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APPROXIMATE BIHOMOMORPHISMS AND BIDERIVATIONS
IN 3-LIE ALGEBRAS: REVISITED

DONG YUN SHIN?, JUNG RYE LEE®* AND JEONG PIL SEO®

ABSTRACT. Shokri et al. [14] proved the Hyers-Ulam stability of bihomomorphisms
and biderivations by using the direct method.

It is easy to show that the definition of biderivations on normed 3-Lie algebras
is meaningless and so the results of [14] are meaningless.

In this paper, we correct the definition of biderivations and the statements of
the results in [14], and prove the corrected theorems.

1. INTRODUCTION AND PRELIMINARIES

A normed (Banach) Lie triple system is a normed (Banach) space (A, || -||) with
a trilinear mapping (z,y, z) — [z,y, 2] from A x A x A to A satisfying the following

[z,y,2] = —ly,2, 2],
[z,y,2] = —ly,2 2] [z 2,9,
[w,v,[2,y,2]] = [[u,v,2],y,2] + [z, [u, 0, 9], 2] + [2,9, [u,v, 2],
Iz, y, 211 < llzlllyll] 2]l

for all u,v,z,y,z € A. The concept of Lie triple system was introduced by Lister
[8] (see [6]).
Let A and B be normed Lie triple systems. A C-linear mapping H : A — B is

called a homomorphism if it satisfies

H([z,y,z]) = [H(x), H(y), H(2)]
for all z,y,z € A. A C-linear mapping § : A — A is called a derivation if it satisfies

6([1‘,y,z]) = [5(%),]4,2] + [x,d(y),z] + [iL‘,y,(S(Z)]
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for all z,y,z € A (see [9, 14]).

Definition 1.1 ([14]). Let A be a normed Lie triple system. A C-bilinear mapping

0:Ax A— Ais called a biderivation if it satisfies

[z, y, 2], w) = [d(z,w),y,z]+ [z,0(y,w), 2] + [z,y,(z,w)],
(5(%, [yvzaw]vw) = [6(a:,y),z,w] + [yvé(x7 Z)7w] + [y7275(x7w)]

for all x,y,z,w € A.

The w-variable of the left side in the first equality is C-linear and the z-variable
of the left side in the second equality is C-linear. But the w-variable of the right side
in the first equality is not C-linear and the z-variable of the right side in the second

equality is not C-linear. Thus we correct the definition of biderivation as follows.

Definition 1.2. Let A be a normed Lie triple system. A C-bilinear mapping 9 :

A x A — A is called a biderivation if it satisfies
5([1"7 y7 z]7w) — [5(:1;’ w)7y7 z} + |:':L'7 5(y7 w*)’z] + I:z’ y? 5(2’ w):l?
o(x, ly, z,w],w) = [§z,y),z,w]+ [y,d(z, 2),w]| + [y, z,0(x, w)]

for all x,y,z,w € A.

The stability problem of functional equations originated from a question of Ulam
[15] concerning the stability of group homomorphisms. Hyers [7] gave a first affir-
mative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem
was generalized by Aoki [1] for additive mappings and by Th.M. Rassias [11] for
linear mappings by considering an unbounded Cauchy difference. J.M. Rassias [10]
followed the innovative approach of the Th.M. Rassias theorem in which he replaced
the factor ||z||” + ||y||P? by ||z||P|ly||? for p,q € R with p + ¢ # 1. The stability prob-
lems of various functional equations have been extensively investigated by a number
of authors (see [3, 4, 5, 12, 13]).

All the mappings T and ¢, given in [14, Sections 2 and 4], satisfy the bi-additive
functional equation (1.2) in [14]. Letting z = 2z = 0 in (1.2), we get f(y,w) = 0 for
all y, w. So the results of [14, Sections 2 and 4] are meaningless.

