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THE LINEAR DISCREPANCY OF
A PRODUCT OF TWO POSETS

MINSEOK CHEONG

ABSTRACT. For a poset P = (X, <p), the linear discrepancy of P is the
minimum value of maximal differences of all incomparable elements for
all possible labelings. In this paper, we find a lower bound and an upper
bound of the linear discrepancy of a product of two posets. In order to

give a lower bound, we use the known result, ld(m x n) = [%] — 2.

Next, we use Dilworth’s chain decomposition to obtain an upper bound
of the linear discrepancy of a product of a poset and a chain. Finally, we
give an example touching this upper bound.

1. Introduction

Let P = (X,<p) be a partially ordered set (shortly, poset) with a finite
ground set X and its partial order relation <p. For convenience, we use P
instead of a ground set X if there is no confusion. The notation ||p or || is used
for the incomparable relation. For a positive integer n, the chain of order n,
denoted by n = (X, <), is a poset such that |[X| =nand z <, yory <, =
for all z,y € X. An injective map f: X — {1,2,...,|X]|} is called a natural
labeling (simply say a labeling) of P if f(x) < f(y) for z and y in P with x <p y.

In 2001, the linear discrepancy of a poset was firstly introduced by P. Tanen-
baum, A. Trenk, and P. Fishburn [9]. The linear discrepancy of a poset P,
1d(P), is defined as

ld(P)—min{max{|f(x)—f(y)| : oz, y € P with z||y} : feﬁf},

where % is the set of all possible labelings.

The problem of determining the linear discrepancy of a poset is known as
NP-complete [6], so that the linear discrepancy of a few posets are known
such as the standard example S,,, a disjoint sum of chains, semiorder, and the
boolean lattice B,,.

Among these examples, B,, has relatively complicate structure, which is a
product of n 2-element-chains. A product of general posets has more complicate
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structure than B, so that determining the linear discrepancy of a product of
posets can be said to be more difficult.

In 2005, S. P. Hong, J. Y. Hyun, H. K. Kim, and S.-M. Kim determined
the linear discrepancy of a product of two chains, which is the first step for
determining the linear discrepancy of a product of posets [7]. In 2008, M.
Cheong and S.-M. Kim gave the linear discrepancy of a product of three chains
of each size 2k for a positive integer k [4]. In [1], M. Cheong, G.-B. Chae, and
S.-M. Kim determined the exact linear discrepancy of 3 x 3 x 3. Based on this
result, they gave the linear discrepancy of a product of three chains of each size
2k +1 for a positive integer k in [2]. In [3], Cheong, Chae, and Kim suggest an
asymptotic linear discrepancy of a product of chains.

In this paper, we intend to find bounds of the linear discrepancy of a product
of two posets. Firstly, we investigate some useful properties in Section 2 such
as the linear discrepancy of a disjoint sum of two posets. In Section 3, using the
result in [7], we give a lower bound of the linear discrepancy of a product of two
posets. Next, we give an upper bound of the linear discrepancy of a product of
a poset and a chain. Then, we use Dilworth’s chain covering theorem in order
to find an extension of a product of two posets, and then we give an upper
bound of the linear discrepancy of a product of two posets.

Now, we close this section with some definitions of notations and terminolo-
gies.

Definition 1. Let P be a poset, and z, y € P.

(1) If x <p y, and there is no z € P such that x <p z and z <p y, then
we say that y covers x, and write this as z < y.

(2) D(x) ={z€ P\{z}:z<pz},and U(z) ={z € P\ {z} : 2z <p z}.

(3) A pair (x,y) is a critical pair in P if x|y, D(x) C D(y), and U(y) C
U(x).

Definition 2. For a poset P, a labeling f of P is called optimal if T¢(P) =
1d(P).

Definition 3. Let P = (X, <p) and Q = (Y, <g) be posets.

(1) For disjoint X and Y, a disjoint sum of P and Q, written as P + Q,
is the poset S = (X UY,<g) such that x <g y if and only if either
rT<pyorz<qQy.

(2) The Cartesian product or product of P and @, written as P x @, is the
poset R = (Z,<pg) where (i) Z =X x Y, and (ii) (z1,11) <gr (22,92)
if and only if 1 <p 3, and y1 < y2 for (z1,y1) and (z2,y2) € Z.

