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POSITIVE SOLUTIONS TO p-KIRCHHOFF-TYPE ELLIPTIC
EQUATION WITH GENERAL SUBCRITICAL GROWTH

HUIXING ZHANG AND RAN ZHANG

ABSTRACT. In this paper, we study the existence of positive solutions to
the p-Kirchhoff elliptic equation involving general subcritical growth

(a+)\/ |Vu|pda:+)\b/ lulPde) (—Apu + blulP~2u) = h(u), in RY,
RN RN

where a, b > 0, A is a parameter and the nonlinearity h(s) satisfies the
weaker conditions than the ones in our known literature. We also consider
the asymptotics of solutions with respect to the parameter .

1. Introduction

In this paper, we study the existence of positive solutions to p-Kirchhoff-type
problem

(1.1)
(a+ )\/ |Vu|Pdz + )\b/ [uPdz)(—Apu + bluP~?u) = h(u), in RY,
RN RN

u(z) >0, z € RY, u(z) € WHP(RY),

where a and b are positive constants, A,u = div(|Vu|P~™2Vu), 1 < p < N,
A > 0 is a parameter and the general nonlinearity h(s) satisfies the following
conditions:

. h(s . *
(h1) SETOO Sp,g,)l = 0, with p* = 7\%;

(h2) h € C(R,Ry) with Ry = [0, +00) and lim hs) —o;
s—
(h3) there exists & > 0 such that G(&) = f(fg(s)ds > 0, where g(s) =
h(s) — ab|s[P~2s.
When p = 2 in the problem (1.1), the equation reduces to
(1.2) (a4 A [on [VulPde 4+ Xb [on [u?dz)(—Au + bu) = h(u), = € RV,

The problem (1.2) on a bounded domain  C RY is viewed as the Kirchhoff-
type problem which was proposed by Kirchhoff [15]. Kirchhoff-type problem
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is linked with a generalization of well-known D’Alembert’s wave equations for
free vibration of elastic strings, especially, considering the changes in length of
string produced by transverse oscillations. In addition, the problem (1.2) also
models several biological systems, where u describes a process which depends
on the average of itself (see [1]).

In recent years, Kirchhoff-type problems in R have been studied by many
authors, for example, see [13, 16, 17, 18] and references therein. In [16], Li et
al. utilized a cut-off functional to obtain the bounded Palais-Smale sequences
and proved the existence of a positive solution to the Kirchhoff-type problem
(1.2). Subsequently, in [17], Liu, Liao, and Tang also considered problem (1.2)
under the following conditions:

(g1) h € C(Ry,Ry) with R, = [0 +oo) and lim ¢ hls) — o,

(g92) hm00 2£S)1 =0, with 2* =

S—

2 )

(g3) there exists n > 0, such that H(n) = [ h(t)dt > %Ln?.

The conditions (g1)-(g3) are weaker than the ones in [16]. The result in [17]
covered the asymptotically linear case and superlinear case at infinity.

For the p-Kirchhoff-type problem (1.1), there have been some results. In [9],
Cheng and Dai proved the existence of positive solutions for p-Kirchhoff type
problem under the following assumptions:

(f1) there exists a C' > 0 such that |h(t)] < C([t[P~! + [¢|771) for all t > 0
and some ¢q € (p,p*), here p* pN :

p’
(f2) hm ht) — o,

tP—

(f3) hm Z(t) = 4o00. For more results, we refer the reader to [2, 7, 6] and

the references therein.

In this paper, we are motivated by [9, 16, 17] and study the existence of
positive solutions to the problem (1.1). We will adopt the totally different ap-
proaches with the ones (namely, cut-off functional techniques and monotonicity
methods) in [9, 16, 17] to obtain bounded (PS) sequence. We believe that the
conditions (hy)-(h3) on the general nonlinearity h are almost optimal.

