Observations identified as potential outliers are usually tested for real outliers; however, some outlier detec-
tion methods skip a formal test or perform a test using simulated p-values. We introduce test procedures
for outliers by testing subsets of potential outliers rather than by testing individual observations of potential
outliers to avoid masking or swamping effects. Examples to illustrate methods and a Monte Carlo study to

compare the power of the various methods are presented.
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AP A RGN o) dX]el] e A+ FEASHA A= o] o opFx F a3 AFLFA Y skt
2 ZFEI Ak oA ' 2= g3t ELX]EJ oz FHF st A
AR o E FAEH AAH 3 Jo] Akd WHES ATt (Seber &, 1998).
ARTAGlo]l A o] A A HAAE B3 EXEH HEATEE OVJ'»]E Eete A2 BAZHE
frast 24t & 4 firk = AR B e B ZolA HFHQ o
AAE A8 A% ARAWHEE vheth. 99 FFA| T it o)% AR B= AA} (Seo}
Yoon, 2014)¢} 2] & AFAE FAA o] dX oA HFHOE oA oEe 7Y 4R B
ARE )
AP ARFGANA oA FAE A AAE oAy PHE
Yohai, 1995). ©]%F & AFA &&= 7]EA 01*&‘1
At TeA WA &ttt 7= Hadig) 3)8 A4 Ex el A
oA To] AR el ZF BEX9 o)A o BE AT ARSEE TP BEAQ Y
Bonferroni 7 é o|t}. Bonferroni £54le] 7|9k & A4 N JEA Y o)A ARE A
A7) e FFES 28 o]dA] HAACA Bonferroni AHE F=2 ¢
AR oﬂ 28 dubd oz QAAEHES 2x}(externally studentized residual) S 73S
2 AR 4 AN kst AAEA S ARE & 9t (Kimd} Krzanowski, 2007).
FAA o FATE WFSE 5= oA HAANA AAFTAFY EXE 37 o2 A% 294
Foj oJdl Fo)FES AA FLsh I HE A o2 Paul?} Fung (1991)°] A|¢+3t generalized
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extreme studentized residual(GESR)¢l| ]38t o]Alx] B2]¥, Kianifard®} Swallow (1990, 1996)2]
=2 3 ol Ark. B AFolA = 22 Bonferroni AA0lA AE% = FAA o)A
ol £33 AFAE NEH R AAsh= EAE AMESIA] 91l Hadi®} Siminoffe] =x14 o] &
AW EE Seos} Yoond] Hut o]z AAS EEate] A o] AT E2-F dish 252
oA TS TG WS Attt AAIE HHS dAet RAFE T 7= NEE HAA
Bonferroni ¥, Paul-Fung *} 53 AA=EE ujwsitl. A o)Ax|2e AAL Paul-Fungo]
A Qs GESR W} AAAAgle] w3t &fste] o *}Zl—ri:*% %1748z Seber, Montgomery,
Rollier WHS AR&sity. Al 2780A= A ol dAT @A A4S A% 7124 H<d Hadig}
Siminoff ¥, 4o]e] Hhol] tht o] 42 o HE AHE £ QU= Seoﬁ‘r Yoon W, £ AFollA] Ak
st Wb v thFst A% Bonferroni WS A7iSIAL B AollA Al sk A o] AT
o thst o) 2] AAFEAAE AHsith Al 3= AL} RoAFES Foto] Ak HY 7|=Hy
o AARAYE vty 4goAM = AT AT} 5 AT HIS 8o, AAS)

]o

2. O|&XIEKI2 Ol&XI=E 20 thot AEH
Hadi$} Siminoff (1993)¢] st
7hs =24 BRIl 7 BA o] FEx
& GAE, Ak % 1B AZE o
t}. Hadi®} Siminoff 9] th=Fa ¢l A= o33 2t}
(1) @ AN 374 A AT FTAFL Molekal skl 27| E sehal 3H4f
(2) FEATF Moz 3AAE A T FSAF