Definition 4. A poset P = (X, <p) is isomorphic to a poset @ = (Y, <g)
if there is a one to one correspondence f from X to Y such that f and f—!
are order-preserving, ie., f(z) <g f(y) for all z, y € X with x <p y, and
FHw) <p f71(z) for all w, z € Y with w <q 2. In this case the function f is
called an isomorphism from P to Q). We write this as P = Q.
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2. The linear discrepancy of a disjoint sum of two posets
The following lemma is immediately obtained from Definition 4.
Lemma 5. For two isomorphic posets P and @, we have 1d(P) = 1d(Q).

The distributive law for a product of posets and disjoint sum of posets holds,
as follows.

Lemma 6. Let P = (X,<p), Q = (Y,<g) and R = (Z,<g) be three posets
with disjoint Y and Z. Then P x (Q+ R) = (P x Q) + (P x R), and 1d(P x
(Q+ R)) =1d((P x Q) + (P x R)).
Proof. Clearly, we have X x (YU Z) = (X xY)U (X x Z).
Now, for (z1,22) <px(Q+r) (¥1,¥2), we have x1 <p y1 and 2 <qQiRr Y2,
ie, z1 <py1 and g < Y2, or x1 <p Y1 and x2 <g Y2 so that
(1,72) <(PxQ)+(PxR) (Y1,Y2)-

Hence, the relation set of (P x Q) + (P x R) includes that of P x (Q + R).
The converse inclusion can be easily obtained with the similar way. Thus, two
relation sets of (P X Q) 4+ (P x R) and P x (Q + R) are same.

Therefore, Id(P x (Q + R)) =1d((P x Q) + (P x R)). d

In [5], we can find an important result, called Dilworth’s chain decomposition
or Dilworth’s chain covering theorem, stated as follows.

Theorem 7 ([5]). For a poset P = (X,<p) with width(P) = w > 1, there
exists a partition X = C1 U ---UCy,, where C; is a chain fori=1,2,...,w.

For the disjoint sum of chains, the linear discrepancy is given from [9], as
the following theorem.

Theorem 8 ([9]). For an integer t with t > 2, if P is a disjoint sum r1 +1r2+
-1y of t chains withry > ro > -+ > 1y, then 1d(P) = (%1 +rg4- ot —1.

The following lemma gives us a lower bound for the linear discrepancy of a
disjoint sum of two posets.

Lemma 9. Let P be a disjoint sum of two posets Q1 and Q2, and let [; =
max{PQi;l—‘ + [P = Qi = 1,1d(Qs) + | P| — ‘Qz‘} fori=1,2. Then

ld(P) Z min{ll, lQ}

Proof. For two posets Q1 and @2, let P = Q1 + Q2, and |P| = n for a positive
integer n. Then n = |Q1]+|Q2]|. Suppose f is an optimal labeling of P, and let
z1 and x, be elements such that f(x1) =1 and f(x,) = n. We consider two
cases: (I) 21 € Q; and x,, € Q; for i # j in {1, 2}, and (II) either z1, z, € Q1
or T, Ty € Qs.

Case (I): Without loss of generality, suppose that x; € @1 and x, € Q-.
Then, Ty (P) = n — 1. Since f is optimal, we obtain that P is an antichain so
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that Q1 and Q2 are all antichains. Then PQZ”-‘ +|P|—Q1] -1 <1d(Q1) +
|P| —|@1] =n — 1. Hence Iy = n — 1. Similarly, I3 = n — 1 which leads to the
desired result.

Case (II): Suppose that either z1, x,, € Q1 or z1, x, € Q2. For z € Q1, let

ny(z) = |[{u € Q2 : f(u) < f(x)}|, and define a map f1 : Q1 — {1,2,...,|@Q1]}
as fi(z) = f(x) — ni(z) for x € Q1. Then f; is clearly well-defined. Suppose
that y # 2z € Q1. Then f(y) # f(2) since f is a labeling of P. Without
loss of generality, we may assume that f(y) < f(z). Then f(z) — f(y) >
n1(z) — n1(y) + 1 so that

fi(2) = fily) = (f(2) —ni(2)) = (f(y) — na(y))
> f(2) = f(y) = (ni(2) —ni(y)) > 1,

ie., fi(y) # fi1(z). Hence, fi is one to one.
For y and z in @1 with y < z, we have f(y) < f(z) since f is a labeling of

P, and f(z) = f(y) = ni(z) —n1(y) +1 so that f1(z) — f1(y) = (f(z) —n1(2)) —
(f(y) = n1(y)) > 1 immediately. Hence, f; is a labeling of Q.
For © € Qa, let na(z) = {u € Q1 : f(u) < f(x)}|, and define a map

f2:Q2—{1,2,...,]|Q2|} as fa(x) = f(x) — na(z) for x € Q2. Then, f> is also
a labeling of )2 with a similar way to fi.
For i =1, 2, let y; and z; € Q; satisfy that fi(z) — fi(y:) = T5,(Qi).
Suppose that z1, z,, € @1, and let
My =max{f(z):x € Q2} and me =min{f(z):z € Q2}.

