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HOMOGENEOUS MULTILINEAR FUNCTIONS ON
HYPERGRAPH CLIQUES

X1A0JUN Lu, QINGSONG TANG, XIANGDE ZHANG, AND CHENG ZHAO

ABSTRACT. Motzkin and Straus established a close connection between
the maximum clique problem and a solution (namely graph-Lagrangian)
to the maximum value of a class of homogeneous quadratic multilinear
functions over the standard simplex of the Euclidean space in 1965. This
connection and its extensions were successfully employed in optimization
to provide heuristics for the maximum clique problem in graphs. It is
useful in practice if similar results hold for hypergraphs. In this paper,
we develop a homogeneous multilinear function based on the structure
of hypergraphs and their complement hypergraphs. Its maximum value
generalizes the graph-Lagrangian. Specifically, we establish a connection
between the clique number and the generalized graph-Lagrangian of 3-
uniform graphs, which supports the conjecture posed in this paper.

1. Introduction

In 1941, Turdn [24] provided an answer to the following question: What
is the maximum number of edges in a graph with n vertices not containing a
complete subgraph of order k, for a given k7 This is the well-known Turan
theorem. Later, in another classical paper, Motzkin and Straus [12] provided
a new proof of Turdn theorem based on the continuous characterization of the
clique number of a graph using graph-Lagrangians of graphs.

The Motzkin-Straus result basically says that the graph-Lagrangian of a
graph which is the maximum of a homogeneous quadratic multilinear function
(determined by the graph) over the standard simplex of the Euclidean plane
is connected to the clique number of this graph (the precise statement is given
in Theorem 2.2). This result provides a solution to the optimization problem
for a class of homogeneous quadratic multilinear functions over the standard
simplex of an Euclidean plane. The Motzkin-Straus result and its extension
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were successfully employed in optimization to provide heuristics for the maxi-
mum clique problem [1,2,6,9]. It has been also generalized to vertex-weighted
graphs [9] and edge-weighted graphs with applications to pattern recognition in
image analysis [1,2,5,6,9,14,15]. In addition, the graph-Lagrangian of a hyper-
graph has been a useful tool in hypergraph extremal problems. For example,
Sidorenko [19] and Frankl-Fiiredi [7] applied graph-Lagrangians of hypergraphs
in finding Turdn densities of hypergraphs. Frankl and Rodl [8] applied it in dis-
proving Erdos long standing jumping constant conjecture. More applications
of graph-Lagrangians can be found in [4], [11], and [20].

An attempt to generalize the Motzkin-Straus theorem to hypergraphs is due
to Sés and Straus [20]. Recently, in [3,4] Rota Bulo and Pelillo generalized the
Motzkin and Straus’ result to r-graphs in some way using a continuous char-
acterization of maximal cliques other than graph-Lagrangians of hypergraphs.
The obvious generalization of Motzkin and Straus’ result to hypergraphs is
false. In fact, there are many examples of hypergraphs that do not achieve
their graph-Lagrangian on any proper subhypergraph.

In this paper, we develop a type of homogeneous multilinear function based
on the structure of hypergraphs and their complementary hypergraphs. Its
maximum value (called generalized graph-Lagranian) generalizes the graph-
Lagrangian. The main results provide solutions to the polynomial programming
over the standard simplex of the Euclidean space. Specifically, we establish a
connection between the clique number and the generalized graph-Lagrangians
for 3-uniform graphs. The results presented in this paper also provide substan-
tial evidence for five conjectures posed in this paper and extend some known
results in the literature [11,18]. If the proposed five Conjectures in this pa-
per hold, then they can be used to provide heuristics for the maximum clique
problem.

The rest of the paper is organized as follows. In Section 2, we state a few
definitions, related problems, and some conjectures. In Section 3, we describe
some preliminary results. Our main results are given in Section 4. Concluding
remarks are given in Section 5.

2. Definitions and problems

A hypergraph H = (V, E) counsists of a vertex set V and an edge set E,
where every edge in E is a subset of V. If necessary, we use E(H) and V(H)
to denote the edge set and vertex set of H respectively. If all edges have
the same cardinality, then H is an uniform hypergraph, otherwise H is an
non-uniform hypergraph. If all the edges have cardinality r, then H is an r-
uniform hypergraph(or an r-graph). A 2-uniform graph is a graph. An edge

{i1,42,...,i,} in a hypergraph is simply written as i1is - - -4, throughout the
paper.
For a positive integer n, let [n] denote the set {1,2,...,n}. For a finite set

V and a positive integer i, let (‘:) denote the family of all i-subsets of V. The
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complete hypergraph K| is a hypergraph on ¢ vertices with edge set ([ﬁ]). A
complete r-graph on t vertices is also called a clique with order ¢. A clique is
said to be maximum if it has maximum cardinality. The clique number of an
r-graph H is defined as the cardinality of the maximum clique of H.

For an r-graph H = (V,E) and i € V, let E; := {Ac V"=V . AuU{i} € E}.
Let H or H¢ denote the complement hypergraph of H. For a pair of vertices
i,j€V,let Bjj :={BeVU=2:BU{i,j} € E}. Let Ef :={Ac V(=D AU
{i} e VINE}, E :={B e V=2 : BU{i, j} € V\E}, and E;\; := EiNES.

Definition. For an r-uniform graph H with the vertex set [n], edge set E(H),
and a vector ¥ = (z1,...,2,) € R", we associate a homogeneous polynomial
in n variables, denoted by A(H, Z) as follows:

ANH, Z) = Z Xy Tiy ** * T,
ivig--ir€E(H)
Let S :={Z = (#1,22,...,2n) : Y iy @ = Loy > 0fori =1,2,...,n}. Let
A(H) represent the maximum of the above homogeneous multilinear polynomial
of degree r over the standard simplex S. Precisely,

MH) = max{\(H,Z) : ¥ € S}.

The value z; is called the weight of the vertex i. A vector Z = (21,...,2,) €
R™ is called a feasible weighting for H if ¥ € S. A vector § € S is called an
optimal weighting for H if A\(H,§) = A\(H).

Remark 2.1. Since A\(H) is the maximum of a polynomial function in n variables
T1,%2,...,%, under the constraint Y . , x; = 1 and the theory of Lagrange
multipliers is often used in evaluating A(H), A(H) was called the Lagrangian
of H in several papers [7,8,11,13]. In order to emphasize A\(H) is a concept
related to graph theory, we call it the graph-Lagrangian of H following the
suggestion of Franco Giannessi thoughout this paper.

In [12], Motzkin and Straus provided the following simple expression for the
graph-Lagrangian of a 2-graph.

Theorem 2.2 ([12]). If H is a 2-graph with n vertices in which a mazimum
clique has order t then N(H) = A(K?) = £(1 — 1). Furthermore, the vector
Z=(x1,22,...,2,) given by x; := % if i is a vertex in a fired mazximum clique
and x; = 0 otherwise is an optimal weighting.

Theorem 2.2 provides solutions to the optimization problem of these types
of homogeneous quadratic functions over the standard simplex of an Euclidean
plane.

In this paper, we consider a more general question.

Problem 1. Let 8 > 0 be a constant. For an r-graph H with and a vector
Z=(x1,...,2,) € R, define

Lg(H, %) := \NH, %) — BANH, T).
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Let S ={Z = (z1,22,...,@,) ER": >0 @y =1, > 0fori=1,2,...,n}
Let Lg(H) represent the maximum of the above homogeneous multilinear poly-
nomial of degree r over the standard simplex S. Precisely,

(1) Lg(H) :==max{Lg(H, %) : ¥ € S}.
We call Lg(H) the generalized graph-Lagrangian of HI. The value z; is called
the weight of the vertex i. A vector & = (z1,xa,...,z,) € R" is called a feasible

weighting for H if and only if & € S. A vector § € S is called an optimal
weighting for H to optimization problem (1) if and only if Lg(H,y) = Lg(H).

Fact 2.3. Let Hy, Hs be hypergraphs and Hy C Hy. Then Lg(H,) < Lg(H>)
for g > 0.

Fact 2.4. Let 0 < 83 < 1. Let H be a hypergraph, then Lg, (H) < Lg,(H) <
N(H) for g > 0.

Note that, for an r-uniform hypergraph H if 5 = 0, then Lg(H) = A\(H).

For distinct A, B € N(") we say that A is less than B in the colez ordering
if max(AAB) € B, where AAB := (A\ B) U (B \ A). For example we have
246 < 156 in N®) since max({2,4,6}A{1,5,6}) € {1,5,6}. In colex ordering,
123 <124 < 134 <234 <125 < 135 < 235 < 145 < 245 < 345 < 126 < 136 <
236 < 146 < 246 < 346 < 156 < 256 < 356 < 456 < 127 < --- . Note that the
first (i) r-tuples in the colex ordering of N(") are the edges of [t](").

Let C). ,, denote the r-graph with m edges formed by taking the first m sets
in the colex ordering of N().

Conjecture 2.5. For any r-graph H with m edges, we have Lg(H) < Lg(Cy.m)
for g > 0.

Remark 2.6. Note that, if we set 8 = 0, Conjecture 2.5 is the conjecture of
Frankl and Fiiredi given in [7] and [11] as follows.