F& X
o
27 HEZ} Z}(internally studentized residual)

o _ T3
. Yi szfM —, ifie M,
4 — om/1— ol (XT X)) Lo (2.1)
o _.TA
Yi — Zi P , ifig M,
&M\/l—Fx;(X;‘C[X]\{)_lxi
A7NA Xur, Bur, 602 22 AT Moz FAY X REHY 24 3%, 0] FAA 0|t}
(3) e |di] 2Exee] e jAR SAFAZIL Lot X7F Z]—-‘,—’,—E bol (REE W uj
P(X > z) = a7} A& zgtoldt @ @, |dls11) > tas2(st1)is—p) O, (0 —8)70 & &9 <
AEAF &3k BEAE HF5 A ]”X]——*OE asie] 28X °}° A% |dlay, ldley,-- -,
|d](s11y ol B3 ALAE NEL FEXTF MOZE HFstal 919 2AE wHEsit)

7] FEA Y A7) i AxAzY A9 A=7F A5 Hadig} Siminoff (1993)& F 71A1<] 7]
= A4 S At gk B AFolA 83k Seo2t Yoon (2014)9] oA ATHA HA
H2 Hadi®} Siminoff W7} Zo] W& AFHES}E Zrx}(internally studentized residual)®] =A%
A o] 83t ¢lole] FHFX|Fo Wt o]Ax] JEE IAIE= Axlolt). Hadi®l Siminoff ¥
Al dole] HEXFE o)A o RE BAE] A= WHXFHESA o5 HA thdwte] o
& A H o] FA o' A AgHolof girt. o] & 3l thFe FEAT O IFRYS FAS AR o
o]l Aol FA TR A=A st vk A oA o g FAFH o] thgt o]}
A ARS s, Bk o Alzos ARl IAA o] dATHFOR AAHHA] ¢gkoew A

B B
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AR oA ohd Ao PR ? ]
(2014) Hadi®} Simonoffe] o]/gx] BA A &85t YHAAFAESIAS} 223FALY] A5
Aol s AR ol thgt o] 3= o
2] HF o] dA] FHIF A o Fet A d
219} QAR HESIAL os) ARGl HF oA FHFOoR AAHA o
oFA| 7t obd e AT, HF o] FAFHT R A
2} oA AR S BA g}
Seo%} Yoon (2014)0] A eket Qsle] BTl th3t 043 A4 RS 2ok thest 2o
(1) A3z 2715 k2kal sk AR AFFE G3AF Moz AFs e FAAE F

getal 4 (2.1)% 2L WA 2FdES} IS AL

FRES B2 .o Aoigel 7V 2 ko) BRAZL AREI QA okele) 3

@ Sopmn, 2404msl A Fou A% A S0 92AE B A 2
Astol 91 314E W
u}—ok d(n k+1) > t(a/Q(n k+1);n—k—p) ] ﬁ;gtﬂ}\o}\_% O]}Z‘)}i]i Eﬂ’;g]?_q

) din—k+1) < taj2(n—k+1)m—tk—p) °1 ¥, BAWGTE 0|47} obd 2o &2 dAdsict

o>4
ol
uj
o
1o
Lo

:T:

(2)