Then 1 < my < My < n, and My — mg > |Q2| — 1. Since z; and z,, are
incomparable to all the elements in ()2, we have

(1) 1d(P) > max{n — mq, My — 1} > P%ll—‘ + Q2] — 1.

Now, there are three cases to consider: (i) f(y1) < ma < Mz < f(z1), (ii)
f(z1) < Ma, and (iii) ma < f(y1)-

Subcase (i): Suppose that f(y1) < ma < Ma < f(z1). Since f is optimal,
we have

d(P) = f(z1) = f(y1) = (fi(21) +1Q2]) — fr(y1) = T, (Q1) + |Q2|
> 1d(@1) + |Q2].
Subcase (ii): Suppose that f(z1) < Ma. Then
1d(P) > My —1
= (M2 — f(z1)) + (f(21) = f(y1)) + (f(y2) = 1)
(1Q2] = n1(z1)) + ((f1(21) + na(21)) — (fi(y1) + 11 (y1))) + 11 (1)

(f1(21) = fi(y1)) + Q2] = Ty, (Q1) + Q2]
1d(Q1) + [Q2]-

>
>
>
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Subcase (iii): Suppose that mga < f(y1). Then
1d(P) > n—mq
= (n— f(z1)) + (f(z1) = f(y1)) + (f(y1) — m2)
2 (1Q2] = n1(z1)) + ((f1(z1) + nalz1)) = (fr(y1) + na(y1))) + na(y1)
= (fi(z1) = i) + Q2] = T, (Q1) + |Q2]
> 1d(Q1) + |Q2|.

Hence, we obtain that

(2) ld(P) > 1d(Q1) + Q2.
By (1) and (2), we have

3) () 2w { [0 4 1Gul — 1101 + al}.

For the case that x1, x,, € @2, changing the roles of ()1 and ()2 induces that

() () = max {| 1220} 4 @ul - 1.10(@0) + 1}

with a similar way to use for obtaining (3).
Note that the case z1, =, € @1, and the case x1, x, € Q2 do not happen
simultaneously. Therefore, we have

1d(P) > min{ly, 2},

where [; = max{{ Q;l—‘ +|P| — Q| — 1,1d(Q;) + | P| — \QZ|} for i = 1, and
2. (]

Using Lemma 9, we can obtain the linear discrepancy of a disjoint sum of
two posets as follows.

Theorem 10. Let P be a disjoint sum of two posets Q1 and Qs2, and let
1; = max { [ 19| + [P| = 1Qi] = 1,14(Q) + |P| — |Qil } for i =1,2. Then
1d(P) = min{ly,l2}.

Proof. Let P = Q1+ @2, and let f1 and f5 be optimal labelings of )1 and @3,
respectively. Now, for upper bounds, we construct a labeling g of P using f;
and fo. We consider two cases: (I) Iy < s and (II) I} > .

Case (I): Suppose that Iy <. We have two cases: (i) [
(@) + Q2] and (i) [ 2] +|Qa] — 1 < 1(Q1) + Q!

L +1Qa-12
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Subcase (i): If [ —‘ +1]Q2]—1>1d(Q1) +|Q2|, then I; = {
Define a map g : P — {1,2,...,|P|} as follows.

D1l 1.

fi(z) if v € @ and fi1(z) < PQQH—‘ :
g(x) = PQIWJrf() if 2 € Qo
fi(z) +1Q2] if x € Q1 and fi(x) > PQI‘—‘ +1.

Then g is clearly a labeling of P. For z1, x5 € P with z1||x2, we suppose that
g(x1) < g(x2). Then, if 21, z2 € Q1, we have

9(w2) — g(z1) < max{fi(z2) — (fi(z1), (fi1(22) + [Q2|) — fi(z1)}
<1d(Q1) + Q2]

If &1, 9 € @2, we have

g(x2) — g(z1) = fa(w2) — fa(z1) < [Q2].