In this paper, we will replace the equation (1.2), given in [14], by
(1) f(a:+y,z+w)+f(x+y,z—w)—I—f(x—y,z—i—w)—i—f(x—y,z—w)
=4f(x,z2).
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Furthermore, we correct the statements of the results in [14, Sections 2 and 4], and

prove the corrected theorems.

2. HYERS-ULAM STABILITY OF THE FUNCTIONAL EQUATION (1)
IN BANACH SPACES

Throughout this section, assume that A is a normed space and B is a Banach
space.

For a given mapping f: A x A — B, we define

Exuf(z,y,z,w) = f(Ax + Ay, pz + pw) + f(Az + Ay, pz — pw)
+f(Az = Ay, pz + pw) + f(Az — Ay, pz — pw) — 4 pf(z, z)

for all z,y,z2,w € Aand all \,p € T :={v € C: |v| =1}.
From now on, assume that f(0,z) = f(x,0) =0 for all z,z € A.

We need the following lemmas to obtain the main results.

Lemma 2.1 ([2]). Let f : AXxA — B be a bi-additive mapping such that f(Az, uy) =
M\uf(z,y) for all z,y € A and all \,pu €T*. Then the mapping f : Ax A — B is

C-bilinear.

Lemma 2.2. Let f: Ax A — B be a mapping satisfying Ey . f(x,y,z,w) =0 for
all z,y,z,w € A and all \, ;u €T'. Then the mapping f : A x A — B is C-bilinear.

Proof. Let A = p =1,y = x and w = 0. Then 2f(2z,2) = 4f(x,z) = 0 for all
y,z€ A. Let \=p=1and w=0. Then 2f(x +y,2)+2f(x —y,z) =4f(x,2) =0
for all x,y,z € A. Let 21 = 2 +y and x9 = x —y. Then 2f(z1,2) + 2f(z2,2) =
4f (%, z) = 2f(x1 + x2, 2) and so f is additive in the first variable.

Similarly, one can show that f is additive in the second variable.

Letting y = w = 0, we get 4f(A\x, uz) = 4 uf(x, 2) for all z,2z € A. By Lemma
2.1, the mapping f is C-bilinear. U

Theorem 2.3. Let f: Ax A — B be a mapping for which there exists a function
@ : A* — [0,00) such that

(2) ||E)\7/»Lf(x7y7z7w)” S Sp(m7y727w)7

o0

@(;U,y, Z,U)) = QD(Qna?,?”y, 2”2,2”'&7) < 00

1
4n

=

n=0
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for all X\, ;n € T and all x,y, z,w € A. Then there exists a unique C-bilinear mapping
T:Ax A— B such that

(3) Hf(xa Z) - T(ZL‘,Z)H < (I)(ZL‘,ZL‘,Z,Z)
forall x,z € A.

Proof. Letting A\=p =1,y =2 and w = z in (2), we get

and so
5 L 2z, 2 < 1
(5) Hf<x,z>—4f< r.29)| < Tolw.z.2.2)

for all x, z € A.
It follows from (5) that

m—1 1
- 2] g 9y 9J
l4 x,20x,27 2, z)
]:

(6) % F(2la,2bs) — 4im £, 2m )

for all ,z € A and all nonnegative integers m,l with m > [. This implies that
the sequence {4%f(2"33, 2”z)} is a Cauchy sequence for all x,z € A. Since A is
complete, the sequence {4% f(2 x, 2”2)} converges. Thus one can define the mapping
T:AxA— Aby

T(z,z) = lim —f( ", 2"z)

n—>oo

for all z,z € A. Moreover, letting [ = 0 and passing the limit m — oo in (6), we get
(3)-
By the definition of the mapping 7', we have

HE)\7NT(-’I;,y,Z,w>H = hm 7HE)\,,U,f( $72ny72nz’ 2”'[1))”

