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Abstract

Many stochastic processes satisfy the Markov property exactly or at least approximately. An interested
property in the Markov process is the first passage time. Since the sequential analysis by Wald, the approx-
imation of the first passage time has been studied extensively. The Statistical computing technique due to
the development of high-speed computers made it possible to calculate the values of the properties close to
the true ones. This article introduces an exponentially weighted moving average (EWMA) control chart as
an example of the Markov process, and studied how to calculate the average run length with problematic
issues that should be cautioned for correct calculation. The results derived for approximation of the first
passage time in this research can be applied to any of the Markov processes. Especially the approximation
of the continuous time Markov process to the discrete time Markov chain is useful for the studies of the

properties of the stochastic process and makes computational approaches easy.

Keywords: Markov process, first passage time, average run length, integral equation, transition matrix,

Weibull distribution
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2 25 A7 (first passage time; FPT)-2 -&3}7 (stochastic process) o] o]H A3 A A (bound-
ary)< 22 st dEle A vttt e Al met Aske 3 Heke
dl, & o B&stAl= GEHTo gl A== AR ANE A5H A Ter 28 A T
str}. o] wl] AJ7F2 914 H AlZH(continuous time)I} o]AFHE A]ZH(discrete time)oZ FEE AT FH
Z5 & SEHRH2 AR 720 TAIGe] oAk Azt s 2dE 4 Qlth o]k ATt A ] of
2 $EFHH O Markov 4 S 5 4 9t ol 7]98}x] £3H(memorylessness) 0.2 EAE =
Markov E4S W&3= FEFA olth. Markov # 0] H3l= g, & AElE7(state space)2 o]4t
2 Ae]¥7H countable state space)d} 1&4H AFE]-F7H continuous state space) 2.2 FLEHAT} o7
A Ad5E A 7HAE Markov o] FoiX AAMNS HEE sk AR, & I 284
Zroll tigt BAA EA4S ALtk BAAL FA o) s Lot A gt Xy, Xo,.. & Y95
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£ €93 ol 2= A g dehdth FEE Heol AANS (Lu)t sk,

T(z) = min {H, & (I, u)}

9} Zol AYdrt. A7IA 3 (Lu)e LAZEi(transient state), T AR (Lu)= FT4
B (absorbing state) 7} €tt. AAHNE 7k Markov A9 HZFHAIE FAA EA A o7
Hopol] AxHL. o & 59, 7 AAE H%E X851 7 A (sequential probability ration test), Al
74105%’5.01]/\'1 AR(1) 239 HZ2FHAAL AF, A=A #do](run length) 8] A Feolrt. o]
S AFlA FE5 R A Markov 34 1% A 7 o] AL AAANS HZ = FHEH 5
A IAE AA S th TAl A AR (Ho = 2) oA 5 LS AFS stk Aot o] o A&
FTHAE FEHSEA I 548 us|7t oEeRR e £ 55 ARSste] A EA4S
vl gtth, 2 EAAIY] Fad AR Atel ol F 7] EAIEE 7HAAL Adnk. A= Markov
HEE BPoke FAF 9(X;0)d FELDETT7L SHA A G2 B, ERE 9(X;0)9 FER

E ARE o] Frolu 24k AEE f13 AEAe] g7l FES] &3l FE(closed form)® WE}%
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HZ2ETHAZY B2 T(2)9 EET4 (probability mass function; pmf) 7} fr.)(t) ©1 ¥
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E[T(z Zt fren () (1.1)
oz ZddTh
o] =&l e o 7HA] WY o|2A AFHTE AA Aitel o ofd WS ARESs Zo] A
Hog v FEstal B840l YE7HE Tt vlusket Atk wEbd R dolE ARSSH AA| ALt
oA ofd UE oA AR /B HolTT WA Adds] BAE Adsha sk A
£ 84S 5 v Pl s Awstazt gty o3 WS Awsketl glol Markov S AME-
S IR A 2l 24 X715 o]% H (exponentially weighted moving average; EWMA) #2]%

£ ARt AP molAe 2 TS "ol (run length) 2}t dkal 11 B P 2 o] (average
run length; ARL)g} St} A|715 o]53HF #Fe]l=E Hunter (1986)2} Waldmann (1986) ©]%
Chang3} Gan (1994), Crowder2} Hamilton (1992), MacGreger$} Harris (1993) 5 @2 A7} =
o] gttt 53] A7k ol5Hw HE|=o Faddolo] #st A= Crowder (1987a, b) ©]F Gan
(1993, 1995, 1998), Gan3} Chang (2000), Lucas®} Saccucci (1990), Park®2} Won (1996) -l ]3]
AFH Tt
Tot FEHUT X9 T g(X)9 27 dHAA e B9 24, Weibull 29 395 o2
AR AR ATl AREE RERE AWEEZF 7MY el AR SRR 35X
vy 25 s vfs Weibull £327F 4 22 AR SAth olo] thd A+ Z+= Chan &
(2015), Nichols2} Padgett (2005), Pascual (2010), Ramalhoto®2} Morais (1999) 5-o] St}
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2.1. JIRAIQF 2EVIO| AR