If z; € Q1 and x5 € @3, then
g(w2) — g(w1) = fa(w2) — fi(z1) < ({Q;l + |Q2|) -1
If z1 € Q2 and x5 € @1, then

g(z2) — g(z1) = (fi(z2) +[Q2]) — <f2(x1) * PQ;W>

< (1Q1] +1Q2]) — <1+ PQ;I >

(4]

DU +1Qsl ~ 1214(Q1) + Qs we have

Since {

7,7 < |9 +1@al -1
Hence,

1d(P) < { W+|Q2 | —1.

2
From Lemma 9, we have 1d(P) > [; = [ —‘ + Q2| — 1 so that

1d(P) = 1.



THE LD OF A PRODUCT OF TWO POSETS 1087

Subcase (ii): If [@] +1Qa| — 1 < 1d(Q1) + |Qo], then I = 1d(Q1) + | Q-
Define a map g : P — {1,2,...,|P|} as follows.

fi(z) if z € Qy and fi(z) < fi(y1),
g(z) = filyr) + fo(x) ifx € Qo
fi(z) +1Q2] if € Q1 and g1(x) > g1(y1) + 1.

Then this g is also a labeling of P. With similar reason for Subcases (i), we
have
Q1]

ote) —aler) < max { | 121] 4+ 1af - L1a(P) + a1}

for z1, w3 € P with z1||z2 and g(z1) < g(z2). Since PQ;‘—‘ +1Q2 —1 <
1d(Q1) + |Q2]|, we have
Ty(P) = 1d(Q1) + |Q2]
so that
ld(P) < Iy =1d(Q1) + Q2.
From Lemma 9, we have 1d(P) > I; =1d(Q1) + |Q2| so that
1d(P) = 1.

From Subcase (i) and (ii), we have

) a(P) = max { | 90| 41Qul - 1.100Q) + 10}

Case (II): Suppose that I; > ls. Then we have 1d(P) > l5. With changing
the roles of 1 and @2, and changing the roles of g; and g in Case (I), we can
obtain that

(6) 1d(P) :max{’rw;r‘ +1Q1] - 1,1d(Q2) + |Q1|}'
Therefore, from (5) and (6), we have
1d(P) = min{lh 12} O

From Theorem 10, we obtain the following result for the disjoint sum of
posets.

Corollary 11. For posets Q1,...,Qr—1 and Qp with |Q;| > |Qit1] for i =
1,2,....k—=1,let P=Q1 4+ -+ Q. Then, we have
1d(P) < max {|P| - \‘Q;J —1,1d(@1) + |P| - Ql} )

Proof. Let P, = Q2 + -+ 4+ Q. Then P = Q1 + P;. From Theorem 10, we
have
|Q1]

1d(P) gmaXHQW + | P 1,1d(Q1)+|P1|}. 0
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Lemma 12 ([8]). For a poset P, and its labeling f, let © and ' be elements
in P. Then if (z,z') is a tight pair, i.e., f(z') — f(z) = Ty(P), then (z,z’) is
a critical pair in P.

From Lemma 12, we only have to investigate the differences of labels of
critical pairs for determining the linear discrepancy.

3. Bounds of the linear discrepancy of a product of two posets

In this section, we find a lower bound and an upper bound of a product of
two posets P and Q).
At first, a lower bound can be easily obtained from the known result in [7]
that, for two positive integers m and n with m and n > 2, the linear discrepancy
mn

of a product of two chains m x n is [71 — 2, as follows.

Theorem 13. Let P, and Py be two posets with |Py| = m and |Py| =n. Then

ld(PleQ)Z {%—‘—2

Proof. Let Ly and Lo be linear extensions of P; and P, respectively. Then,
it is clear that L; x Lo is an extension of P; X P,. Therefore, 1d(P; x Py) >
1d(Ly x Lo) = {%W - 2. O

Now, we find an upper bound of the linear discrepancy of a product of two
posets. Firstly, we consider the linear discrepancy of a product of a poset and
a two-element chain, as follows.

Lemma 14. Let C be a two-element chain whose ground set is {c1,ca} and
c1 <¢ ¢2, and P a poset with |P| = n for a positive integer n. Then

1d(P x C) <1d(P) +n— 1.