Conjecture 2.7 ([7]). The r-graph H with m edges formed by taking the first
m sets in the colex ordering of N has the largest graph-Lagrangian of all
r-graphs with m edges. That is, A(H) < MCym)-

Conjecture 2.7 is true when r = 2 by Theorem 2.2. It is obvious that both
Theorem 2.2 holds in terms of Lg(H) when H is a 2-graph. For general r-graph
Talbot in [11] proved the following lemma.

t
T

Lemma 2.8 ([11]). For any integers m,t, and r satisfying (i) <m< (
(121), we have A(Cr ) = A([t]7) = LUt

r—1

)+

We may also compute Lg(C,,,) for various values 8 > 0. As an example,
let us consider Lg(C,..,) for any integers m,t, and r satisfying (t) <m <

t t—1 "

(r) + (rfl)'
Claim 2.9. Let m,t, and r be positive integers satisfying (:) <m< (
(*=1). Then Ls(Crm) = La([1)) = A1) for 5> 0.

t
T

)+
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Proof. By Lemma 2.8 and Fact 2.4, we have Lg(C,.,,,) < A([{]™). On the other
side, since [t](") C C,.,,. Clearly, Ls([t](") = A([t]"). Hence Lg(Cym)
Ls([t)™) = A([t]™) by Fact 2.3. Thus Lg(Cr.m) = A([t]™) for () < m
(t) + (ij) and 8 > 0.

T

O IA IV

In order to explore the relationship between the generalized graph-Lagrangian
of a hypergraph and the order of its maximum cliques for hypergraphs when
the number of edges is in certain ranges, we propose the following conjectures.

Conjecture 2.10. Let m and t be positive integers satisfying (t) <m<
(t) + (i 1) Let H be an r-graph with m edges and contain a clique of order t.

Then Lg(H) = Lg([t]™)) = M[]™) for 5> 0.
Conjecture 2.11. Let m and t be positive integers satisfying (i) <m<
(t) + (t_l). Let H be an r-graph with m edges and contain no clique of order

T r—1

t. Then Lg(H) < Lg([t]") = A([t]™)) for 8> 0.

Conjecture 2.12. Let H be an r-graph not containing a clique of order t.
Then there exists fo > 0 such that Lg(H) < Lg([t](T)) = \[t]") for B> po.

Conjecture 2.13. Let H be an r-graph containing a maximum clique of order
t. Then there exists By > 0 such that Lg(H) = Lg([t]™) = A([t]) for B > po.

Remark 2.14. Let us give an intuitive explanation for Conjectures 2.12 and
2.13. If the maximum clique of H is less than ¢.

Note that, if Conjectures 2.11, 2.12, and 2.13 hold, then they can be used
to provide heuristics for the maximum clique problem.

Remark 2.15. In [18], both Conjectures 2.10 and 2.11 were posed in the case
when 3 = 0. For an r-graph H containing a clique of order ¢, since A([t](")) <
Lg(H) < A(H), it is easy to see that Conjectures 2.10 and 2.11 in the case
when 8 = 0 implies Conjectures 2.10 and 2.11 for all other cases when 8 > 0,
respectively. Also, based on Facts 2.3, 2.4, and Claim 2.9, if both Conjectures
2.10 and 2.11 hold in the case when g = 0, then Conjecture 2.5 is true for any
r-graph H with m edges satisfying (i) <m< (;) + (T 1) for all cases when
B >0.

Thus, Conjecture 2.10 holds for » = 3 by Remark 2.15 and Theorem 2.16.

Theorem 2.16 ([18]). Let m and t be positive integers satisfying ( ) <m <
(;,) + (tgl). Let H be a 3-graph with m edges and contain a clique of order t.

Then M(H) = \([t]®).
The following theorem is proved in [17].

Theorem 2.17 ([17]). Let m and t be positive integers satisfying ( ) <m<
O+ (1) — @2 = 1)((!Z3) — 1). Let H be an r-graph on vertex set [t + 1]

T r—1 r—2

with m edges and contain a clique of order t. Then N(H) = A([t]").
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Hence Remark 2.15 implies that we have Lg(H) = Lg([t](’”)) for all B > 0
under the condition of Theorem 2.17.

Note that the upper bound (i) + (i:}) in Conjecture 2.10 is the best possible,
since Lg(Cr.p) = A([t]") does not always hold for (*) + (*2}) <m < ("11) -
1. For example, if m = (!) + (*Z}) + 1, then Lg(C,..) > M[t]™) for B <
(iii)—‘l(ii?)—‘l(iii)“ T his. take ¥ = S h —

e . To see this, take & = (z1,...,7141) € S, where

r—2)7
then Lﬁ(cﬁm) > Lg(C’T,m,f) >

1
1 and Ty = Ti41 =

=1\ (t—=2)_ 4(t—2
(™) for g < (=1) 45::;%7‘1‘@ Hhay
r—2
The main goal of this paper is to explore Conjecture 2.5 for different r, 5 and
certain ranges of m. We also explore the connection between the clique number
and the generalized graph-Lagrangian. Substantial evidence is obtained for
Conjectures 2.10-2.13 as well.

Tog = -0 = Ty_1 = 2t’

3. Some preliminaries

We will impose an additional condition on any optimal weighting & =
(z1,22,...,2,) for a hypergraph H to Problem 1:

[{i : 2; > 0}| is minimal, i.e., if § is a feasible weighting for H satisfying
|{’L Y > O}| < |{’L Xy > 0}|, then LB(H, :Ij) < LB(H,f).

Lemma 3.1. Let H = (V, E) be an r-graph and & = (x1,x2,...,2,) be an

optimal feasible weighting for H with k (< n) non-zero weights x1,xa,. .., Tk.
Then for every {i,j} € [k]?), (a) aL%(ziI’z) = BL%S’:”), (b) there is an edge in

FE containing both i and j.

Proof (a) Suppose, for a contradiction, that there exist {i,j} € [k]® such

> o . We define a new feasible weighting ¥/ as follows. Let
0< 5< acj andyl = forl #14,j, y; = x;+6 and y; = x; — 6, then ¥ is clearly
a feasible weighting for H, and

OLs(H,#) OLs(H,7) 92Ls(HT, 7)

Ls(H,§) — Lg(H,7) = -0
ﬁ( ) ﬁ( ;@) o( ox; oz ) O0x;0x;
For sufficiently small § this is strictly positive, contradicting to 7&%(;1’5) >
7’%%55’5). Hence Lemma 3.1(a) holds.

(b) Suppose, for a contradiction, that there exist {i,7} € [k]® such that
for any e € E(H), ij 2 e. We define a new feasible weighting ¢ for HI as
follows. Let y; = x; for | # 4,7, yi = z; + x; and y; = z; —x; = 0, then

OLs(H,Z OLs(H,%
B(l ) _ %(zj )by (a).

is clearly a feasible weighting for HI. Note that

And 76825(651) =0 since ij 2 e for any e € E(H). Hence

OLs(H,&) OLg(H, %),  ,0°Lg(H,,7)

8:@- aiCj ) B xj 8:@8:0] =0

Lg(H,§) — Ls(H,Z) = z;(
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So ¥ is an optimal weighting for H to Problem (1) and |[{i:y; > 0} = k — 1,
contradicting the minimality of k. Hence Lemma 3.1(b) holds. O

For an r-graph H = (V, E), when the theory of Lagrange multipliers is
applied to find the optimum of Lg(H), subject to > ; #; = 1, note that
Lg(E;, %) corresponds to the partial derivative of Lg(H,Z) with respect to z;.
The following lemma gives some necessary conditions of an optimal weighting
of LB (H)

Lemma 3.2. Let H = (V,E) be an r-graph on the vertex set [n| and & =
(z1,22,...,2n) be an optimal weighting for H to Problem 1 with k (< n) non-
zero weights 1,2, ...,z Then for every {i,j} € [k]®, (a) Lg(E;, %) =
Lg(E;, %) =rLg(H), (b) there is an edge in E containing both i and j.

Proof. (a) By Lemma 3.1(a) we have Lg(E;,¥) = Lg(E;, %) for every {i,j} €
[k]®). Note that
:Cng(El,f) —+ 4 :CkLg(Ek, f) = TLg(H)
since each Ty Ty * T, (iliQ e ir S H) and 751']'11']'2 e ZL']'T (jljg .. 'jr ¢ H)
appears r times respectively in &1 Lg(E1, &)+ - -+a1 Lg(Ex, ¥). Hence Lg(E;, %)
=rLg(H)) for 1 <i<k.
(b) The result is directly from Lemma 3.1(b). O

In [11], Talbot introduced the definition of a left-compressed r-uniform hy-
pergraph. It can be generalize to non-uniform hypergraphs.

Definition. An r-graph H = ([n], E) is left-compressed if and only if j1j2 - - - jr
€ I implies ¢1i3 - - -4, € E provided i, < j, for every p, 1 <p <.

An r-tuple iy7s - - - i, is called a descendant of an r-tuple jijo -« - j, if ig < js
foreach 1 < s <r,and i1 +is+ -+ 4 < j1 + jo+ -+ + jr. In this case,
the r-tuple j1j2 - - - j is called an ancestor of i1is - - - i,.. The r-tuple i1ig - - - i, is
called a direct descendant of j1js - -+ j, if 412 - - - 4, is a descendant of jyjo - - - j,
and j1 +jo+ -+ Jr =01 +i2+ -+ 4. + 1. We say that jijo---j, has
lower hierarchy than ¢1io-- -4, if j1j2 - - jr is an ancestor of ¢1¢5 - - - 4,. This is
a partial order on the set of all r-tuples.