In order to state the results clearly, we introduce some Sobolev spaces. De-
note W1P(RY) be the usual Sobolev space equipped with the norm

full = ([ (7l + blul?) )

and
DY?(RN) := {u e LP (RY); Vu € LP(RN)}

endowed with the norm [ju||p1r = ([ |Vu|pdac . Let W1P(RY) be the sub—
space of W1 P(RY) of radially symmetric functions. [ully = (o~ |u|qu) for
q > 1 with u € L4(RY). C; denote positive constants, i = 1,2,.... S and C,
denote the best constants of Sobolev embeddings D' (RY) — LP* (RY) and
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WLe(RN) < LI(RY),
(1.3) S(fon [ulP"dz)P/P" < [on |VulPda for all u € DVP(RV),

(1.4) Co(fan |u|9dz)P/a < Jan (|Vul|P 4 blu|P)dz for all u € Whp(RN).
The following theorem is the first main result in the paper.

Theorem 1.1. Assume that (h1)-(hg) hold. There exists a constant \g > 0
such that, for any X\ € (0, o), the problem (1.1) admits at least one positive
solution uy.

Remark 1.1. Theorem 1.1 covers the result in [17]. Indeed, when p = 2, Theo-
rem 1.1 is the main result in [17].

Remark 1.2. We easily prove that the conditions (f1) and (f3) in [9] are stronger
than the ones (h;) and (hs) respectively. In this sense, we improve the main
result in [9].

When A = 0 in the equation (1.1), the problem reduces to
(1.5) —alApu + ablulP~2u = h(u), z € RN,

Thw problem (1.5) is viewed as the limit problem of (1.1) when A — 0. We
can now state the second main result in this paper.

Theorem 1.2. If the general nonlinearity h satisfies (h1)-(hs), then, as A — 0,
uy converges to u in WYP(RY), where u is a ground state solution to the
problem (1.5).

Remark 1.3. In order to prove the existence of a ground state solution for the
problem (1.5), the assumptions (h1), (hs) and the additional condition
(hy) there exists some g € (p — 1,p* — 1) such that
h(t
lim sup ®)

— <

t—o0 q

were already used by Berestycki and Lions [3], for p = 2, and by J. M. do o)
and E. Medeiros [12], for the 1 < p < N case. Obviously, the condition (hs) in
this paper is weaker than the one (h;) In this sense, we improve the results in

3, 12].

The rest of the paper is organised as follows. In Section 2, we prove that
the limit problem (1.5) has at least a ground state solution. In Section 3, we
will find a solution in some neighborhood of the solutions to the limit problem
(1.5). Indeed, we view the problem (1.1) as the perturbed problem of (1.5) if A
is sufficiently small. Because of the lack of Ambrosetti-Rabinowitz condition,
we use a local deformation approach from Byeon and Jeanjean [4] to obtain a
bounded (PS) sequence. In addition, due to the appearance of nonlocal terms
Jon |Vu|Pdz and [,x [uPdz, we make a crucial modification on the min-max
value which is defined by C), where all paths are requested to be uniformly
bounded with respect to A. Finally, we give the proofs of the main results.
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2. Existence of ground state solutions to limit problem

In this section, we prove that the problem (1.5) has at least one ground state
solution. Since we consider the positive solutions, we can assume that h(s) =0
for s < 0. Meanwhile, as the problems (1.1) and (1.5) are autonomous, we can
work in WP(RY) (see Theorem 1.28 in [20]). Define the energy functionals of
problems (1.1) and (1.5) respectively by

Inw) = 2l + nw% / H(u

szﬂmwf/‘HwMz

where u € W1P(RYN) and H (¢ fo

By the conditions (hq)- (h3) we can prove that I, I € CY{W P (RN) R).
Indeed, the weak solutions of the problem are the critical points of the corre-
sponding energy functional.

and

Proposition 2.1. Suppose that (hi)-(hs) hold. Then the limit problem (1.5)
has at least one ground state solution u € WhP(RN).