Proof. Let f be an optimal labeling of P, and let (zg, () be a critical pair in
P satisfying f(z(,) — f(zo) =1d(P). Then D(zo) C D(z() and U(z(,) C U(zo).
Since (g, () is a critical pair in P, we have (xq,c1)|[(xf,c2), D((zg,c1)) C
D((x0,c2)) € D((z(,¢2)), and U((xf,c2)) C U((xo,c2)) € U((xo,c1)). Hence,
((wo, c1), (x(, c2)) is a critical pair in P x C.

Define g : P x C — {1,2,...,2n} as follows:

f(z), if z=(z,c¢1) and f(z) <n-—1,

f@)+(n-1), ifz=(z,c)and f(z) <n-—1,
9(=) = 2n —1, if z=(x,c1) and f(z) =mn,

2n, if z= (z,c2) and f(z) =n,

where € P. Then, ¢ is clearly a labeling of P x C. For z = (z,¢) and
2= (2/,d) € P x C with z||2/, there are four cases to be considered, i.e., (I)
z||lz’, (II) x <p 2’ and ¢/ <¢ ¢, and (III) 2’ <p z and ¢ <¢ .

Case (I): Suppose that z||z’. Then (x,c1)||(2’, c2) so that

9(z") =92 < [(f(@') + (n = 1)) = f()]
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<[f@) = f@)+(n-1)
<1d(P)+ (n—1).

Case (II): Suppose that z <p 2’ and ¢’ <¢ ¢, ie., z = (z,c2) and 2’ =
(@', ¢1). Since x <p ', we have f(z) < f(z'). Hence,

9(2") = g(2)] < |f(@) = (f(z) + (n = 1))|
<|f@) = f@)|+(n-1)
<1d(P) + (n—1).

/

Case (III): Suppose that ' <p z and ¢ <¢ ¢/, i.e.,, z = (x,¢1) and 2/ =
(2',¢2). Since ' <p x, we have f(z') < f(z). Hence

9(z") = 9(2)| < (1f (@) + (n = 1)) = f()]
<|f@) = f@)+(—1)
<1d(P)+ (n—1).

Hence, for all z||z’ in P x Cq, we have |g(z') — g(2)| < ld(P) + (n — 1), i.e.,
T¢(P) <1d(P) + (n — 1). Therefore, 1d(P x C3) <1d(P) + (n —1). O

We can easily find an example which shows that the upper bound in Lemma
14 is sharp.

Example 15. In [9], 1d(B,) = 10 and 1d(Bs) = 3 are given. Note that By =
B3 x By, i.e., By = B3 x 2. From Lemma 14, we have

1d(B4) =1d(Bs x 2) <1d(B3) +8 — 1 = 10.
Hence, By is a poset whose linear discrepancy touches the upper bound.
Example 16. For I\ x 2, we obtain that
Il x2) <1d@)+4-1=4

from Lemma 14. Actually, 1d(IN x 2) can be determined as follows.

Let f be an optimal labeling of INx2. In Figure 1(a), either a; or ay should
have the label 1. Suppose that the label 1 is assigned to a;. Then the label 8
should be assigned to a7. The label 2 should be assigned to either as or as. If
the label of as is 2, then T (N x 2) > 5 since 7 should be assigned to either as
or ag, both of which are incomparable to as. If the label of as is 2, then the
label 7 should be assigned to as. Then the label 3 is assigned to either as or
ag all of which are incomparable to a3 so that T(1N x 2) > 4.

Now, we suppose that the label 1 is assigned to as. If ag has the label 8,
then we have Ty (IN x 2) > 4 with similar way to the case that a; has the label
1. Hence, the label 8 is assigned to a7. The label 2 can be assigned to either
a1 or ag. If a1 has 2, then ag has 7. In this case, the label 3 can be assigned to
either as or ag. Both elements are incomparable to az which has the label 7 so
that T (1N x 2) > 4. If ag has the label 2, then ag has the label 7. In this case,
the label 3 is assigned to a; which is incomparable to ag so that T (1N x 2) > 4.
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FIGURE 1. (a) IN x 2, and (b) an optimal labeling of I x 2.

From all cases we considered, we have 1d(IN x 2) > 4. Figure 1(b) shows an
optimal labeling of 1N x 2. This implies that ld(N x 2) = 4, and Nx2 is a
poset whose linear discrepancy touches the upper bound.

From Lemma 14, we immediately obtain the following corollary.
Corollary 17. For a positive integer n, let P be a poset with |P| = n, and let
k be a positive integer. Then ld(P x k) <1d(P) + (k—1)(n —1).