Remark 3.3. An r-graph H is left-compressed if all descendants of an edge of
H are edges of H. Equivalently, if an r-tuple is not an edge of H, then none
of its ancestors will be an edge of H.

Definition (Equivalent Definition of Left-compressed). Let H = ([n], E) be
an r-graph. For e € F, and 4, j € [n] with ¢ < j, define
(e\{jHU{i} ifid¢eandjce,
Cij (e) = :
e otherwise.
and
(2) Ci;(E)={Cij(e):ec E}U{e:¢,Cy (e) € E}.
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We say that E (H) is left-compressed if C;j(E) = E for every 1 <i < j.
Note that |C;; (E)| = |E| from the definition of C;; (E). We have the following

lemma.

Lemma 3.4. Let H = ([n], E) be an r-graph, i,j € [n] with i < j and & =
(x1,--+,zn) be an optimal weighting for H to Problem (1). Write H;; =
([n],Cij(E)). Then,

Lﬁ(H,f) < Lﬁ(Hij,f).

Proof. We can assume that z; > x; when 7 < j since otherwise we can just

relabel the vertices of H and obtain an optimal weighting & = (21, x2, ..., x,)
satisfying x; > x; when ¢ < j. Note that
Lg(H;j, %) — Lg(H,T) = > (L+B)La(e\{j},T) (x; — ;).
e€E(H),Cyj(e)¢ E(H)
ite,jEe

Hence Lg(H;j,%) — Lg(H, ¥) is nonnegative in any case, since ¢ < j implies
that x; > x;. So this lemma holds. O

Remark 3.5. Let H = (V, E) be an r-graph.
(a) In Lemma 3.2, part(a) implies that

A(E;, T) — BAET, T) = M(Ej, T) — BA(E}, &) = rLg(H),
ie.,

AMEnj, T) + 2 M Eij, T) — BAER ;, T) — B AEf;, )
= MEj\i, T) + 2 \(Eyj, T) — BA(E;\i,f) — B \(Ef;, %)
=rLg(H).

In particular, if H is left-compressed, then

)‘( i\jv_')+zj>\( (VR ) ﬂzJ ( ijo )

= 1'1>‘( ijs ) ﬂ)‘( i\js L ) Bxi A ( i )

= TLB(H)
for any i, j satisfying 1 <i < j < k since Ej\; = 0, Ej; = = () and E¢ i = B
Note that z;A(Eij, ) — BA(ES,;, &) — BuiA(Ef;, T) = rLB(H) > 0, we have
2N Eij, &) — Bri\MEf;, %) > rLg(H) > 0, i.e., N(Eij, ¥) > BA(Ef;, 7).

(b) If H is left-compressed, then for any i, j satisfying 1 <4 < j <k,
1+ i jr L T
)‘(Eij"r) 6)‘( ij> )

holds. If H is left-compressed and E;; = 0 for 4,j satisfying 1 < i < j <k,
then z; = ;.
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(c¢) By (3), if H is left-compressed, then an optimal weighting & = (z1, z2, . . .,
x,) for H to Problem (1) must satisfy

4) x1 > a9 > > x> 0.

In the rest of the paper an optimal weighting for H refers to an optimal
weighting for H to Problem (1) unless specifically stated.

4. Results for 3-uniform hypergraphs

In this section, for 3-graphs, we prove several substantial supporting results
for Conjectures 2.5 and Conjectures 2.10-2.13.

Theorem 4.1. Let m and t be integers satisfying (;) <m < (t'gl) — 1. Let
B8 >1t—1 be a constant. Then Conjecture 2.5 is true for r = 3 and this value

of m.

Theorem 4.2. Let m and t be positive integers satisfying m < (tgl) — 1. Let
8 > 27(;) — 1 be a constant. Let H be a 3-graph on vertex set [t + 1
edges.

(a) If H contains a clique of order t, then Lg(H) = Lg([t]®)). Furthermore,
the vector & = (x1,%2,...,%n), given by x; := % if 1 is a vertex in a fized
mazimum clique and x; = 0 otherwise, is an optimal weighting.

(b) If H does not contain a clique of order t, then Lg(H) < Lg([t]®).

] with m

Theorem 4.3. Let m and t be integers satisfying (;) <m< (tgl) — 1. Let

8> 27(;) — 1 be a constant. Let H be a 3-graph with m edges. If H contains
a clique order of t, then Lg(H) = Lg([t]®®). Furthermore, the vector ¥ =
(x1,22,...,Zn), given by x; := % if 1 is a vertex in a fixed mazimum clique and
x; = 0 otherwise, is an optimal weighting.

Theorem 4.4. Let m and t be integers satisfying (;) <m < (tgl) — 1. Let
8> 27(;) — 1 be a constant. Let H be a 3-graph with m edges. If H does not
contain a clique order of t, then Lg(H) < Lg([t]®).

Note that Theorem 4.3 and Theorem 4.4 establish a connection between the
generalized graph-Lagrangians and the maximum cliques of H for certain range
of 5. In [23], we prove the following theorem for 3-uniform hypergraphs.

Theorem 4.5 ([23]). Let m and t be integers satisfying (;) <m < (;) +

(tgl) — %t. Let H be a 3-graph with m edges and H does not contain a clique

order of t. Then N(H) < A([t]®).
Next, we generalize Theorem 4.5 as follows.
Theorem 4.6. Let m and t be positive integers satisfying (;) <m< (t) +

3

(tgl) -3 (%] —1. Let 8 > 0 be a constant. Let H be a 3-graph with m edges.

If H does not contain a clique of order t, then Lg(H) < Lg([t]®).
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Theorem 4.7. Let m and t be positive integers satisfying (;) <m < (;) +

(tgl). Let B >t — 4 be a constant. Let H be a 3-graph with m edges. If H

does not contain a clique of order t, then Lg(H) < Lg([t]®).
Combing Remark 2.15 and Theorem 4.6, we have:

Theorem 4.8. Let 5 > 0 be a constant. Let m and t be integers satisfying
(5) <m < (5)+ (5h - %(%] — 1. Then Conjecture 2.5 is true for r = 3 and
this value of m.

4.1. Proof of Theorem 4.1

Proof of Theorem 4.1. Let m and t be integers satisfying (;) <m< (t‘gl) —1.
Let 8 >t — 1 be a constant. Denote L(s)m) := max{Lg(H) : H is a 3-graph

(8,
with m edges}. Let H be a 3-graph with m edges such that Lg(H) = ng)m),
i.e., H is an extremal graph. Let & = (21,22, ...,2,) be an optimal weighting

for H and k be the number of non-zero weights in . We can assume that
H is left-compressed. Otherwise if H is not left-compressed, performing a
sequence of left-compressing operations (i.e., if an edge in H has descendants
that are not in H, then replace this edge by a descendant not in H with
the lowest hierarchy. Repeat this until all descendants of an edge of H are
edges of H), we will get a left-compressed 3-graph G. By Lemma 3.4 G is
also an extremal graph. Hence we can assume that H is left-compressed and
T1 > Xy > > T > Tyl = - = Ty = 0. There is an edge e containing both
k—1 and k by Lemma 3.2(b). Recalling that H is left-compressed, so we have
1(k—1)k € E. Let b := max{i : i(k — 1)k € E}. We now give three lemmas to
be proved later.

Lemma 4.9. |[k — 1]®N\E| < (’ﬁ_;é] for 8> 0.
Lemma 4.10. |[k — 1]®\Ej_;| < (1251 for B> 0.
Lemma 4.11. |[k — 2]\ Ey| < (ﬁ for 8> 0.

Assume the above lemmas are true, then we may show that £k < t + 1 as
follows.

Claim 4.12. Let m and ¢ be positive integers satisfying (;) <m< (tgl) -1

Let 8 > 0 be a constant. Let H be a 3-graph with m edges such that Lg(H) =
ng)m). Let & = (x1,22,...,2Z,) be an optimal weighting for H and k be the
number of non-zero weights in . Then k <t + 1.

Proof of Claim 4.12. If k > t + 2, using Lemma 4.9 and Lemma 4.11, we have
m=|E| = |En[k— 1%+ |k —2]® 0 Byl + |Ege-1yl

203 ) -t (1) -t
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t+1 t t
> N
—( 3 )+(2) el
- t+1 + t ( t .| S t+1
3 2) " '118 3 )

It contradicts to (;) <m< (tgl) — 1. Hence we have k < t+ 1. O

Now we need the following theorem.

Theorem 4.13. Let m and t be integers satisfying (é) <m< (tgl) — 1. Let
B >0 be a constant. Let H be a left-compressed 3-graph on vertex set [t + 1]
with m edges satisfying |E(H)AE(Cs )| < 4. Then Lg(H) < Lg(Cs,m).

Now we need the following lemmas.

Lemma 4.14 ([22]). Let m and t be positive integers satisfying (;) <m <

(;) + (tgl). Let H = (V, E) be a left-compressed 3-graph on the vertex set [t+1]
with m edges and not containing a clique of order t. If b = [Eyq41)| < 3, then
AH) < A([]®).

Lemma 4.15. Let m, t, a and i be positive integers satisfying m = (;) —a,
3<a<t—2andi>1. Let H=([t],E) be a left-compressed 3-graph with m
edges. If the triple with minimum colex ordering in H is (t — 2 — i)(t — 2)t.
Then Lg(H) < Lg(Cs ) for > 0.