IHOR fri) () BFL 2 LA YA Arh webx 4 (1.1) KA Markov 543 A%
9(X1;0) pmeJ Joxy) (x) 5 ARESEo] oo} 22 AEA S A} gk Fo|] wol o] gdrt

E[T(z) / E[T(2)|g(X1) = 2] - foxy) (@)da + c E[T(2)|lg(X1) = 2] - foxy) (z)da.

& A= {z;l < hiz + hez < wu}. L(z) = E[T(2)]2} 3td 9] A& th=3} o] oA 28T 5 Utk

1 [ — hoz
26 =1+ [ Lo (L2 ) 21)
l
4 (21)9] 9% cezel Ayl
1

7] w2 o2 ez 3 LS E
quadrature method)& AME-3Fo] ZA}

u —_h m 7 — ho
/z L(y) fo(x1) (y h1 Zz) dy =~ ijc -L (x]G) fo(x1) <xh12> . (2.2)

Ago] APAoz Felx o
7

F-Al<F -2 5 (Gaussian

%7 {xjcv Jj = 1727---,m}:‘1} {w]G7 Jj = 1,2,...,771}‘15 T3t Eds ( ) ]A‘] m7H9/] 7}—?_}\]?} %LZJ‘
A (quadrature point)3} 715X (quadrature weight)E olujsict. duld oz 719t FLAHS A}
|5t AEe IAZ of FAHY +E A st LA EolEeth
olAl A (2.1)%} (2.2)0014] g Lol mAe] 7hAIQE FARS tdste] Feletd thaat 2ol Jed
T it
L (2f) 1 L (zf)
G G
L(xQ) _ 1 +CG L(xQ)
L (:c ) 1 L (CCTG,.L)
o C9 mx mPEEA 2 Q4 E of = (1/h)wf fox) (25 — hez{)/hi)olth. $] Ao z¥HE o}
< A%4E A=tk
L (:clc)
L (z§
(,2 = (IfCG) 1
L (:BSL)
o IE A m 998 E, 12 A mel 1¥E ot} wbA Al&ghe] o 9 X715 ol FH T B
=9 ol
L( )st/-(I—CG)q& (2.3)
oF 2= 9tk o sC= marY MEEA 290 SPe= 241 10]1 Y A= go]t}h.F]

7 Beso] FFAdolt 2o 7P A 2 & F3 oo

N
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2.2. Rieman g°| Al

7HAIE AT FAFSEA] B Riemann A42-9] Y] & ARSS A4MPEE 1851 *Pi’“% T Adnk &,
AR F2E Ate B2 ujEste] WEe AL g2 I ¥ (Riemann §)& F3te] HEQ| ZAXZ
A3 Zlolt)h ol HE FIHE wiESE B3ke] 45 ol v 24} aoit"/}- Ak &
AH8-8t Riemann 3 o3 Zo] 2 H T}

u m R
Yy —hoz ~ R R zj — hez
/z L(y) fex1) ( " ) dy =~ Zw L (xj ) fo(x1) ( " ) .

j=1

& {azf, j=1,2,...,m} {wh, j=1,2,...,m}e 7T (1 )E m7e] FY BEto g EL
o) Z+ zhe) Aol g3t 7 F7re] Welg duisth webA wf = (u—1)/molth. RIS A
ol Ao}t FARE LS B ol 42 etk

L (x{%) 1 L (acl )

L (wg) _ 1 L oR L (m?)

L (xﬁ) 1 L (xffl)

FHaA 72+ 24% off = (1/h)wf fox,) (@F — hoxl')/ha) oItk 9] A o2RE tf

ANAGE 2ol 7P 77k 7] FARE alE) B A BTN BEL
/ -1
L(z) ~ s" ~(I—CR) -1

o7 AP & 5 ok o, s"e mAd ME A AR 27 Lo BP0 g 1013 YA
25 0]t}

3. Markov Qi2|e] ZA}

Markov 3 9] dA<42 Aol A e] 7 H(transient state interval)S 12 7le] 37 (sub-interval) &2
s 2k ke T?‘Zl’o] 3] Aol dElE YEHES sty & Aol ge] 7 (Lu)E mAY 543
79 Exog Bejste ZF Aol e 3 {I;, j=1,2,...,m}E o} o] Fsin}.