From Theorem 7, every poset has a partition consisting of chains, and the
original poset of this partition is an extension of the disjoint sum of these chains.
Using these properties, we can find an upper bound of the linear discrepancy
of two posets, as follows.

Theorem 18. For two posets P and Q, let C1 and Dy be mazimum chains of
P and Q, respectively, and let
PI||D
= max{IPyQl - | P 11ae) + ipijel - 1Pt < 10+ 1)

and
Iy = max{|P|Q - {

Then, we have

1 - 1@+ iPiel- el - i + 1}

ld(P X Q) < min{lhlg}.

Proof. From Theorem 7, there are two chain partitions € = {C4,...,Cs} and
2 = {D,...,D;} of P and @ such that C; and D; are maximum chains of
P and @, respectively. For convenience, we suppose that |C;| > |Ci4q| for
i=1,2,...,s—1,and |D;| > |D;qq1| for i =1,2,...,t — 1.

Since D; is a subposet of @ fori = 1,2,...,t, it is clear that () is an extension
of Dy + -+ 4 D;. Hence, P x @ is an extension of P x (Dy + - -+ 4+ D). From
Lemma 6, we have

Px(Dy+--++Dy)=(PxDy)+--+ (P x Dy).
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Hence, Id(P X (D1 +-+-+ D)) =1d((P x D1)+ -+ + (P x Dy)). Since P X @
is an extension of P X (D1 4 ---+ D;), the poset P x @ is also an extension of
(P x D1)+---+ (P x Dy) so that

1d(P x Q) <1d((P x D1) + -+ + (P x Dy)).

Note that |P x D;| > |P x D;11| for i =1,2,...,t — 1. From Corollary 11, we
have

Id(P x Q) < max{|P x Q| — VPXDlJ -1,

2
(7)
1d(P x Dy) +|P x Q| — P><D1|}.

From Corollary 17, we have 1d(P x Dy) < 1d(P) + (|P| — 1)(|D1| — 1). Hence,
from (7), we have

|P X D1|J -~ 17

Id(P x Q) < max{|P X Q| — L2

(P) + (1P| = 1)(1Ds| 1) + |PI|Q| - |P||D1|}

— max {ipije) - | L2 o,

(P) + |PI|Q| - |P| - D] + 1)} .
Similarly, we also have

(P x @) < max{IPyQl - | 44| -1
(9)
4(Q) + [PlIQl — Q| — 1] + 1} .

Note that (8) and (9) should hold simultaneously. Therefore, we obtain the
result that

d(P x Q) < min{ly, o},
where

|[P||D1 |

b =max{1P1el - |2 |~ a4 P11 - 1P - 1011+ 1)}

and

1= max {12101 - | A9 | - v1a@) + et - 171 jeul +1}-

We give an example for Theorem 18, as follows.
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Example 19. In [9], Tanenbaum, et al. gave the linear discrepancy of By,
which is 10. we may consider B, as a product of two Bs’s. Then two values [y
and [y in Theorem 18 are same, i.e.,

Bsl|3
llzlgzmax{|B2||Bgl— \‘| 22H |J —1,

1d(Bz) + | Bz|| B2| — | Bz2| — [3] + 1)}
= max{9,11} = 11.
Clearly, 1d(P) < 11.

4. An example touching the given upper bound

In this section, we give an example touching the upper bound given in The-
orem 18. Applying Theorem 18 to the poset INxIN, we know the given bound
is quite tight, as follows.

Example 20. For the product of two IN’s, two values I; and I, in Theorem 18
are also same, i.e.,

I =1 :max{|N||N| - VN|2|2|J -1,

() + [N — B9 — J2] + 1)}
— max{11,12} = 12,

From Theorem 18, we have 1d(IN x IN) < 12.

Now, we find a lower bound of 1d(IN x I\) as follows:

Let P =NxN, and let f be an optimal labeling of P. In Figure 2, the label
1 can be assigned to one of these a1, as, ag or a4.

FIGure 2. N x M.

Firstly, we suppose that a; has the label 1. Then 16 should be assigned to
a13. The label 2 can be assigned to one of these as, as, or as. If as has the
label 2, then as has the label 15. However, any element whose label can be 3
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is incomparable to as so that T¢(P) > 12. If ag has the label 2, then the label
15 should be assigned to ag. In this case, any element whose label can be 3 is
incomparable to ag so that Ty (P) > 12. If a4 has the label 2, then any element
whose label can be 15 is incomparable to a4 so that T(P) > 13.