Lemma 4.16. Let H and H' be left-compressed 3-graphs on vertex set [t]
with m = (4) — a edges, where 5 < a <t — 2, satisfying |E(H)AE(Cs )| =
|[E(HAE(Cs,,)| = 4 and the triples with the minimum colex ordering in
He¢ and H'® are (t —3)(t — 2)(t — 1) and (t — 4)(t — 2)t respectively. Then
Lg(H) < Lg(H') < MC3,m) for B = 0.

The proof of Lemma 4.15 and Lemma 4.16 are similar to the proof of The-
orem 1.12 in [21], we give the sketch here for completeness.

Proof of Lemma 4.15. Since H is left-compressed, then we have a > 2i+ 1. To
show that M(H) < A(C3.,), we will take an optimal weighting & for H, then
we take a feasible weighting, say 2 for Cj ,, by replacing a few coordinators of
Z and show that A(H,Z) < A(Cs,m, Z). This would imply that
AMH) = AH,Z) < AMC3.m,2) < A(Cs,m).
Let us go into the details. Let & = (x1,2,...,2¢) be an optimal weighting
for H satisfying x; > 22 > -+ > xy > 0. First we point out that

5) AME1(t—2-i), T) = ME(—2)(t-1), T)

=Ty o+ T4 1+T¢ —T1— T2 = 0.
To verify (5), by Remark 3.5(b), we have
A (4-1), T)
A(Er(t-1), )

T1 = X¢—1+



1048 X. LU, Q. TANG, X. ZHANG, AND C. ZHAO

(xa+ -+ T_2)ws
6 <z + < w1 + 2y
(6) ST I t—1 t

A(El\(t72),f)

A(By(t—2),T)

= o+ Tt2—5+  + T3+ Tt -
1—21 —240

Ti—2—i+ -+ Te_3+ T

<z By (6
= T2 =2 - —ap (By (6))

T1 = Tt—2+

(7) Swt—2+xl+$2+.n+xi+xt_2$t;
l—zp 9 —m41 — @4

and
AE(—2-i\ (1), T)
AME(t—2—i)(t—1), T)
4 (Tt-3—(a—i—2) T T3 (a—i—1) T+ Tt—3) — Tio2i
l—mpo iy — 21— 14
(Tig1 + Tig2 + -+ Ta—1) — Tt—2-i
l—mpo iy —21 — 1y

since a <t — 2. Adding (7) and (8), we obtain that

Ti—2—4 = Ty—1 +

(8) <xp1+

t

(k14 +Zat1) — Te—2-i
-2y 9 i —x41 — a4

(k14 +2-2) — Te—2-i
l—2p 90— — 24

1+ X2y S T2+ X1+ t

<Tio+xi1 + t

R .
=T+ Tt—1 + Tt
-z 0 i — w1 — 4

=Ty + Ty—1 + Tt
So, (5) is true. This implies that A(E—2)¢—1),T) < M Eyit—2-4), 7). In what
follows, we divide the rest of the proof into three cases: a = 2i+ 1, a = 2i 4 2,
and a > 27 + 3.

We first consider the case that a > 2i + 3. By Remark 3.5(b), we have
Tl =Xy =+ = Ty_q-o4; and Ty_o_; = --- = x3_3. Hence A(Cs,T) —
MG, Z) = i(xp—o_;xt—oxs — T124—12¢). Also by Remark 3.5(b), we have
A(E (t—2—4), T)

A By (t—2—4), T)
(w1 + 2p—2)74

MEr(1—2-4),T)

Tl = Tt—2—i

=Tp_2—; +

and
A Et—2)\(t-1), T)
AME(—2)(t-1), T)

Tt—2 = Tt—-1
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(Tp—g—i+ -+ Tp—a—14i) T
ME¢—2y(t-1), %)

Recall that a > 2i + 3 and A(E—2)t—1), %) < A(E1¢—2-4),7). We have
Tt—2 — T¢—1 Z Tl — Tt—2—4. Hence

=T¢—1 +

MC3.m, ) = MG, T) = i(T4—0—iTs 2T — L1204 174)

= i[@p—0—i(Ti_2 + T4—1 — T4—1)Tt — T1T4—1T¢]

Y

[2r—o—i(@Tp—1 + T1 — Tp—2—i) Tt — T1T4—1T4]

W(@p—o—i — Tp—1) (X1 — T—2—4) T4
(9) 0.
Therefore A(C3,m) > A(Cs m, Z) > MG, Z) = A(G) in this case.
Next, we consider the case that a = 2i + 2. Let
G = GU{(t —2—=9)(t—=2)t}\{(t —4—9)(t — 1)t}

Then A(G') < A(Cs,,) by the case a = 2(i — 1) + 4. (Note that G’ = Cs.,,
when i — 1= So it is sufficient to prove that A(G) < A(G'). Clearly,

Y

0.)
(10) MG, Z) = NG, %) = Bp—o0—iTi—2Tp — Ty—a—iTi—_1T4

= Tt—2—iTt—2T¢t — T1Tt—-1T¢.
Consider a new weighting § = (y1,v2,...,y:) given by y; = z; for j £t —4—1,
jFEt—2—dand Y4 =244 — 0, Ys—2—; = Tr_2—; + 9. Then
NG 1) — NG, 7)
= 0NE{ oy B) = MEB{_y_i D) = O’ NE(_4_iy(1—2-i), T)
= (5(:13,5_4_1' - xt—Q—i)A(EEt74—i)(t72fi)’f) - 52)‘(E2t74—z‘)(t—2—i)af)-
Let § = #=2==2=2=t Clearly, § = (y1,¥2,---,¥¢) is also a feasible weighting
for G and
NG j) — MG, 7)
(%&—4—1’ — Tt—2—

)? L
= 4 )‘(Ezt747i)(t72fi)’$)

2
T1 — T—2—i -
(11) - %)\(El(tdii),x)_

Let Z = (z1,22,...,2) given by z; = y; for j #¢t -2, j#t—1 and z_o =
Yt—2+ 1, z2t—1 = yt—1 — 1. Then

MG, 2) = MG, 5)
= U[A(ng%g) - A(Eéfl,g)] - 772>‘(/E(t—2)(t—1);g)
= N(Yr—2-iYt + Ye—3—iYt + Ye-a—iVt) — Ye—2 — Ye—1)ME(1_2)y(1—1)> 9]
(12) - 772)\(13&72)@71),@-
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Let

(Yp—2—i + Yt—3—i + Yt—a—i)yt — (Yt—2 — yt—1))\(EEt,2)(t,1)a§)
QA(EEt72)(t71)’ v)

(T—o—i +2t-3-i + T ai)v — (T4—2 — 1) MEp—2)4-1), T)
2AN(E(t—2)(t—-1), %) '

’]7:

By Remark 3.5(b), we have

Tt—3—ilt
13 Big = Dpq + 3T
(13) 2T T M E a1, D)
Hence, n = W and Z = (21, 29, ..., 2¢) is also a feasible weighting
for G and
. )2 .2
(1) NG2) M@ ) = st oo

ANE(—2)(t—1), )
By Remark 3.5(b), we have
Ty—2T¢ + Te—12¢
15 T = By_i_g + 22Tt T Be1Tt
(15) N AT
Combing (10), (11), (14), and (15), we have
MG, 2) = NG, T)

(x4—2 + x4_1)%27 + (#1—2—i + Te—4-i)?af
4)\(E1(t,i72),f) 4)\(E(t72)(t71)af)

= T2 Tt—2%t — T1XTt—1T¢ +

Tt—2Tt + Ty—1T¢

A By (t—i—2), T)

(Tr—2 +@-1)*a7 | (Tp—2-i +2-a-4) a7

= [z1 — lzi—omy — T2 24

+ ¥ —
ANE1(1—i—2),T) ANE—2)(t—-1),T)
2
T
> "t A B B - V2 g2
= 4/\(E1(t—i—2),f)[ (o + @p—1)@p—2 + (Te—2 + 21-1)° + 4a}_,)]
2
R - S Y
B 4)‘(E1(t7i—2),f) (Tt—2 — x4-1)

> 0.
Hence A(G') > M(G',2) > MG, %) = A(G) in this case.
What remains is the case that @ = 2¢ + 1. Let
G =G J{t—2—-i)t—2)t)\{(t—3—i)(t - 1)t}.