1
< lim 4—g0(2"x,2”y, 2"2,2"w) =0

- n—oo

for all A\, x € T! and all z,y, 2,w € A. By Lemma 2.2, the mapping 7 : A x A — A

is C-bilinear.
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Let 77 : A x A — A be another C-bilinear mapping satisfying (3). Then we have
1
|T(z,2) —T'(z,2)]| = 4—n||T(2"az, 2"z) — T (2"z, 2"2)||
1
< LIT@w2) - @2

1
+4—an(2”x, 2"2) —T'(2"z,2"2)||

1

< 2—
> an

O(2"x,2"x, 2"z, 2" 2),

which tends to zero as n — oo for all x, z € A. This proves the uniqueness of T'.
Therefore, the mapping T : A x A — A is a unique C-bilinear mapping satisfying
(3), as desired. O

Theorem 2.4. Let f : A x A — B be a mapping for which there exists a function
@ : A* — [0, 00) satisfying (2) and

1 T Yy z w
(I)(:E7y7sz): = Zz4n§0<27na27727727><00
n=1

for all X\, € T and all x,y, z,w € A. Then there exists a unique C-bilinear mapping
T:Ax A— B such that

Hf(l‘a Z) - T(J},Z)H < (I)({L‘,J,‘,Z,Z)

forall x,z € A.

Proof. Tt follows from (4) that
[rea-4r (5.5)[ <2 (5 252)

The rest of the proof is similar to the proof of Theorem 2.3. g

for all x, z € A.

3. HYERS-ULAM STABILITY OF BIDERIVATIONS ON BANACH LIE TRIPLE
SYSTEMS

Throughout this section, assume that A is a Banach Lie triple system.
In this section, we prove the Hyers-Ulam stability of biderivations on Banach Lie

triple systems.

Theorem 3.1. Let 6 and p be positive real numbers with p < % andlet f: AxA— A
be a mapping such that

(7) 1B uf @y, 2,0l < Ol |Pllyl[” |27 [wl]],
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(8) 1f ([, y, 2], w) = [f (2, w),y, 2] = [z, f(y, w"), 2] = [, y, f(z,0)]]
IS (@, [y, 2, w) = [f(2,9), 2, w] = [y, f(27, 2), w] = [y, 2, f (2, w)]]|
< Ol Py 171217 [lwl[?
for all \,p € T' and all x,y,z,w € A. If the mapping f : A x A — A satisfies
9) nh_)rglo 4%]’“(2”&0, 2"z) = nh_)rglo %f(S"x, 2"z) = nh_)r{)lo lc%f@"x, 8"2)
for all x,z € A, then there exists a unique biderivation § : A x A — A such that

6

o el

(10) 1f (2, 2) = 6(z, 2)|| <
for all x,z € A.

Proof. Letting ¢(z,y, z,w) := 0||z||?||y||||z||P||w]||P in Theorem 2.3, we get a unique
C-bilinear mapping 6 : A x A — A given by §(z, z) := limy, ﬁf(Z”x, 2"z) satis-
fying (10).

It follows from (8) and (9) that

”5([.%,:1/,2],’[1)) - [5(x7w)7yvz] - [xﬁé(va*)vz] - [x,y,é(z,w)]H
+ [16(2, [y, 2, w]) = [6(x, y), 2, w] = [y, 0(2", 2), w] = [y, 2, 6 (2, w)]|

lim — (| £(8" [y, 1, 2"w) — [f(2", 2"w), 2"y, 2"2]

T oo 16™

— 2", f(2"y, 2" w"), 2" 2] — [2"z, 2™y, f(2" 2, 2" w)]||
+ 1 £(2"z, 8"y, 2, w]) — [f(2"%,2"y), 2"2, 2"w]
— 2"y, f(2"z",2"2), 2" w] — [2"y, 2"z, f(2"x, 2" w)]]|)

pn

1679
< lim 21”1y lIPllz (1P [[w]}” = 0

n—oo 16"™
for all x,y,z,w € A. So

6([z,y, 2, w) = [0(z, w), y, 2] + [, 0(y, w"), 2] + [z, y,0(z,w)]
and
5(z, [y, z,w]) = [0(z, y), z,w] + [y, (2, 2), w] + [y, 2, 6(z, w)]

for all x,y,z,w € A.
Therefore, the mapping § : A x A — A is a biderivation satisfying (10), as
desired. 0
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Theorem 3.2. Let 0 and p be positive real numbers withp > 1 and let f : AxA — A
be a mapping satisfying (7) and (8). If the mapping f : A x A — A satisfies