Secondly, suppose that a; has the label 1. Then 16 may be assigned to
either a3 or ai4. If a13 has 16, then a; or az has the label 2. If a; has 2, then
as has 15 so that the element whose label is 3 is incomparable to as. Hence
Ty(P) > 12. If a3 has the label 2, then the label 15 should be assigned to one
of the elements comparable to a;. However, these elements are incomparable
to ag so that T¢(P) > 13. These are all cases for f(a13) = 16. If f(a14 = 16,
then a4 has the label 2 so that a;g has the label 15. In this case, any element
whose label is 3 is incomparable to aig so that Ty (P) > 12.

Thirdly, suppose that as has the label 1. Then 16 can be assigned to a3 or
ays. If f(a13) = 16, then the label 2 may assigned to either a; or as. In any
case, the label 15 should be assigned to ag. Then, any element whose label is
3 is incomparable to ag so that T¢(P) > 13. If f(ai5) = 16, then the label 2
should be assigned to a4. The label 15 is assigned to a7 so that any element
whose label is 3 is incomparable to az. Hence, T (P) > 12.

FIGURE 3. An optimal labeling of IN x I,

Finally, suppose that a4 has the label 1. Then 16 can be assigned to one of
these ais, a4, or ajg. If f(a;3) = 16, then the label 2 can be assigned to one
of these a1, ag, or az. If a; has the label 2, then the label 15 can be assigned
to one of these a4, ag, a5, or a1g. Note that ag|lay, and the elements a4, ais,
and a6 are incomparable to a;. Hence, T¢(P) > 13. If as has the label 2, then
any element whose label is 15 is incomparable to as so that Tp(P) > 13. If ag
has the label 2, then the label 15 is assigned to a;5 so that a7 has the label 3.
Then any element whose label is 14 is incomparable to ag so that T¢(P) > 12.
These cases are all for the case f(aiz) = 16. If f(a14) = 16, then 2 and 15
are assigned to ag and ajg, respectively, so that 14 can be assigned to a3 or
a15 which are incomparable to as. Then Ty(P) > 12. If f(a16) = 16, then ag
and a14 have 2 and 15, respectively, so that ai has 3. Since a13]|ai4, we have
Ty(P) > 12.
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Hence, we conclude that 1d(IN x ) > 12, Note that (I x 1) < 12.
Therefore, 1d(IN x IN) = 12. In fact, Figure 3 shows an optimal labeling of
N x IN.The poset IN x N is an example touching the upper bound.

References

[1] G.-B. Chae, M. Cheong, and S.-M. Kim, The linear discrepancy of 3 X 3 x 3, Commun.
Korean Math. Soc. 25 (2010), no. 1, 19-25.

[2] M. Cheong, G.-B. Chae, and S.-M. Kim, The linear discrepancy of the product of three
chains of the same size, preprint.

, Asymptotic results on linear discrepancy of the product of chains from its new
bounds, preprint.

[4] M. Cheong and S.-M. Kim, The linear discrepancy of the product of three chains of size
2n, Far East J. Math. Sci. (FJMS) 30 (2008), no. 2, 285-298.

[5] R. P. Dilworth, A decomposition theorem for partially ordered sets, Ann. of Math. 51
(1950), no. 1, 161-166.

[6] P. Fishburn, P. Tanenbaum, and A. Trenk, Linear discrepancy and bandwidth, Order 18
(2001), no. 3, 237-245.

[7] S.P. Hong, J. Y. Hyun, H. K. Kim, and S.-M. Kim, Linear discrepancy of the product of
two chains, Order 22 (2005), no. 1, 63-72.

[8] M. T. Keller and S. J. Young, Degree bounds for linear discrepancy of interval orders

and disconnected posets, Discrete Math. 310 (2010), no. 15-16, 2198-2203.

P. Tanenbaum, A. Trenk, and P. Fishburn, Linear discrepancy and weak discrepancy of

partially ordered sets, Order 18 (2001), no. 3, 201-225.

(3]

9

MINSEOK CHEONG

INFORMATION SECURITY CONVERGENCE
COLLEGE OF INFORMATICS

KOREA UNIVERSITY

SEOUL 02841, KOREA

E-mail address: poset@korea.ac.kr