L=(1+G-10w, 145w

O:

w = (u—1)/m. =3 ZE Aol e 2] FARE o =1+ (j - 0.5) w, Z 77 (3,
e (L, u) =+ (G = 1) - w™, 145 w)e} g @t
B w0l M B 2 2 7k AolEE pij = Ut 2ol Ak

o L
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pij = P{lj < hig(X1) + ha’ < uj}

oM M
_pllizhe g(Xy) < L2t hazi” |
]’L1 hl

TAF g(X1)S BEFFT} Fyx,) 22 delA Aok

1+ jwM — hgaM I+ (G —Dw™ — hozM
pij = Fy(xy) <—h1 = Fyxy) " (2.4)
o| ATk BEWS Fyx,) 7 LA 97 B Aot BROZNE FHT Fyx,) & ST 0]
3 Markov 91842] Aol AL L t}e3} 2o 2K o2 RET 4 Ak,

P11 P12 - Dim
P21 P22 - D2m

c=| . . . (2.5)
Pm1 Pm2 " Pmm

o, o] Molg-EL Markov o] Al ioll e wie 4 T AEE3t io FARS 7Hv= 7
Astell AR Zlolnk. AelHERL] | AFY (i,5) 24 (CV)]; 5 AH oA 1 A Foll A
;2 7 FEe udith mebA

Z (CM) = P {# of visits to z; until signal|Ey = z;}

1=

o] 1, Markov T8 ¢] 25 A|7boll thet w3k otell 2ol o3 Attt

o sMe mad WEEA AR 27 £8 Aol k] e 1o]1 UYmAL RE golth ¥
J AAMo] BZuk Q= AL, oS S HoAE] F7ko] & Fy(x,) W9

2
AL, =

m
=3t 7} Ao) g bS] FARE o) = gw[{( —0.5)/m} Fyx,) ()] 2 A8 4 (24)9 59
3 FAL Ag3tel AoRBRY 4 (25)2 7T 5 ATk AAKIY Ut APE olsh fA T
2 Fato] AN 5 ek

& oA AHE Al A PP AE FASA T 234 e Wo gtk H$AIk T3} Rie-
man 3¢] AHES AR 7S Mo ke ke Althe] Bo) WAL Aol take BHHLe Y
S} ARTS s o] tac) bt Markov 9418 ARgaHs S Markov A2]9] S4<

o 94 = Wi thah AL 2 ARk T L (X)) &
352 AgEHs Zo] thach
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2 A% FAFE Markov A2 ZAFGO 2R ALRZA A F 7HA] 34
< 7};<]J_ 9T}, mn% A EAZFE Markov A& Veldogx A9 thakst EAS FH5H=
o F83A A2 = Aok oo &3l A= Park(2007), Park 5 (2004), Park¥} Reynolds (1999,
2008) S°l k. ERE g(X)9 R2FFE AR Ho] 7FAI A H T Rieman 3 AMSSHE
e Apo)Holtt. o]2H o RE FEUETTE ARRSAY B2 AR Ao "/Hﬁ?ﬂ'xl‘j}
AA ARS8l SAEEE o At Bol tE £ Stk 53] AEEHAY Fo] W w33 ]
Y o Fe]FA ] &
Rieman §2] ARgoX& SEEETTo ZARES ARSS Altte]Ee] WA o] 1S 29t 4%
7 A sk O ufRel] FedAdolrt SR AMEE LFE "t "t ojd EAlE 7HHY
Fu 29 & A A= HEEA devh 28 Markov A9 ZAIMAE Exd4E A
S3tH e A o] A ol IS FEY FAF(FERZETS)o ] ?7]'-4 ol FA ol 1
B} 2 YA o AFE = e e RS o9} T2 o] f=E HgddolE Axtsle wA=
Markov Qsfj9] ZAtel thsl) ejslr|= sich
& oAl el d Markov 3789 HZFHAIZES] 7132 B4
g4 gtk o]AR FENHS X7 & X SEUs A g - =
2 e A9 gk dE 9, X7 AFEEE g2t axk dEL, & ideld T g(X1) =
Sy Xie/nQ Wl N(g, 2/n)ol‘“/P I8 X7F Weibull 228 w2 I 72 223
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A BExTFE A thEAQ REGE ‘ecdf’7F Y1, o] & 29 HY W BE A ghollA 233
7] $)| A= R34 ‘approxfun’S AFEEF 4= Q). o] & ag sle otwe|=L te ) 2}

1) Generate N random vectors {@; = (21, Ti2, ..., Tin), ¢ = 1,2,..., N} from distribution f,.

2) Calculate D = {g(z1), g(x2),...,g9(zn)}.
3) Estimate the distribution function (df) of g(X) using ‘ecdf’ at each point in D.