(11) lim 4" f <2n, 2n) = hm 16nf( 2n> = hm 16nf< 8Zn>

n—oo

for all x,z € A, then there exists a unique biderivation § : A x A — A such that

4 2p 2p
(12) 1£(z, 2) = 0(z, )| < gy Il ll=ll
for all x,z € A.

Proof. Letting ¢(z,y, z,w) := 0||z|/||y||?||z||?||w||P in Theorem 2.4, we get a unique
C-bilinear mapping § : Ax A — A given by (z, z) := lim;,, o0 4™ f (2n, Qn) satisfying
(12).
It follows from (8) that
16([z,y, 2], w) = [6(x, w), y, 2] = [2,6(y, w"), 2] = [, y, (2, w)]|
+ 16z, [y, 2, wl) = [8(2,9), 2, w] = [y, 0(27, 2), w] = [y, z,6(z, w)]|

g (Jr (B2 2) - s (5 ) 2]
[ar (B 2] G|
() ) ~} —
20 8) 5] (2o )

166
< 1 p p p D —
< Jm S 2Pyl llwl” = 0

for all ,y, z,w € A. So

0([z,y, 2], w) = [6(z, w), y, 2] + [, 6(y, w"), 2] + [2,, (2, w)]
and

0z, [y, 2, w]) = [6(z,y), z,w] + [y, 6(z%, 2), w] + [y, 2, 6 (2, w)]

for all x,y,z,w € A.
Therefore, the mapping § : A x A — A is a biderivation satisfying (12), as
desired. 0
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Theorem 3.3. Let 0 and p be positive real numbers withp < 2 and let f : AxA — A
be a mapping satisfying (9) and

(13) 1Exuf (2, y, z,w)[ < 02" + [[yll” + 21" + [[w][?),

(14) Hf([:r,y,z],w) - [f(:z:,w),y, Z] - [:z:,f(y,w*),z] - [xayvf(sz)]u
+Hf<x7 [y7sz]) - [f(xay)vz7w] - [yv f(x*az)vw] - [y,z,f(x,w)]H
< O(l[l” + llyll” + 12117 + [[w]?)

for all \,pn € T and all z,y,z,w € A. Then there exists a unique biderivation
0:Ax A— A such that

(15) 1S (2, 2) = oz, 2)]| <

for all x,z € A.

26
4 —2p

(Nl =+ {l=[”)

Proof. Letting p(x,y, z,w) := 0(||z||” +[|y||” +||2||” + ||w|”) in Theorem 2.3, we get a
unique C-bilinear mapping § : A x A — A given by 0(x, z) := lim,, 4%]”(2"30, 2"z)
satisfying (15).

The rest of the proof is similar to the proof of Theorem 3.1. g

Theorem 3.4. Let 0 and p be positive real numbers withp > 4 and let f : AxA — A
be a mapping satisfying (11), (13) and (14). Then there exists a unique biderivation
6:AxA— A such that

20

(16) 1 @,2) =0, )| < 55—

(I + [1z017)
for all x,z € A.

Proof. Letting ¢(z,y, z,w) := 0(||z||P + [|y[|” + ||z]|P + [|w]|”) in Theorem 2.4, we get
a unique C-bilinear mapping 6 : A x A — A given by §(z, z) := lim,, 00 4" f (2%, 2%)
satisfying (16).

The rest of the proof is similar to the proof of Theorem 3.2. U
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