I

o ®
N

wIoF 94 5] Wk AEelNE ATl o4 FRTOR AHE A wow AALES
o1 4A7} okl Aoz BRTL,

A9 TN W AL A5 AR A7)0 net APHAT R B9 ARNIEE & A
3k AozE SR

al
£ Aot S48 el tet B8 A oATIN AeAez oA ude B2
Ag & ANGT. ol BHoz N8R AEAY e 42 o8
o|t}. Bonferonni AAL o]Arx] AANA T B9 o] ] oJRo 2 ALHE ARE
FHES} ] (externally studentized residual)ol] ZR|Z o] Fxe] 2715 183
3= Aottt B A= dulA¢l JAAREHEZ) xS o]23F Bonferroni A4
o Hadi®} Siminoff 7oA ARE3he A9 JAAFHES] FHAE Bonferroni 770l &-&3ir}.
o] W2 FA3el otk o] FAHA 7pHst &I (masking effect) e} -3} T I (swamping
effect)ol] it HebA oz AAIA AZHe}l 73} B Eo] o] 4XSH o thet A4 A2 AREH S
o} (Kim3} Krzanowski, 2007). Hadi®} Siminoff 57132 A8-3l Bonferroni A A= I AAFH
Ei‘r TAE AGE o s AT AlLJ ks A¥HA Rl Bonferroni F787= 2] A (2.1)9] IARA
H A )G AAE ALl ste] YHAFAES} IS ALdsict. o9} o] AR FAF A~
EUE3] 2} AstoA ALYE= thato] N8 BFX| (individual) 2} BEX] F(group)d] o Fol wah
F8E = F £809] Bonferroni A4S Z+7 “Bonferroni-i 474”, “Bonferroni-g 7A%” 0|2t H27]
2 gttt Bonferroni-g 77 o] Hadi®} Siminoff 783} the A& 2k ALY <A18A Zoll thsto]
A4 97 SVPALER DA Ak AR ¢ ARG S SO F AR
o] ALFHESZA} Ao gholl thate] t; ~ ta/2x(s+1):5—p), (1T s = clean set 5, p = FHH
)R HAE et o] FXFH o £33 ZF AFX o 3t o] FH] ARE -&‘4?}“/}-
2 AT Aldehe FAF o)Azl wigt = Al AR e 47 S1-374, S2-4A olgka st
S AP e
oA AAYES A3 S Hadigh Siminoff #Hgo] ojs] ©A9 o] X TR 7o) A o]
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7o REATY

ek ok wAle] BT S Sagh S1-dA e —TL;‘q]

AAUE A A FE L

£ sgka kA

[S1-AA]:

(1) Lo oJQ3tel L°5 FoF MOz 7455l 37 2ge 243 5 4] (2.1)9] 22 A48}

(2) A9 Aokl |di|9 el YT (s + DAY SAFAFE dopn 2 Wl dsty,
diss2ys - dny ol D3R B2H & Roekn E7)3k0 o]0l tistel thest 2o ARE 49
&t
a) REOF RS C LI dioyr) 2 Haya(strys—p E T REE OIHA 2 BT

b) 919 £AS BESA FL AP, W s < nolW Hadish Siminofl PHANNAY d() & /1%L
2 (s+1)70e) BEAE A2 MOE R3] BAHFL w3 s = nold A o4
A2l oWt o 4x= Grka BY Bk
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27) o] AAA FBAE M o83l JABYL

A o)A L FolA ake] Aoighel [di| £ 7]

Aot 3 A (2.1)9] FAE AL
o7 74 2 (n—s)/Me #EANE AAY

Aro 7 MAS Seo2} Yoon AAS 3P 3ic}.
(3) A7 AT o] A E BAHA AR oI A LY RS o)X =E AA S vk AR AT} o]
A7 ob A A HEA] FollA kY] Aoigt V1€ E 7Y 2R (s + 1) 7Rl ek HEXA]