In order to prove the main results, we need the following lemmas.
Lemma 2.2 (Pohozaev equality). If u is a nontrivial solution of the equation
a(—Apu + blulP~?u) = h(u), = € RY,
then u satisfies the following Pohozaev equality

N —
ﬂ__@/lwmmzw Glu)dz, where Glu) = H(u) — ful?.
p RN RN p

Proof. The proof is similar to the one of Lemma 2.6 in [16]. We omit the
details. g

For convenience, we give the following notations.

L= fue WHPRN)\ {0} : /RN Glu)dz = 1}
and
o 1LpmN _a(N—p) wlPde = wde
Pim {ue Wir@N)\(0} s B2 /RNW P _N/RNG( \da}.

From (h3), we have £ # 0 and P # 0. Set L = in£|\Vu||g, Bo = ingl(u)
ue ue
and the mountain pass value

k = inf I
IEHE}% (v(1)),

where I' = {v € C([0, 1], W,}LP(RY)) : v(0) = 0, 1(y(1)) < 0}.
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Lemma 2.3. Assume that (h1)-(hs) hold. Then By <k and

By = L (AN ZP)yx

N —p N
Proof. In order to prove 8y < k, it suffices to prove that v([0,1]) NP # @ for
all y e T'.
Set

P =L [ [wupde- 3 [ G
p a JrN
By (h1) and (hg), we easily obtain that there exists p > 0 such that P(u)
0, 0 < |jul| < p. For any v € T', we get P(v(0)) = 0 and P(y(1))
maX{N 2 N37(v(1)) < 0. Thus, there exists a ty € (0,1) such that P(y(to))
0 with |\7(t0)|| > p. This implies that v([0,1]) NP # @ for all v € T.

In the following, we prove that Sy = NL_p(W)%L%. Firstly, we claim
that L > 0. In fact, if L = 0, there is {u,} C £ with [px G(uyn)dz = 1 such that
[Vtn|l, — 0 asn — oo. From the Sobolev’s embedding DV (RN) < LP"(RN),
we have ||uy|/p+ — 0 as n — co. Together with the assumptions (k1) and (hs),
we get

I I/\\/

lim sup G(up)dz < lim supCl/ |un|p*dx =0.

RN RN
This is a contradiction with f]RN (up)dz = 1. Thus, L > 0. For any u € L,
define (®;(u))(z) = u(%), T(u) = 1 5 Jan [VulPdz and V(u) = [n G(u)dz. We
have

T(u(3)) = t" T (u)

u() = tN/ Glu)da

)7 || Vu||p, we get that @, is a bijection from £ to

and

Thus, choosing t,, = (M
P. For any u € L,
(94, (u) = atl PT(u) =tV (u)

(u)
_p (G(N P)yx

N
AR )y,
Furthermore,
inf I'(u) = inf I(®
int I(u) = inf 1(@,, (1)
which implies that
p_aN-—p)~ n
= — p [p,
Bo N—p( N ) O
Lemma 2.4. If h € C(RY x R) and assume that
lim &8 _

t—0 tpr—1
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and L
lim sup M < o0
t—o00

hold uniformly in x € RN. For any {u,} with u, — uo weakly in WHP(RY)
and u, — ug a.e. in RY, we have

H(x,up)dx = / (H(z,u, —ug) + H(z,up))dx + o(1),

RN RN

where H(x,t) fo (x,8)ds.