4) Estimate the df curve using ‘approxfun’ for values in (min(D), max(D)).

R4 ‘approxfun’ ‘ecdf’ & BT e ZA 07 AFAA AZH g(x)9] HY Yol BE g(x) gl
e BEBSE ALY 4 Aok Fold o gt x of el REHSE

F(z) = approxfun (X, ecdf(X)(X)) (z)

2 3%
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Markov @49 Aolgd 4 (25)= AolFE 4 (24)2 Ao} Yk olu] AHBE AR
Ell (prior state)ol|A] AFZ/JEl (posterior state) 2 7= Zﬂ‘d%~ ousl=r o] E9 ke AFA
FEN et AL GE] 7L Hel "olA gle uf Aobtt. HolgES AT wi AR (7P A2 3%, P
2w
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)
T T

<ll —(L=m)a) um—(1- r)x{4>
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Figure 4.1. The shape of 31 x 31 transition matrix: “o” indicates the index (%, ) where the distribution function
is calculated, and “x” indicates the index where the distribution function is not calculated and appeared as ‘NA’.

o] Hil ‘ecdf’ FpolA 9] A Fholl tisl He7F Ho} Qlojof Frh. YA dowW Fyx,)E
‘NATZ Qo] AT & fith. A8 S0 m = 31 Weibull 22j|42] HojgFHS A of
AR ol Wi FAAY UF AA ‘ecdf’ol osf AoHA 2 AR Fhol v Aee Aol ol
Figure 4.1} o] Uehdt}. Figure 4.1014 #Ho] 4} FHopdk BZolA ‘NA'Z Yehhs 212
AA gkl 00l o} Zp7ke ghel H= Af-olth. Mol A o] BAEE Hasl7] AsiAs ‘NA'ZE
Ued 28 B5 002 oAt o2 S NATIL Gt Aol T8 4 9u B A2E
AR ANE 4 it
Fo]3oF g H2 Y4 (diagonal element)E Z33ste] BE v] 447 0E = Qo) oA
Markov AfjollA] ofd deje] Aol dejoll A the e T AHlE Mol 7FeAd2 0 B} 7 of 8}
otk :LE'X] o o Fele F4dol sigdict. delEA e 2ol Bl ﬂ'aﬁiﬁ]ﬂ Al
WA WA A0l 9l A9elt Figure 4.19] @4be] Ztkao] Hlo] shke] el 4 BE ol tha
ol NA'Z UEIFE 40 AR 4 AT of 0 NA'E BF 002 cASHE 1 A% 39 BE
e e N S
£ A% PRl BelE S ofel2t ol 24T Last Yrk.

N orlo HH

OEr

1 x—min
L e-min(x)

oN , z < min(X),
FM(z) = F(x)—%, min(X) < z < max(X),
IN — 1 1— e—(ac—max(X))
X
SN + aN , x> max(X),

V)
5)3

G714, X 7] NQl $ERRolt). $FEEe| 37] No| 2 Agols FY(2)o4 F(z) tjal
3] ecdf(X)(x)E AHEHE AMNZE £ 4 Utk

4 F
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FEUELFE 74357 A8 N = 10,000,0007§2] Weibull FEH,3e FE813a 2aWsE 5
s SEV 2329 d2 ARSIt Figure 515 HW HolZejo] 74 meo] AAWA Faddo|7t
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s $EsHe H4E B 5 A ol ZAstel ¥ CMe) A4t m = 1512 ALSHAT Table
5.10041% Markov 9548 AH§3 FRAD|9] Alte] AT Bk o2 ANS L 7HE 17 A1) =
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6. 22
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m

Figure 5.1. Average run length curve according to the number of sub-intervals (m).

Table 5.1. Comparison of the average run lengths by Markov chain and simulation

8 Markov chain (m = 151) Simulation (95% confidence interval)
0 136.729 137.058 (136.230, 137.886)

0.5 23.480 23.471 (23.355, 23.587)

1 7.515 7.518 (7.492, 7.545)

2 3.070 3.072 (3.065, 3.079)

3 2.070 2.069 (2.066, 2.073)

5 1.193 1.193 (1.191, 1.1906)

23 Pel2 2FY 5 9L u) ZAFS B 2T S Markov A2 2AE B ANEs
I} 20 e EAA U AL A AT
We A7 FE7H o] Markoy 4 mhzt AL 1eshd AAAY] T9e RaZto @ 1ol
A ©14F4 Markov Q4|2 ZAA 7] WS o] Rofol A thebAl A48 & I =712 A 5
et o wj o] gHoRE AXFH T AA| AselA of2] 71A ole)gel] A Tt o] o
AA G Wg oz odt ALA BA7L Sl 2Y 4 Qlole dkaich.
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