)
59 Ropy BRAZS ARE FET MOE A30] 919 H4L gt

9 AAe) Ax AP M= [°2 AFete] o4 FRHT LS AP

3. OflH|2t 2ol aed

Aol A AFEE A 7] A5+ Hadi®} Simonoff (1993, p.1269) A}%., Hertzsprung®} Russell9] stars
A& (Rousseeuw 2} Leroy, 1987, p.27), stack loss At& (Brownlee, 1965, p.454)°]th. AR A2
FAA o)A T2 Kim3} Krzanowski (2007) 2} 5-AF5HA Rousseeuw £} Van Zomeren (1990) o] A|<F
st AAaY WHo g g@X3ta g@XE FAA o] ATl thdte] F £72 Bonferroni FAI 2 <
Tl AtE F 7HA] WEE A8 v 2 sioh A9 F3 Table 3.1¢ 8.9k o] Tt
Hadi®} Simonoff Z}5+ n =250]1 7| BHOR Y = a1 + 22 + €] FAZEEH YA A9 AR50
th o, BEFA 1, 2, 32 o)X TLEN Y = a1 + 12 + 49 EFolA BAH At Hadi®} Simonoff
A5 of] 3l Rousseeuw?} Van Zomeren WHH-2 #2H4] 1, 2, 3, 6, 11, 13, 17, 19, 20, 24E X‘”ZHPG o]
ARFo R BAEH e 7] v 7HA] A wHS A48t 43, Bonferroni FFE2 A 20
AL gk 970 FHAE oA 2 g sto] £33} A JEFFE e W 2 AFoA 7<ﬂ e+t F 714
UL FEA] 1, 2, 3& oA E A AL
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Table 3.1. Three examples: potential outliers are detected by using robust plots (Rousseeuw and Van Zomeren,
1990)

Hadi and Simonoff data Star data Stack loss data
Outliers 1,2,3 11, 20, 30, 34 1, (2), 3,4, 21
Potential outliers 1, 2, 3, 6, 11, 13, 17, 19, 20, 24 7,9, 11, 20, 30, 34 1, 2, 3, 4, 13, 14, 20, 21
Bonferroni-i 1,2,3,6, 11, 13, 17, 19, 24 7,9, 11, 20, 30, 34 1,3, 4, 13, 21
Bonferroni-g 1,2, 3,611, 13, 17, 19, 24 11, 20, 30, 34 1, 3, 4, 13, 21
S1 1,23 11, 20, 30, 34 1,3, 4,21
S2 1,2, 3 11, 20, 30, 34 1,3, 4,21

In stack loss data case 2 is marginal.

Star A5+ o] WAL % (temperature at the surface)?} ¥17](light intensity)oll &3t n = 477
o Apgelrh. 7 W ol AP A% WA= AR Wl AN AEA(1, 20, 30, 34)E W 2
T =2 BVE Qs v t]’?-l'x]?a‘%— 2 HAAES Ze oA E HFEnh Star ApRC] of
3lo] Rousseeuw®} Van Zomeren -2 &2 7, 9, 11, 20, 30, 345 FTAF o)A &2 AR
™ o]o)| thste] Bonferroni-i 7742 ;f:‘ A o] FAT ARE AT oA E AASFAT A Bl
Bonferroni-g A4, S1 AA, S2 AL #&XA 11, 20, 30, 345 A o]Ax=2 #FHF3FAT). Stack
loss A5+ R o} AbsbH o] o gk At Abell st A5 ol n =219 5 Al 714 8A(F71+ 4,
Wt 25, A E)o wet B e R Yol A4S 543 A5 e|th. o] A5l thst ohest 24
A7} AN S QLA gk (Atkinson, 1985, p.266) B2 1, 3, 4, 21-& o] 4] o] #FA] 2= AAA=Z 2H
253 9t} Rousseeuw 2} Van Zomeren H}H-S stack loss AFE.0) th3}ho] J:}féi] 1, 2, 3, 4, 13, 14,

r

20, 21°] ZAA olAlx|Folgtn Jdlt). 8719 FAA oAtz ol the T £F 9 Bonferroni A%
21,3, 4,13, 212 oA 2 BAE wid H AToA Aloke & 7}%] up g_g_ 13,4, 212 o444
2 P43ttt o Bonferroni-g A4S ZA A o] 4x]o] 1, 2, 3, 4, 21 *FHFHOR 1, 3, 4,219]

ol = AT} (Kim¥ Krzanowski, 2007, p.117).