Proof. For the subcritical case, we refer to the reference [11]. We omit the
details. m

Proof of Proposition 2.1. Assume that there exists {u,} C WP(RY) such
that [pn G(up)dz = 1 and [pn |Vu,[Pdz — pL as n — oco. By the condi-
tions (hq) and (hs2), we get that ||u,||, is bounded. So, {u,} is bounded in
WEP(RY). We may assume that u,, — u* weakly in WP(RY). By Lemma
2.4, we have

(2.1) Jan H(un)dz = [on H(up — u*)da + [pn H(u*)dz 4 o(1).
From the conditions (h1) — (h2), for any £ > 0, there exists C¢ > 0 such that
H(s) < &[s|” + €|s|”” + Cels|™, ko € (p,p").
Thus
| H(uy — u*)dz|
RN

Sf/ |un—u*|pdx+£/ |un—u*|p*d$+05/ |, — u*|Foda
RN RN RN
=& +EJ + 05J3,

where

J1 = / |Un — U*|pd.’1],
RN

Jo :/ |un7u*|p*dz
RN

J3 :/ |un—u*|k°dz.
]RN

From the Sobolev’s imbedding WP (RY) — Lk (RYN), kg € [p, p*], we obtain
||tn ||k, is bounded. In connection with Minkowski inequality, one has
|J1|, |J2| < Cl, where Cl > 0.

In addition, since the imbedding W,1'P(RY) «— L*(RN), ko € (p,p*) is com-
pact, we have J3 — 0 as n — oo. So, H(up, —u*)dx — 0 as n — oo.
Furthermore, it follows from (2.1) that

(2.2) Jon H(up)de = [on H(u*)dz + o(1).

and

S
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Next, since u,, — u* weakly in WP (RY), we get

lim |un|pd:c2/ |u*[Pdz.
RN RN

n—oo
Then
. . ab
1= lim G(up)dz = lim (H(up) — —|un|P)dz
n—oo JpN n—oo JpN D
b
< [ (@) - Dy
RN p
= G(u*)dx
RN
Case 1. V(u*) = [pn G(u*)dz = 1. Combining with [ G(u,)dz = 1 and
(2.2), then we have
(2.3) unllh — [[u|b as n — oo.

Since T'(u,) — L as n — oo and T'(u*) = L, we obtain

(2.4) [Vun|[h — [Vu*|b as n — occ.

It follows from (2.3) and (2.4) that |Ju,| — [Ju*| as n — oo. Therefore,
Up — u* strongly in WHP(RY) asn — oo.

Case 2. V(u fRN *)dx > 1. There exists tg > 0 such that

/]RN G(u(%))dz =1.

Together with V(u(5)) = tNV(u) = 1, we get that tg = (V(u))~~. Then we
have
L)) =t T (w) > L.

Namely,

This is a contradiction with T'(u) < L. So we obtain that V(u*) = 1 and
T(u*) = L. Setting t,~ = (‘Z(N—pp)) [IVu*|p, it follows from Coleman, Glazer
and Martin [10] that w = u* (%) € P is a ground state solution to the limit
problem (1.5). O

Let A, be the set of the radial ground state solution U of the problem (1.5).
From Proposition 2.1, we know that A, # (.

Lemma 2.5. A, is compact in WP(RY).
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Proof. For any sequence {un} C A, it follows from similar arguments [4] that
Uy, 18 a minimizer of T'(u) on the set

{fue WPRN): | Gu) =B},
RN
where 31 = (7‘1(1\7];]””)%.
Set v, (x) = un(ﬁﬁx), then v, is a minimizer of T'(u) on L. Namely,

[Von |5 — pL with [;x G(vs)dz = 1. From the conditions (h1)-(he) and the
Sobolev’s imbedding theorem, we can prove that {v,} is bounded in W,1'»(RY).
Similar arguments in Proposition 2.1 show that there exists vy € £ such that
v, — Vg strongly in W,}’p (RN ). Furthermore, we can obtain that w, — ug in

A,, where ug = vo(f; ~ x). The proof is completed. O

Lemma 2.6. The mountain pass value corresponds with the least energy level,
namely, k = By = I(up), where ug € A,.