Then A(G”) < A(Cs,y,) by the case a = 2(: — 1) + 3. (Note that G’ = Cs
when ¢ — 1 =0.) So it is sufficient to prove that A(G) < A(G”). Clearly,

MG", @) = NG, &) = &40 iTp_o®t — Tp_3_iT4—124

(16) = Tt—2—3Tt—2Tt — T1Tt—-1T¢.
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Consider a new weighting @ = (u1, ug, ..., u;) given by u; = x; for j # t—2—1,
jFt—3—tand up_9_; = T4—o—; + @, Us_3_; = Ty—_3—; — . Then

1 = 1 = 1! =
MG", @) = MG", %) = a(zi-3-i — Be—2-i) M E[G_3_5(1—2—i)> T)
2 " =
—a /\(E(t—3—i)(t—2—i)’z)'

Let o = =222t Clearly, @ = (u1,us, ..., u) is also a feasible weighting
and

NG", @) — NG, )

($t7i73 - $t727¢)2 —
= 4 A( 22—3—1')(15—2—1'),5”)

2
Tl — Tt—2—i —

(17) = (1+2)/\(E1(t—2—i),$)-

Let ¢ = (v1,v2,...,v;) given by v; = u; for j #t—2,j #t—1 and vy_o =

Us_o + 5, v4_1 = uz—1 — B. Then

)‘(Gﬁa v) - )‘(G//a i) = ﬁ[)‘(Egl—Qa ) — )‘(Egl—la )] — ﬁQ)‘( g;—Q)(t—l)aﬁ)
(18) = ﬁ(ut_g_iut + ut_g_iut) — ﬂQ)\(E&_Q)(t_l), ’LT)

Let 8 = u;;\@ii;i:i*%ut Clearly, 8 < us. Hence, ¥ = (v1,va,...,v) is also a

feasible weighting for G and

"o v (U + up—3—)?uf (o + x4_3-)%aF
(19) MG",7) = NG, @) = 4)‘(E&72)(t71)aﬁ) = DBy i
By Remark 3.5(b), we have x;_o = 41 and
2Ty 174
(20) T1 = Tp_o_i + m
Combing (16), (17), (19), and (20), we have
MG, 7) - MG, T)
= Tt iTt—2Tt — T1T4-1T¢ + (z-3-i + @1gi) 0y Tio10t
ANE—2)(t—1), ) M E1(t—2—4), T)
o 2a7 gaf (219 +w1-3-)°a} x7_q
A By (t—2—4), T) ANE(—2)(t—1),T) A By (t—2—4), T)

Y

0

since A(E—2)(t-1), T) < M E1(t—2-i), ). Hence \(G") > M(G",2) > NG, 7) =
A(G). This completes the proof of Lemma 4.15. O

Proof of Lemma 4.16. By Lemma 4.15, A(G') < A(Cs,,). So it is sufficient
to show A(G) < A(G'). Let & = (z1,22,...,2) be an optimal weighting for
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G satisfying 1 > a9 > -+ > x¢ > 0. By Remark 3.5(b), ;2 = z;_3 and
Ti—1 = x¢. Hence
(21) )\(GI, f) — )\(G, f) = (.Tt_g — xt—4)$t—2$t—1-
Consider a new weighting §¥ = (y1,¥2,...,y:) given by y; = z; for j # t — 4,
jFt—3and ys—g = Tt—4 — 6, Yt—3 = x4—3 + 6. Then
/\(G/, 9) - )\(G’, T) = 5[)\(E£_3, T) — )\(Eé—mf)] - 52/\(E£t—4)(t—3)7g>
(22) = (21— 24-3) M E{s_ay(1-3)> T) — S ME(1_a(s—3) F)-

Let 6 = Z=2=2_ Clearly, ¥ = (y1,¥2,...,y:) is also a feasible weighting for
G. Also note that /\(Ezt_4)(t_3),f) = ME(t—1)(t—3), 7). Hence

_ 2
NG - @7 = et

_ T $t—3)2
4
Let Z = (z1,22,...,2¢) begivenby z; = y; fori #t—1,i # tand 21 = yr_1+n,
zt =y —n. Then
/\(G/a 2') - /\(G/a g) = 77[/\(E£717 Zj) - )\(Eé, Zj)] - 772)‘(E£t—1)t7 Zj)
= N(Yt—3Yt—2 + Yr—aYr—2) — UQ/\(EE,:_W, ¥)
(24) = n(xi-s—2 + T—axi—2) — PN E(1—1), T)

ME(—ay(t-3) T)

(23) ME(t—1y(t—3), T)-

inview of yp—4+ys—3=Tt—4+x4—3, Yr—o=a1_2 and )‘(Ezt—l)t’ )= )‘(E(tfl)ta Z).

Let n = “’ii@tﬁ;‘g”- By the condition of |[E(G)AE(C3,,)| = 4 we have

{1,2} € E_1y, so

IN

n
Applying Remark 3.5(b), we have
AMEg—2)\t, %)
AME -2y, T)

(Tp—g + -+ x3)T01
-2 —wp 1 — 242 — 243

Ti—2 = Ty +

<x+

< xp T
(25) = 2.

So #2 < x;. Recall that n < 52, Therefore, n < x;. Hence, 7 =

(21, 22,...,2¢) is also a feasible weighting for G’, and

(@p—a + $t73)2$%_2

2 MG, 2) — NG, §) = -
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By Remark 3.5(b), we have

224914

27 Tp—g =Tp—3 + .
@7) ! ! ME—ay(t—3),T)

In addition,
ME(t—a)(t—3),T) — ME(¢-1y¢, )

> —apg—wi-3) — (1 —@pmg — Tp3 — T4—0 — Tp—1 — T¢)
(28) > 0.

Combing (21), (23), (26), (27), and (28), we have
MG, 2) = NG, T)

_ (24—4 — -3’ N Ep—a)(t-3), F) (W1 + 24-3)%x7_, B 2x7 a7
4 ANE—1yt, T) A E(t—1)(t—3), T)
x7 0w} (14 + me-3)%a7 5 2a7 o}

ME¢—1)(t—3),T) ANE—1y,T) ME¢—1)(t—3), T)
> 0.

Hence A\(G) = MG, %) < MG, 2) < XMG). O

Now we continue the proof of Theorem 4.1. By Claim 4.12, we have k < t+1.
If k < t, then Lg(H) < Lg([t]®) < Lg(Cs,) since [t]) C Cs5,,. Assume that
k =t+ 1. Using Lemma 4.9 and Lemma 4.11 and recalling that 5 >t —1 we
have

m =Bl =|ENk— 1% +[k - 2® N Bl + [Eg_1)]
k—1 k—2 k—2 b
> () -+ () Tt v
t t—1 t—1 b
()3

(29) <§)+<t21>+b2.

Since H is left-compressed, this implies that |E(H)AE(Cs,,)| < 4. Hence
Lg(H) < Lg(Cs,,) by Theorem 4.13. We complete the proof of Theorem
4.1. (]

We now prove Lemmas 4.9-4.11. The basic idea in the proof of these lemmas
follows from a result given by Talbot in [11]. We remove a vertex and related
edges from H and give the weight of this vertex to another vertex. We then
insert some other edges to H and check two conditions: (i) the total weight of
the 3-graph has not decreased; (ii) the number of edges we have added does
not exceed the number previously removed.
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Proof of Lemma 4.9. Since FE is left-compressed, then E; := {1,...,i — 1,7+
1,...,k}(2) for 1 <4 < b, and B\ ; = 0 for 1 < i < j <b. Hence, by Remark
3.5(b), we have 1 = 29 = --- = x3,. We define a new feasible weighting 7 for
H as follows. Let y; = x; for i £k — 1,k, yy—1 = xp—1 + z and yx = 0.
By Lemma 3.2(a), Lg(Ex_1,%) = Lg(E), %), so
Lg(H,) — Lg(H,7) = ax(Lp(Ep-1,7) — Lg(Ey, 7)) — i La(E(r—1)p, 7)
= *xiLﬂ(E(k—l)kvf)
= —23 M E(p-1)r: T) = BAEG_ 1)1, D))

k—2
(30) = —bxyx} + fri Z ;.

i=b+1
Since yr = 0 we may remove all edges containing £ from E to form a new
3-graph H® := ([k], E°) with |E°| := |E| — |Ex| and Lg(H®,y) = Lg(H, 7).
We will show that if Lemma 4.9 fails to hold then there exists a set of edges
F C [k —1]®)\ E satisfying

k—2
(31) (1+ BNE,§) > —bwraf + Baf Y |
i=b+1
and
(32) |F| < |E|.

Then, using (30), (31), and (32), the 3-graph H' := ([k], E’), where E’ :=
E° UF, satisfies |E'| < |E| and
Lg(H',§) = Lg(H°,§) + (L + B)NE. §)
k—2

> Lg(H, ) + bxy2s — B Z Z;
i=b+1
= Lg(H,T).

Hence Lg(H') > Lg(H). This contradicts to Lg(H) = ng)m),

We must now construct the set of edges F satisfying (31) and (32). Applying
Remark 3.5(b) by taking i = 1,7 = k — 1, we have

(1+ BMEN (k-1), T) . (1+ BMEN (k-1), T)
Jare - —1 = )
AMEy(k-1), T) = BAET_1y, 7) A By k-1, T)
since Ef,; ;) = ¢. Let C = [k — 2]\ Ej_1. Then A(Ey\(5-1),%) =
Tk Zf:_b%rl z; + M(C, %). Applying this and multiplying bz? to the above equa-

T1 = Tk-1+

tion (note that A(Ey4—1),Z) = Zle#k_l x;), we have

b(L+ B)ad S @i b(1+ B)afA(C, )
k + & :
Zi:2,i7&k—1 i Zi:2,i¢k—1 i

bxlxi = bxk_lxi +
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Since x1 > x9 > - -+ > xy, then

k—2
bl‘lxi — ﬁxi Z z; < (b(l n (1 +ﬁ3€(kig2 — b))
i=bt1
(33) Bk — 2 — b)apyal + LA BITACT)

k—2

Define p := (%] and ¢ := [b(1 + 5252) — B(k — 2 — b)]. Note that ¢ =
[b(145252) — B(k—2—b)] < k—2since b < k—2. Let the set /| C [k—1]®\E
consist of the p heaviest edges in [k —1]®)\ E containing the vertex k — 1 (note
that |[k — 2] \ E_1| = |C| > p). Recalling that yy_1 = x_1 + 21, we have

(14 Bz A(C, %)

(1+B)AU,Y) > b +p(1 + B)ap_122.

k—2
So using (33)
k—2
(34) (1+ BN, ) + B Z x; — bryas > xp_1xi(p(1 4+ B) — q).
i=b+1

We now distinguish two cases.