A% A4 S A9 R Al 290YE ST 2AATA AT Ae)
AHe o|Ax9 M Y9 upet ofefet 7S 77}14 HAo)l 52 d (Kianifard?} Swallow, 1990,
1996)°ll o3 ATt AAHN A5E BY yi = @ + 0 .461] AR AyEs p= unif(o,
15)0lA, 2248 2 BEATEEZRE B

(a) y1 =7.5+4+61 (61 > 0)

(b) y1 =15+ 41 (61 > 0)

(¢) y1 =154681, y2=154+382 (61 >0, J2 <0)

(d) y1 =15+ 681, y2 =14.95+ 62 (41,02 > 0)

(€) y1 =15+61, y2=154d2 (61 >0, d2 > 0)

) y1=15+061, y2=15+02, ys =15+ 3d3 (61,02,d3 > 0)

(g) y1 =15+ o1, y2 = 14.95 + da2, ys = 14.90 + 03 (61,52,53 > 0)

7WAR B8E A8 919 7 oA BEo) AAlE A8 632 vt 2tk 23 ()9} (b), & =
3.5; 23 (c), 61 = 3.5, 2 = —3.5; 2 (d), 1 = 3.5, 62 = 3.5; 28 (e), 61 = 3.5, 62 = 5.5; 2 (f

81 = 3.5, 02 = 4.5, 03 = 5.5; 2 (g), 1 = 3.5, 62 = 3.5, d3 = 3.5. 7} A8 F7)E= oJARNE Z
Stelo] p = 252 AT o] AL Pauld} Fungd GESR HHolA AAIH 7} p-3he 12831 Aol

1:
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Table 3.2. Summary of simulation results: potential outliers are detected by using clustering method (Seber et
al., 1998)

(a) (b) (<) (d) (e) (f) (2)
Py Py P3 Py Py P3 Py Py P3 Py Py P3 Py Py P3 Py Py P3 Py Py P3
Bonferroni-i 0.264 1 0.736 0.277 1 0.723 0.413 1 0.587 0.406 1 0.594 0.452 1 0.548 0.614 1 0.386 0.557 0.96 0.442
Bonferroni-g 0.646 1 0.354 0.605 1 0.395 0.751 1 0.249 0.750 1 0.250 0.750 1 0.250 0.880 1 0.120 0.825 0.96 0.169
S1 0.942 1 0.058 0.931 1 0.069 0.942 1 0.058 0.932 1 0.068 0.936 1 0.064 0.950 1 0.050 0.904 0.96 0.054
S2 0.947 1 0.053 0.932 1 0.068 0.943 1 0.057 0.932 1 0.068 0.937 1 0.063 0.952 1 0.048 0.904 0.96 0.054

Model

Table 3.3. Summary of simulation results: potential outliers are detected by using GESR (Paul and Fung, 1991)

(a) (b) (<) (d) (e) (f) (2)
Py, Py P3 Py Py P3 Py Py P3 Py, Py P3 Py Py P3 Py, Py P3 PPy P3
GESR  0.936 1 0.064 0.918 0.082 0.984 1 0.016 0.883 1 0.117 0.963 0.037 0.853 1 0.147 0.824 0.96 0.176

Model

1 1
Bonferroni-i 0.947 1 0.053 0.929 1 0.071 0.993 1 0.007 0.937 1 0.062 0.986 1 0.014 0.949 1 0.045 0.925 0.96 0.067
Bonferroni-g 0.977 1 0.023 0.942 1 0.058 0.996 1 0.004 0.968 1 0.030 0.992 1 0.008 0.970 1 0.024 0.958 0.96 0.032
S1 0.978 1 0.022 0.973 1 0.027 0.996 1 0.004 0.969 1 0.030 0.993 1 0.007 0.978 1 0.022 0.976 0.96 0.024
S2 0.978 1 0.022 0.972 1 0.028 0.996 1 0.004 0.973 1 0.027 0.993 1 0.007 0.985 1 0.015 0.976 0.96 0.024