Proof. By the assumptions (hq)-(hs), we know that the mountain pass value k
is well defined. On the one hand, we get that 8y < k. On the other hand, since
ug is a ground state solution to the limit problem (1.5), we adopt the similar
idea in [5] and can prove that there exists a path v € T satisfying v(0) = 0,
I(y(1)) <0 and tlen[gji] I((t)) = I(up). This implies that k < y. The proof is

completed. ([

3. Proofs of main results

Set Us(z) =U(%), U € A,. By Lemma 2.2, we have
I(U}) = 9/ VU, [Pdx —/ G(Uy)dw
D Jry RN

= EtN*p/ |VU|pd:c—tN/ G(U)da
RN

p RN
a N— a(N —p) N /

=(=t""P - —— 2t VU|Pdz.
(p Np ) ]RN| |

This shows that I(U;) = —oo as t — oo. Thus, there exists t; > 1 such that
I(Uy) < =3 for t € [t1,+00).

Define D) = nr[lax] I (Up). By Lemma 2.5 and Lemma 2.6, we can get that
te[0,t1

lim D,\ = k.
A—=0

In order to get the uniformly bounded set of the mountain pathes, we give the
following result.

Lemma 3.1. There exist \g > 0 and Cy > 0, such that for any A € (0, ),
IN(U,) < =3, ||Ue|| < Ca, YVt € (0,t1] and ||U|| < Ca, U € A,.
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Proof. By Lemma 2.5, there is a constant Cs > 0 such that |U]|| < Cj for any
U € A,.. Meanwhile,

U = V=P VU + N |U |2
< @ e|o|r
< ()P + (t)N)CE.
We choose Cy = max{Cs, ((t1)N "7 + (t)¥)7 C3} and obtain that
[U]l, ||l < C2 for any U € A,.
Furthermore

A
IL(U,) = I(Uy,) + %HUtlHQp

A
< I(Uy,) + %0221’.

It follows from I(U:,) < —3 that there exists A\g > 0 such that
I(Uy) < =3 for any A € (0, \g).
The proof is completed. O
By Lemma 3.1, we will define a min-max value

Cy) = inf I
A VIEDFA sIEI[IOaZii] )\(’7(8))’

where 'y = {7 € C([0,t:1], WHP(RY)) : 4(0) = 0,7(t1) = Uy, |7 (1) < Ca+2}.
Obviously, T'y # 0 and C\ < D, for A € (0, \o).

Lemma 3.2. One has lim C) = k.
A—0
Proof. Tt is clear that Cy < Dy — k as A — 0. On the other hand, for any
v € Ty, we have ¥(-) = v(t1-) € I'. Together with I (u) > I(u), we obtain that
Cy > k. So, lim C), = k. O
A—0
For a,d > 0, set
I ={uc WHPRY): I,(U) < a}
and

A= {u e WHP(RN): inf [lu—v| <d}.
VEA,

Obviously, for all d > 0, A? # (). In the following, we will find a solution to the

problem (1.1) in the neighborhood of A, for A > 0 small enough.

Lemma 3.3. For any {uy,} C A? satisfying lim I (uy,) < k and lim T, (uy,)
11— 00 11— 00

=0, there exists ug € A? such that ux, — ug strongly in WP (RYN) as i — oo,
where lim \; = 0, provided that

71— 00

(3.1) 0 < d < min{l, (X&)7},
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Proof. For convenience, we replace \; by A. Since uy € A%, we have uy =
Uy + vy, where Uy € A, and vy € WIP(RY) with ||vy| < d. Because A, is
compact, there exist Uy € A, and vy € WIP(RY) such that Uy — Uy strongly
in WhP(RY), vy — vy weakly in WHP(RY) and vy — vy a.e. in RV, Let
ug = Up + vo, then ug € A% and uy — ug weakly in WP(RY).
Firstly, we claim that uo # 0. It follows from lim I;\ (uy,) = 0 that I’ (ug) =
1—> 00
0. Otherwise, if ug = 0, then |Up|| = ||vo]] < d. By Lemma 2.2, we obtain that
VUl = (NT’“)% On the other hand, by (3.1), we have
NE. 1
a )7
This is a contradiction. So ug #Z 0 and I(ug) > k.
Secondly, we prove that uy, — ug strongly in W,LP(RY). Indeed, {uy,} is a
(PS) sequence of Iy, that is, {uy,} and {I(uy,)} are bounded, I (uy,) — 0 as
1 — 0o. We obtain