Case 1: p(1+4 8) > q.

In this case (1+ B)A\(Fi, §) + B Zf:_b2+1 z; —bxizi > 0 so defining F := Fy
satisfies (31). We need to check that |F| < |Eg|. Since E is left-compressed,
then [b]P U{1,...,b} x {b+1,...,k — 1} C E. Hence
b-1+2(k—1-b)] _bk—1)

2 - 2
since b < k — 2. Since C C [k — 2], we have |C] < (k;2). Note that
|F|=p= [%] Using (35) we obtain

b(k — 3)
2

So both (31) and (32) are satisfied.
Case 2: p(1+ ) <q.

Suppose that Lemma 4.9 fails to hold. So |[k—1]®)\E| > (’ﬁ_;;] +12> H%ﬂ

Let Fy consist of any (Hq%(ﬂlﬂg)] edges in [k —1]®) \ (E U F}) and define
F := F1 UF,. Then since (14 S)A(F2, %) > (1+5) (%(Blﬂg)]xifl and using
(34),

b
(35) |Ey| >

b(k —

1)
< |ELl.
5 < | Ex|

[Fl<T

1<

k—2
L+ BAED) + B3 Y @ —baraf
i=b+1

> o2 (p(1+ 8) — q) + (L4 B) [P T E)y

1+/B 'Tk71>0'
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So (31) is satisfied. What remains is to check that |F| < |Eg|. In fact,

1+g¢q b(k—1)
Fl=—1<1 <k-1<—=<IE
Fl= gl < 1+a<k—1< 52 <1
when b > 2. If b =1, then,
14+4¢ bb—1+4+2(k—1-0)]
Fl=[—=1<3<k-2= <|FE
Pl = [a1 <3< , < B

since k > 5 (Lemma 4.9 clearly holds for k¥ < 4). This completes the proof. [

Proof of Lemma 4.10. We use the notations from Lemma 4.9. If Lemma 4.10

: b1+ UEBE20) ) _g(k—2-b)
fails to hold, then |C| = |[k=2)\Ey—1| > [25]+1 > T

We again construct a new set of edges F' C [k — 1]\ FE and need to check that
F satisfies (31) and (32). Let F consist of all edges in [k — 1]\ E containing
the vertex k — 1 (So F = C x {k —1}). Then, since yx—1 = Zr—1 + Tk,

1+ BAEY) = A+ B)(@r—1 + zx)A(C, T).

Using (33) we have

k—2
(1+ BNE§) — baraj + Ba Y > — (b(1+ 1+ BL(I:, 2-b),
i=b+1

— Bk —2—1b))xp_177
b
In order to show that (31) holds it is sufficient to show
1+ B)(k—2-0)
k—3

(2 — )(1+6)|C|>b(1+( ) — B(k —2—b).

k—2

This follows from

b(1+ THOE2Z0y gk — 2 — b)
(2 - 5%)(1+5)

C] = [Ik = PN\ Ej—a| >

For (32), by Lemma 4.9, we have

b(1+ 5232) — Bk — 2 —b)1
148

b(1+5250)— B(k—2-b)
= 1< |BW.

Hence F satisfies (32). So, we may construct a new 3-graph H’ with at most
m edges but Lg(H) < Lg(H'). This contradicts to Lg(H) = ng)m)' Hence

= U\Ema] <[5

This completes the proof. ([

P < Ik = \E| < [

and in the proof of Lemma 4.9 we have show that [
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Proof of Lemma 4.11. Since E is left-compressed, then F; :={1,...,i — 1,7+
1,...,k}® for 1 <i <b,and Ej; =0 for 1 <i < j < b. Hence, by Remark
3.5(b), we have x1 = 22 = -+ = 1.

We define a new feasible weighting 2’ for H as follows. Let z; = z; for
’L7é k—1,k z_1=0and 2z = x_1 + k.

By Lemma 3.2(a), Lg(Ex—1,%) = Lg(Ek, T), so

Lg(H,2) — Lg(H, %) = x1(Lg(Ex—1, %) — Lg(Ex, ©)) — 271 Lg(E—1), ©)
= —aj_1 La(Eg—1)x, T)
= _mi—l[)‘(E(k—mkaf) - BA(E(Ck—l)kaf)]

k—2
(36) = —briri_y + Bri_, Z ;.
i=b+1

Since zx—1 = 0 we may remove all edges containing k—1 from E to form a new
3-graph H* := ([k], E*) with |E*| := |E| — |Ex| and Lg(H*,¥) = Lg(H, ).
By Lemma 4.10, we have
b
k—1)\E| < [—=].
[k~ U\ <[]

Hence

k—2 b k—2
Bl =1k =2 B+ el = (7 %) T +02 (7).

If b = k — 2, Lemma 4.11 clearly holds. Next we assume b < k — 3. We
will show that if Lemma 4.11 fails to hold, then there exists a set of edges
G c{1,2,....,k—2,k}® \ E satisfying

k—2

(37) (1+ BNG, 2) > —bxrag + Bz} >
i=b+1
and
k—2
(38) o= ("),

Then, using (36), (37), and (38), the 3-graph H' := ([k], E’), where E’ :=
E* UF, satisfies |E'| < |E| and
Lg(H',Z) = Lg(H*,Z) + (1 + B)A(F, 2)
k—2
> Lg(H,2) + bxya; — Bri Z Z;
i=b+1
= Lg(H,T).

Hence Lg(H') > Lg(H). This contradicts to Lg(H) = ng)m).
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We must now construct the set of edges G satistying (37) and (38). Applying
Remark 3.5(b) by taking i = 1,7 = k, we have

A+ OAEND) (4 HAE, T)
ME, 7) — BA(Ef @) A E1x, T)

xr1 =T +

since Ef, = ¢. Let D := [k — 2] \ By. Then A(Ey\x, ) = @51 Y iy Ti +
A(D, 7). Applying this and multiplying bz?_, to the above equation (note that

A By, ) = Zi':; x;), we have

b(L+ B)a}_y S i N b(1+ B)z2_,\(D, T)

bxlzi_l = bzi_lxk +

E—1 k-1
dico T Dico T
Since x1 > x5 > --- > xy, then
k—2
1+8)b(k—2-0
briry_, — Bri_y Z z; < baj_ywp + ( ﬂ)k(_ 3 )wi_l
i=b+1

— Bk —2-b)zi_,
k—2 '

Let G consist of those edges in {1,2,...,k — 2, k}®\F containing the vertex
k. So

+

Suppose that Lemma 4.11 fails to hold, then |D| > (ﬁ] +1land (1+5)|D|(1—
25) + Bk —2-b) > %. Therefore

k—2
1+ BNG, Z) = brra}_ + By Y
i=b+1

> (1 + ) T5] + 1)~ bowcaet

b
+ (14 I = )iy + Bk —2 = bz,

(1+B)b(k—2— b)x3
k—3 k—1
b
> (14 B)IDI(1 = —5)aiio1 + Bk —2 = b)aii_,
(1+ B)b(k —2—b)
— 3 3 >0.
Hence (1+B)AN(G, Z) > —bxya% + P’ Zi.:bQH z; and so (37) holds. So, we may
construct a new 3-graph H' with at most m edges but Lg(H) < Lg(H'). This
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contradicts to Lg(H) = Lgﬁ)m) Hence
b
1+
This completes the proof. (I

Ik — 2] N\ Ey| < [

4.2. Proof of Theorem 4.2

Proof of Theorem 4.2. (a) Clearly Lg(H) > Lg([t]®®) since H contains K.
Let & = (x1,2,...,2¢4+1) be an optimal weighting for H satisfying z1 > x9 >

- > @1 > 0. If 241 =0, then Lg(H) < Lg([t](g)). Assume that x411 > 0
we need the following lemma.

3

Lemma 4.17. Let H be a 3-graph on the vertex set [t+1]. Let ¥ = (21, 22, .
Zi41) be an optimal weighting for the graph-Lagrangian of H satisfying 1
Tg > o0 > w441 > 0. Then x1 < xp—1 + @ + 241 or Lg(H) < ANH)

L < M) = Le(1®).

Proof. f x1 > xy—1 + ¢ + 441, then 221 + 20+ -+ -+ 243+ 42 > 1 + 22+
ot 2o+ 1 +xr+ 2441 = 1. Recalling that 1 > 9 > -+ - > 42, we have
21 > 7. By Lemma 3.2(a) (set 8 =0),

1 1 (11— 12
AH) = SA(E1,>_3<)< : )6@

ATV &

1(t-2)t-1)

- 2 T A([O).