AF] e F 1,000 FL agho] 10 v ARRE ITh 2 e AR EL2 Al Y A=
P1, Py, P30l 93l A4 P2 o] FXE A 2H2 v g0]al, P HAE 3 7l o4k o]
X5 Ze | golo] A 71AE A masking phenomenon) o] WHAAE B &L (

g oA Foll B 28E v, § 5 ¥ A (swamping phenomenon) o] 43 g

st Qo] 7HAIS ol dhal] A o] dAEL S thy

Fung (1991)¢] A|<st GESR "< 247 d83to] Mgttt RSPl ok JAa4 o] x|+ A
Ao o)X= 74 AR o] vlas] il GESR ol o8 A4 o] x| Fo] AAH BeA
HollAle vl 7k i3 58] Paul® Fungo] A| XS 29 p-gholl &3t A=

Table 3.2 FH3} ) 9dto] IAA o] FAFZ AAsE A% olod gt o] A = H
Aoltt. oA BAHE AX BARANES AAWGTLE AAsPonz BE Wy loiA P,
Z AE3A o4& AAH3= vlgo] 1 % =

Al o] FAE T oA ZE HA = HE]
A AE AAEE S1 AAF S2 AAL v
off AFAJlel 71E WHERY MAE S Holu Qi
Table 3.3-2 GESRe| oJato] A A o] Fxg §ASHAL o]of tiaf o] 4% A4+
ot} FR e o3t FAA o)X F= BA P wieh vwstd, S1 A4 S2
9] AAEE Holil o) Bonferroni ZFE2 Aoz e AA=ES Bl
AL v, w3t o3 FAE o] dATS A A} vhRsAE 2 A
o]/Fx] AR Adgle]l ARH SR Bonferroni AFE Bt 5% 23E Hola gl
o] AXT FAHAFE 7oz A4k GESR AASA TS 2o p-gholl 23 AARAE o
S Ho]1 gt} Table 3.28} Table 3.30|4 E5o] o] xAA4He AAHL AANZ oA
Hell whet Zpo] 7t DT = Q). o]# FFsAdS AT Ha ol

oA FHIE ARG T o] SR oA AHES HAAHS gothV|E st B
A 81 = 2.0, 62 = —2.5, 65 = 2.50] 3| A /e o)AXE Zt= pn =259 AEE AT T
7Ne] oAk (23,24,25)8) A= AEE M A FEAZ FAE 671 FEAE IAF o) FATEL
2 7HF3te] oA HAE 3 sirt. Table 3.4 AAE EA5 o]0 Table 3.5+ ©]9} 22 A9
AR o] FAell thsl o] X AAS 53 AFe|tt. Bonferroni AR EL o]4A] TR
W3l £ 3ol AR B AFolA AGE HHEL o|FATE SHtEA A=
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Table 3.4. Artificial data

1D Y T 1D Y T

1 7.15 7.12 14 1.46 1.29
2 8.19 8.81 15 7.73 7.92
3 10.49 10.26 16 3.05 3.43
4 4.09 3.81 17 2.88 2.93
5 3.45 3.65 18 12.08 12.10
6 2.82 3.37 19 12.31 12.54
7 10.60 10.37 20 12.61 13.55
8 13.69 13.37 21 9.73 9.70
9 15.61 14.52 22 1.63 2.39
10 5.40 5.47 23 17.00 15.00
11 6.76 6.54 24 13.00 15.00
12 8.14 8.45 25 17.50 15.00
13 11.24 10.82

Table 3.5. Several examples with randomly selected potential outliers

Potential outliers Bonferroni-i Bonferroni-g S1 S2
10, 18, 21, 23, 24, 25 23, 24, 25 24, 25 23, 24, 25 23, 24, 25
9, 16, 22, 23, 24, 25 9, 23, 24, 25 23, 24, 25 23, 24, 25 23, 24, 25
2, 18, 20, 23, 24, 25 20, 23, 24, 25 20, 23, 24, 25 23, 24, 25 23, 24, 25
3, 8,16, 23, 24, 25 23, 24, 25 23, 24, 25 23, 24, 25 23, 24, 25

Table 3.6. Summary of simulation results: potential outliers are selected randomly

Methods Py Py Ps3
Bonferroni-i 0.898 1 0.102
Bonferroni-g 0.864 1 0.008

S1 1.000 1 0.000
S2 1.000 1 0.000

N
o
ox
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