IVUollp < IUoll < d < (

uy, — up in LY(RY), q € (p,p*)

and
uy, — ug a.e. in RY,

For convenience, we write u; for uy,. By (h1) and (hg), for any & > 0, there
exists C¢ > 0 such that

(32) [R(t)] < €T+ €t + Ceft]h, t e R, g € (p,p").
Thus, by Holder inequality, we have

| h(u;)(u; — u)dz|
RN

IN

[ sl = uide

RN
/(§|Ui|p71|ui7u|+§|ui
RN

IN

P Ny — | 4 Celus| 7 g — ul)da

— *—1 —
< EfullhH i = wllp + Ellullpe ™ i — wllpe + Cellusl|d™ uws — ullg
= £61 + £02 + Ceds,
where
81 = Jlul[5™ i — ullp,
p -1
(52 = ||ul p* ||’LLZ — Ul|p*
and
83 = [lualld~Hlwi — ullq-

By the Sobolev’s imbedding W'?(RY) — L4(RY) and Minkowski inequality,
we get that §; and d2 are bounded. It follows from ¢ € (p, p*) that ||u;—ul|; — 0,
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namely d3 — 0. Thus, we have
/ h(u;)(u; — u)dz — 0.
]RN
So
(a+ M|ui[|P) (wi, u; — u) = (I:\(ui),ui — u) —|—/ h(u;)(u; — u)dx — 0,
]RN

where (uj,u; — u) = [on ([VuilP"2Vu; - V(u; — u) 4 blu;[P~2u(u; — w))da.
Noticing that
(@ + Ajui][?) # 0,

we have

(3.3) (us,uy —u) = 0.

In addition, together with u; — u weakly in WP (RY), we have
(3.4) (u,u; —u) = 0.

It follows from (3.3) and (3.4) that
/ (IVui P2V — [VulP2Vu) - V(u; — ) + b(|wiP~2u; — |uP~2u) (u; — u))dx — 0.
RN

Combining with the following standard inequality in RV given by
_ _ Cpla—BIP, p € [2,+00)
P=2, _ |B|P—2 —B) > P J ) )
<|Oé| « |ﬂ| 5,04 ﬂ> = { Cp|04 _ ﬂ|2(|a| + |ﬂ|)p—2, pe (1,2)’
we can prove that u, — u strongly in WP (RY). O

By Lemma 3.3, there exists a constant d satisfying (3.1) and Cy > 0, A\g > 0
such that ||, (u)|| > Cy for u € I N (AN\A%) and A € (0, Ao).

Lemma 3.4. There exists Cy > 0 such that for small X > 0, Ix(v(s)) >
Cy — Cy, this shows that v(s) € A%, where v(s) = U(=), s € (0,t1].

S

Proof. By Pohozaev equality,
A
I(v(s)) = I(7(s)) + 2—pllv(8)ll2p

a . N— (N —pla,y / A N2
B A it VU Pd — U (=)||?P.
G ) [ VU UG

From Lemma 3.1, we have

Ix((s)) = (%tN"’ + %tﬁv) /RN |VUPdz + O(N).

Noticing that n(lax | I((s)) = k can be achieved at s = 1, there exists C5 > 0
s€(0,t1

so small that v(s) = U(3) € A% for |s — 1| < C5. Combining with C — k as

A — 0, there is Cy > 0 such that
I(v(s)) 2 Cx — Cy
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for A > 0 small enough. This implies that |s — 1| < C5 and y(s) € A%. O

Lemma 3.5. For any A > 0 small enough, there exists a sequence {u,} C
IP> N A? such that I, (u,) — 0 as n — oo.