S (1)
The first inequality follows from Theorem 2.2. Hence =1 < xy—1 + ¢ + 441 O
Lp(H) < MNH) < A([{]®) = Lg([t]®) holds. 0

Now we continue the proof of Theorem 4.2. Let H' = [t + 1]®) \ {(t —
1)t(t + 1)}. Without loss of generality, we can assume that H C H’ since
m < (tgl) — 1. By Fact 2.3 Lg(H) < Lg(H'). Let ¥ = (y1,Y2,---Yt+1)
be an optimal weighting for H’ satisfying y; > yo > -+ > 341 > 0. By
Remark 3.5(b), we have y3 = yo = -+ = y—2 and y—1 = ¥ = Ye41. I
yir1 = 0, then Lg(H,7) < Lg([t]®). Assume that y;; > 0. By Lemma

o2
417, if y1 > yi—1 + Y + Ye+1 = 3y, then Lg(H') < MH') < %((ij))t <

A[t]®)) = L([t ](3))- Assume that y1 < y—1 + Y + Y41 = 3ye+1. Hence
Yes1 > sy1 > 3(t+1) Recalling that 8 > 27(}) — 1, so
Lg(H' ([t+1](3)\{(t—1) tt+1)}9)
= Lp([t + 1P, ) — (1+ B)tr—19eye41
< La([t + 1](3)) — (L4 B)yt—1ytye+1

(%)@ Wz
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= (3) 7 = Lalla®),

Clearly, the vector & = (x1,22,...,2Zn), given by z; = % if ¢ is a vertex in
a fixed maximum clique and x; = 0 otherwise, is an optimal weighting. This
completes the proof of part (a).

(b) Let & = (x1,22,...,2:+1) be an optimal weighting for H satisfying
Ty > a9 > -0 >y > 0.0 I ayy =0, Le(H) < Lp([t]®) since H does
not contain [t](®). Since H does not contain a clique of order ¢, [{1,2,...,t —
Lt +1}ONE| > 1. Let F = [t]®\E and H' = H|JF, then H’' has at most
(H;) — 1 edges and Lg(H) = Lg(H,%) < Lg(H', &) < Lg(H'). By Fact 2.3,
we can assume H' = [t + 1]\ {(t — 1)t(t + 1)} without loss of generality. We
have proved that Lg(H') = Lg([t]®) in part (a). Hence Lg(H) < Lg([t]®).
This completes the proof part(b). O

4.3. Proof of Theorem 4.3

(3)
Denote L(ﬂ’mi

taining K} }. We give the following remark.

)= max{Lg(H) : H is a 3-graph with m edges and H con-

Remark 4.18. Let m and t be a positive integers satisfying (;) <m< (tgl) —
1. Let 8 > 0 be a constant. Let H be a left-compressed 3-graph with m
edges containing a clique order of ¢ such that Lg(H) = LEZ),m,t)' Let & =
(x1,22,...,2,) be an optimal weighting for H and k be the number of non-
zero weights in #. Then the results of Lemmas 4.9, 4.10 and 4.11 also hold.
The proofs are similar to the proofs of Lemmas 4.9, 4.10 and 4.11. So we omit
the details here.

Proof of Theorem 4.3. Let m and t be integers satisfying (é) <m< (t‘gl) —1.
Let 8 > 27(;) —1 be a constant. Let H be a 3-graph with m edges containing a

clique order of t. We can assume that Lg(H) = LEZ),m,t)v i.e., H is an extremal
graph. We can also assume H is left-compressed. Otherwise if H is not left-
compressed, performing a sequence of left-compressing operations we will get
a left-compressed 3-graph G. The order of its maximum complete 3-graph is
still ¢. By Lemma 3.4 G is also an extremal graph. Since H contains [t]®) we
have Lg(H) > Lg([t]®). Next we prove that Lg(H) < Lg([t]®).

Let & = (x1,x2,...,x,) be an optimal weighting for H and k be the number
of non-zero weights in #. By Remark 4.18 and Claim 4.12, we have k < ¢+ 1.
Hence Lg(H) = Lg([t]®®) by Theorem 4.2(a). O

4.4. Proof of Theorem 4.4

Denote LEZ):” b = max{Lg(H) : H is a 3-graph with m edges and H not
containing K} }. The following lemma implies that we only need to consider

left-compressed 3-graphs when Theorem 4.4 is proved.
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Lemma 4.19. Let m and t be positive integers satisfying (;) <m< (t'gl) —1.
Let 8 > 27(5) — 1 be a constant. Then Theorem 4.4 holds or there exists a

left-compressed 3-graph H with m edges not containing K} such that Lg(H) =

(3)—
L g.m.1):

Proof. Let H be a 3-graph on the vertex set [n] with m edges not contain-
ing K such that Lg(H) = Lgﬁ)m 4> e, H is an extremal graph. Let # =
(x1,29,...,2,) be an optimal weighting of H. We can also assume that
Ty > X > - 2> T > Tkl = - = T = 0 since otherwise we can just
relabel the vertices of H and obtain another extremal graph not containing K}
with an optimal weighting & = (21, x2, ..., x;) satisfying 1 > x9 > -+ >z >
Tpp1 =+ =ax, = 0. If K <t+1, then Theorem 4.4 holds by Theorem 4.2(b).
Hence we assume k > t + 2. Next we obtain a new 3-graph H’ from H by
performing the following:

(1) If (t—2)(t—1)t € E(H), then there is at least one triple in [t]*)\ E(H)
since H does not contain K. We replace (t—2)(t— 1)t by such a triple.
Denote the new graph as H'.

(2) If an edge in H' has a descendant other than (t—2)(t— 1)t that is not in
E(H'), then replace this edge by a descendant other than (¢t —2)(t—1)t
with the lowest hierarchy. Repeat this until there is no such an edge.

Then H' satisfies the following properties:

(1) The number of edges in H' is the same as the number of edges in H.

(2) La(H) = Ly(H, %) < La(H',&) < La(H').

(3) (1~ 2)(t~ Vi ¢ E(H)

(4) For any edge in E(H'), all its descendants other than (¢ — 2)(t — 1)t
will be in E(H').

If H' is not left-compressed, then there is an ancestor wow of (t — 2)(t — 1)t
such that wvw € E(H'). wvw must be (¢t — 2)(t — 1)(t + 1) or an ancestor
of (t —2)(t—1)(t+1). Hence (t —2)(t — 1)(t + 1) and all descendants of
(t—2)(t —1)(t+ 1) other than (¢t — 2)(t — 1)t will be in E(H’). Let ¢ be an
optimal weighting for H’. We can assume that g has at least ¢ + 2 positive
weights. Since otherwise Lg(H,#) < Lg(H',%) < Lg(H', ) < Lg([t]®®) by
Theorem 4.2(b). This confirms Theorem 4.4. Without loss generality, we can
assume the first ¢ + 2 weights of ¢ are positive. By Lemma 3.2(a) and the
structure of H', 1(t + 1)(t + 2) € E(H'). Hence all triples in the form of
1j(t+2) (where 2 < j <t+1). So

m > <t§1>(t1)1+t<t§1)

which contradicts to (;) <m< (H;) —1.
So we can assume that H' is left-compressed. Clearly H' does not contain
[t]®). Since H’ is left-compressed, then H’ does not contain a clique of order
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t. Therefore we get a left-compressed extremal graph. Hence we can assume

that H is left-compressed. This completes the proof of Lemma 4.19. (]
We also need the following remark in the proof of Theorem 4.4.

Remark 4.20. Let m and t be a positive integers satisfying (;) <m< (tgl) —
1. Let 8 > 0 be a constant. Let H be a left-compressed 3-graph with m

edges not containing a clique order of ¢t such that Lg(H) = ng)r_n B Let
Z = (r1,22,...,2,) be an optimal weighting for H and k be the number of

non-zero weights in Z. Then the results of Lemmas 4.9, 4.10 and 4.11 also hold
or Lg(H) < Lg([t]®) holds. The proofs are similar to the proofs of Lemmas
4.9, 4.10 and 4.11. So we omit the details here.

Proof of Theorem 4.4. Let m and t be integers satisfying (é) <m< (t‘gl) —1.
Let 8 > 27(;) — 1 be a constant. Let H be a 3-graph with m edges not
containing a clique of order t. We can assume that Lg(H) = ng)y;,t)’ ie, H
is an extremal graph. By Lemma 4.19 we can assume H is left-compressed.
Let & = (x1,x2,...,2,) be an optimal weighting for H satisfying x1 > x5 >
<> 2, > 0 with k positive weights. If Lg(H) < Lg([t]®®), then Theorem 4.4
holds. Otherwise by Remark 4.20 and Claim 4.12, we have k < t 4+ 1. Hence
Lg(H) < Lg([t]®) by Theorem 4.2(b), i.e., Theorem 4.4 holds. O

4.5. Proof of Theorems 4.6 and 4.7

The following lemma implies that we only need to consider left-compressed
3-graphs when Theorems 4.6 and 4.7 are proved.

Lemma 4.21. Let m andt be positive integers satisfying (;) <m< (g)—k(t;l)
Let B > 0 be a constant. Then Theorem 4.6 and Theorem 4.7 hold or there
exists a left-compressed 3-graph H with m edges not containing [t](g) such that

—_ 7 3=
Lg(H) = L(Bm,t)'

Proof. Let H be a 3-graph on the vertex set [n] with m edges not contain-
ing K} such that Lg(H) = L®~ e, H is an extremal graph. Let & =

(ﬁ7m7t)7
(x1,2,...,2,) be an optimal weighting of H satisfying x1 > x9 > -+ > 3 >
Tge1 = -+ =x, = 0. If k£ > ¢+ 2, then use the same method in the proof

of (L)emma 4.19 we can obtain a left-compressed extremal graph not containing
],

If k < t, since H does not contain K}, we have m < (é) — 1. If H is not
left-compressed, performing a sequence of left-compressing operations, we will
get a left-compressed 3-graph H' with m edges. Since m < (;) — 1, H' does
not contain [t]®). By Lemma 3.4 H’ is also an extremal graph.

Hence we only need to consider k = ¢ + 1. Next we obtain a new 3-graph H'
from H as we did in the proof of Lemma 4.19.

If H' is not left-compressed, then there is an ancestor uvvw of (t — 2)(t — 1)t
such that wow € E(H'). We claim that uvw must be (t — 2)(t — 1)(¢t + 1).
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Otherwise uvw = (t — 2)t(t + 1) or uwvw = (¢t — 1)t(t + 1), then m > (Hg:l) _
2> () + (*3"). This contradicts to m < (£) + (*3'). Hence uwvw must be

(t—2)t—1)(t+1). Since m < (;) + (tgl) and all the descendants of wvw
other than (¢t —2)(t — 1)t of an edge in H' will be an edge in H’, then there are
two possibilities.

Case 1: H = ([t]®\{(t —2)(t — )t} U {ij(t +1),ij € [t — 1]},

Case 2: H' = ([t]3\{(t—2)(t—D)t})U{ij(t+1),ij € [t—1]PJu{1t(t+1)}.

We will show if these two cases happen, then Theorems 4.6 and 4.7 hold.
Note that ([£])\ {(t — 2)(t — 1)£}) U{ij(¢+1),j € [t — 1]} C ([ {(t
2)(t—D)tHu{ij(t+1),ij € t—1]@P}u{1t(t+1)}. So it is sufficient to assume
H' = ([{]ON\{(t—2)(t—1)t})U{ij(t+1),ij € [t—1]P}U{1t(t+1)} and show that
Lp(H', %) < Lg([t]®) since then Lg(H) = Lg(H,7) < Lg(H',%) < Lg([t]®),
i.e., Theorems 4.6 and 4.7 hold.

Let H* = [t]®U{ij(t+1),ij € [t—1]PYUu{1t(t+1)I\{(t—2)(t—-1)(t+1)}.
Then Lg(H',¥) < Lg(H*,¥) since 1 > xg > --- > x441 > 0. Note that
H* contains [t]® and the number of the edges in H* is (;) + (tgl). Hence
Ls(H*) = Ls([t]®®) by Theorem 2.16. We claim & is not an optimal weight
for H*. So Lg(H*,Z) < Lg(H*) = Lg([t]®®). To show this we prove that an
optimal weighting for H* must have ¢ positive weights which contradicts to
Z has t + 1 positive weights. Clearly, the optimal weighting for H* has at
least t positive weights. Let ¥ = (y1,¥2,...,yt+1) be an optimal weighting for
H*. Note that H* is left-compressed. Hence §¥ = (y1,¥s2,...,Yys+1) satisfies
Y1 > Y2 > - > Y41 > 0. Suppose yir1 > 0 for a contradiction. Let
G = H*\{1t(t+ 1)} U{(t — 2)(t — 1)t}. Since G contains [t]*) and the number
of the edges in G is (§) + (*3"), we have Lg(G) = Ls([t]®®) by Theorem 2.16.
Clearly,

(39) Ls(G,§) — Lg(H", ) = yr—2Yt—1Yt+1 — Y1YtYe+1-
Using Remark 3.5(b), we have

(1+B)(y2 + -+ yt—1)Yt1
40 =y + <yt (1+ ,
(40) = Y2+ F Yi—1 + Y41 ve Byt

(14 B)(Yt—1 + Y1) Y41

41 - — + )
(41) YL= b2 Y2+ FY—3 + Yt—1 + Yt + Y41
and

1+ oy
(42) Yoot = e + (1+8)(y2 Ye=3)Yer1

Y1+ Y—2 — Byt
Combing (40), (41) and (42), we have

(43) 0<y1 —y—2 <Yp—1— Yt
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for t > 6 (We have y;—oyi—1yt+1 — V1vtyr+1 > 0 for ¢ < 5 by a direction
calculation). Applying (43) to (39), we have

Lg(G,9) — Lg(H", ) = ys—2Yt—1Yt+1 — Y1YtYtt1
= [(ytfl - yt)yt72 - (yl - yt72)yt]yt+1
> (y1 — Ye—2)Wi—2 — Ye)Ys+1 >0

for y;41 > 0. Hence Lg(H*,4) < Lg(G,§) < Lp([t]®) = Lg(H*). This
contradicts to ¥ is an optimal weighting for H*. Hence y;11 = 0.

So we can assume that H' is left-compressed. Clearly H' does not contain
[t]®). Since H' is left-compressed, then H’ does not contain a clique of order
t. Therefore we get a left-compressed extremal graph. Hence we can assume
that H is left -compressed. This completes the proof of Lemma 4.21. O

Proof of Theorem 4.6. Let m and t be a positive integers satisfying (;) <m<

(é) + (tgl) — %(%] Let 8 > 0 be a constant. Let H be a 3-graph with

m edges not containing a clique order of ¢ such that Lg(H) = LEZ); o Let

Z = (x1,22,...,%,) be an optimal weighting for H and k be the number of non-
zero weights in Z. By Lemma 4.21 we can assume that H is left-compressed and
Ty > Xy > > T > Tyl = -+ = &p = 0. So there is an edge e containing

both £ — 1 and k£ by Lemma 3.2(a). Recalling that H is left-compressed, we
have 1(k — 1)k € E. Let b := max{i : i(k — 1)k € E}. If kK < t, then
Lp(H) < Lg([t]®). Hence we assume k > ¢ + 1. By Remark 4.20 and Claim
4.12, we only need to consider the case of k = t+ 1. Now we need the following
lemma.

Lemma 4.22 ([22]). Let H be a 3-graph on the verter set [t + 1]. Let & =
(x1,22,...,2¢41) be an optimal weighting for the graph-Lagrangian of H satis-
fying x1 > 29 > -+ > 2441 > 0. Then 1 < xp—o + x4—1 or A(H) < %((i:?)t <
().

Let D = [t]®\E. Also let b = |E;11)| with a little notation abuse. By

Lemma 4.11 and Remark 4.18, we have |D| < (%] So U%J < b and

the triples 1¢(t + 1),..., [21j¢(t + 1) are in H. Let H' = H|JD\{1t(t +

1,0, L‘—?‘Jt(t +1)}. By Lemma 4.9 and Remark 4.18, we have |D| < (%1
So

1| = |H|+ D] - |
t t—1 1. t-1 t—1 1. t-1
<(3)+ (") - artms) 1+ gl ol !

)+ ("

Note that H' contains [t]®). By Remark 2.15, we have Lg(H',¥) < Lg(H").
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Next we show that Lg(H,Z) < Lg(H',Z). By Remark 3.5(b), 1 = x2 =
c =@ IEAH) < A([t]®), then Lg(H) < Lg([t]®®) and Theorem 4.6
holds. Otherwise we have x1 < x;_2 + x;—1 by Lemma 4.22. Hence

Ly(H'. %) ~ Ly(H.5) = (1+ AOD.7) - Do)
> (1+B)(|D]|xs—2wi—12s — L%watztﬂ)

D
> (14 B)(|D]|wi—2zi—121 — L%J (Tp—2 + Tp—1)Te&e41).

Recalling that 1 > z9 > --- > 2441, we have

D
|D|zi—oxi—12t — | =] (2t—2 + Te—1)TeTeq1 > |D|xp—2xi—12¢ — |D|i—2xi T 41

2
> 0.

Hence Lg(H, %) < Lg(H', %) < Lg([t]®) = A([t]®). This completes the proof
of Theorem 4.6. O

Proof of Theorem 4.7. Let m and t be a positive integers satisfying (;) <

m < (;) + (tgl). Let B > t — 4 be a constant. Let H be a 3-graph with

m edges not containing a clique order of ¢ such that Lg(H) = ng)y;,t)' Let
Z = (r1,22,...,2,) be an optimal weighting for H and k be the number of
non-zero weights in #. By Lemma 4.21 we can assume that H is left-compressed
and x1 > x9 >+ > T > Tpy1 = -+ = x, = 0. So there is an edge e contain-
ing both k£ — 1 and k¥ by Lemma 3.2(a). Recalling that H is left-compressed,
we have 1(k — 1)k € E. Let b := max{i : i(k — 1)k € E}. If £ < ¢, then
Lp(H) < Lg([t]®). Hence we assume k > ¢+ 1. Using Remark 4.18 and Claim
4.12, we have k =t + 1.

Clearly b <t — 3, otherwise m > (;) + (tgl) + 1 since H is left-compressed
which contradicts to (;) <m< (;) + (tgl).

By Lemma 4.14, if b < 3, then Lg(H) < M(H) < A([t]®®). Hence we can
assume 4 < b < t — 3. By Remark 4.18, Lemma 4.9 and 4.11 and similar to
(29), we have

w2 ()+(3)- i
() ()

for >t — 4. This contradicts to m < (;) + (tgl). We complete the proof of
Theorem 4.7. O
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5. Concluding remarks

At this moment, we are not able to extend the arguments in this paper to
verify Conjectures 2.5, 2.10, and 2.11 for » > 4. When r > 4, the computation
is more complex. If there is some technique to overcome this difficulty, then
the idea used in proving Theorems 4.1-4.8. can be used to improve our results
much further.

The potential applications of the results in this paper are in the areas of
polynomial optimization, extremal graph theory, and providing heuristics for
the maximum clique problem which has important applications in different
domains.
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