Proof. Assume by contradiction, there exists S(\) > 0 such that |I, (u)] > B(\),
uwel AD * N A9 for some A > 0. Then there exists a pseudo-gradient vector field
[19] @5 in WP(RY) on a neighborhood Y of If)* N A? such that

IZx(w)]| < 2min{1, |13 (u)]}
and
(Iy (), @(w)) > min{1L, | I ()]} (w)].
Denote () be a Lipschitz continuous function on W,1'P(RY) such that ¢, € [0, 1]
and
1 I N Al
alw) = { 0, ve VIA/}PQ(RN)\YA.

Define py be a Lipschitz continuous function on R such that py € [0,1] and

_ ]'ﬂ |t7 CA| S %7
,U,A(t) - { 0, |t* CA| 2 047

where Cj is given in Lemma 3.4. Set

o= {6 SRR

Then, the following initial value problem

{ L7\ (u, t) = na(Zx(u, 1)),
Z\(u,0) = u,

admits a unique global solution Z : WIP(RY) x Ry — WLEP(RY) which
satisfies

(i) Za(u,t) =u,if t =0o0r u ¢ Yy or |Ix(u) — Cy| > Cy;

(i) | £ Zx(u,t)|| < 2 for (u,t) € WHP(RN) x Ry;

(iii) &1x(Zx(u,t)) < 0.

We adopt similar idea in [8] and obtain that for any s € (0,¢1], there is
ts > 0 such that

C.

Zy(1(s),t,) € 1" 7, where (s) = U(2), s € (0.1].

Cyq
Let vo(s) = Zx(v(s),t«(s)), where t,(s) = inf{t > 0, Zx(y(s),t) € If*fT}.
By similar ideas in [8, 21|, we can prove that vy(s) is continuous in [0, %]
and ||vo(s)|| < C2 + 2. Therefore, we have vy € T'y with max Iy(yo(t)

) <
te[0,t1]
Cy — %+, This is a contradiction with C) = inf max I,(y(s)). The proof is

YET\ s€[0,t1]
completed. O
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Now, we give the proofs of the main results.

Proof of Theorem 1.1. By Lemma 3.5, there exists a bounded (PS) sequence
{un} C I /{3 * N A?. Without loss of generality, we may assume that w, — uy
weakly in WP(RY). In connection with Lemma 3.3 and Lemma 3.4, we can
obtain that I;(u,\) =0and uy € I/{j* NA¢. Furthermore, it follows from similar
arguments in Lemma 3.3 that uy #Z 0 under the proper choice of d satisfying
(3.1). By the strong maximum principle, we adopt similar idea in [18] and can
prove that uy is a positive solution of the problem (1.1). O

Proof of Theorem 1.2. For any ¢ € C§°(RY), we have
56 =1 @)o+ MuslP [ s~ *urédo o
R

Then
I (uy)g = —)\||u,\||p/ lux [P~ 2urpdr — 0 as A — 0.
RN

Combining with that
A
Ix(ux) = I(ux) + 2—pHu;\H2p,

we have
I(uy) < Cy and I (uy) — 0 as A — 0.

Namely, {uy} is a bounded (PS) sequence for the energy functional I. We may
assume that uy — u* weakly in W,'?(RN), then I'(u*) = 0. Similar proof
as the one in Lemma 3.3 demonstrates that uy — u* strongly in W,1?(RY).
By the proper choice of d > 0, we can prove that u* # 0. Hence I(u*) > k.
Meanwhile, we have I(u*) < k since I(uy) < Dy — k as A = 0. So I(u*) = k.
By Lemma 2.6 , u* is a ground state solution to the limit problem (1.5). The
proof is completed. O
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