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GENERIC LIGHTLIKE SUBMANIFOLDS OF AN
INDEFINITE TRANS-SASAKIAN MANIFOLD WITH
A QUARTER-SYMMETRIC METRIC CONNECTION

DAE Ho JIN

ABSTRACT. The object of study in this paper is generic lightlike subman-
ifolds of an indefinite trans-Sasakian manifold with a quarter-symmetric
metric connection. We study the geometry of two types of generic light-
like submanifolds, which are called recurrent and Lie recurrent generic
lightlike submanifolds, of an indefinite trans-Sasakian manifold with a
quarter-symmetric metric connection.

1. Introduction

Yano-Imai [17] introduced the notion of quarter-symmetric metric connec-
tion on a Riemannian manifold. Recently, Jin [7, 10] studied the geometry of
lightlike hypersurfaces of an indefinite trans-Sasakian manifold with a quarter-
symmetric metric connection. We quote Jin’s definition in itself as follow:

A linear connection V on a semi-Riemannian manifold (M, g) is said to be a
quarter-symmetric metric connection if it is metric, i.e., Vg = 0 and its torsion
tensor T, defined by T(X,Y) = VgV — Vg X — [X, Y], satisfies
(1.1) T(X,V) = 0(V)JX — 0(X)JY,
where J is a (1,1)-type tensor field on M and 6 is a 1-form associated with a
smooth unit vector field ¢ on M by 6(X) = g(X, (). Throughout this paper,
we denote by X, Y and Z the smooth vector fields on M.

A lightlike submanifold M of an indefinite almost contact manifold M is
called generic if there exists a screen distribution S(T'M) of M such that

(1.2) J(S(TM)™*) ¢ S(TM),

where S(T'M)* is the orthogonal complement of S(T'M) in the tangent bundle
TM of M, i.e., TM = S(TM) @ortn, S(TM)*. The notion of generic lightlike
submanifolds was introduced by Jin-Lee [12] at 2011 and then, studied by
Duggal-Jin [5], Jin [6, 8] and Jin-Lee [14] and several authors. The geometry of
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generic lightlike submanifolds is an extension of that of lightlike hypersurface
and half lightlike submanifold of codimension 2, that is, the last two types of
lightlike submanifolds are examples of the generic lightlike submanifold. Much
of the theory of generic lightlike submanifolds will be immediately generalized
in a formal way to general lightlike submanifolds.

The notion of trans-Sasakian manifold, of type (a, ), was introduced by
Oubina [16]. If a trans-Sasakian manifold M is semi-Riemannian, then M is
called an indefinite trans-Sasakian manifold. Sasakian, Kenmotsu and cosym-
plectic manifolds are important kinds of trans-Sasakian manifold such that

a=1, =0 a=0, =1, a=pF=0, respectively.

The object of study of this paper is generic lightlike submanifolds of an in-
definite trans-Sasakian manifold M = (M, J,(,0,g) with a quarter-symmetric
metric connection subject such that the tensor field J and the 1-form 6, defined
by (1.1), are identical with the structure tensor field J and the structure 1-form
6 of the indefinite trans-Sasakian structure (J,6,¢, ) on M, respectively.

Remark 1.1. Denote by V the Levi-Civita connection of M with respect to the
semi-Riemannian metric g. It is known [9] that a linear connection V on M is
a quarter-symmetric metric connection if and only if V satisfies

(1.3) VgV =VgY —0(X)JY.
2. Preliminaries

An odd-dimensional semi-Riemannian manifold (M, g) is called an indefinite
trans-Sasakian manifold if there exist (1) a structure set {J, ¢, 6, g}, where J
is a (1,1)-type tensor field, ¢ is a vector field and 6 is a 1-form such that

(2.1) J2X = —X +0(X)C, 0(Q) =1, 0(X)=eg(X,0),
0oJ=0, GUJX,JV)=g(X,V)—ed(X)O(Y),

(2) two smooth functions a and 3, and a Levi-Civita connection V such that
(Vx )Y = a{g(X,¥)C = e0(V) X} + B{g(J X, V)¢ = e0(¥)J X},

where € denotes € = 1 or —1 according as ( is spacelike or timelike respectively.
{J, ¢, 0, g} is called an indefinite trans-Sasakian structure of type (v, B).

In the entire discussion of this article, we shall assume that the vector field
¢ is a spacelike one, i.e., € = 1, without loss of generality.

By directed calculation from (1.3), we see that (V¢J)Y = (VgJ)Y. Thus,
replacing the Levi-Civita connection v by the quarter-symmetric metric con-
nection V defined by (1.3), the last equation is reformed to

(22)  (Vx))Y =o{g(X,Y)( - 0(Y)X} + B{g(JX,Y)¢ - 0(Y)JX}.
Replacing Y by ¢ to (2.2) and using J¢ = 0 and §(Vx(¢) = 0, we obtain
(2.3) V¢ =—aJX +B(X —0(X)().
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Let (M, g) be an m-dimensional lightlike submanifold of an indefinite trans-
Sasakian manifold (M, g) of dimension (m + n). Then the radical distribution
Rad(TM)=TMNTM= of M is a subbundle of the tangent bundle 7'M and
the normal bundle TM<, of rank r (1 < r < min{m, n}). In general, there
exist two complementary non-degenerate distributions S(TM) and S(T M)
of Rad(TM) in TM and T M+ respectively, which are called the screen distri-
bution and the co-screen distribution of M, such that

TM = Rad(TM) ®oren, S(TM), TM* = Rad(TM) ®oper, S(TM™Y),

where @5, denotes the orthogonal direct sum. Denote by F(M) the algebra

of smooth functions on M and by I'(E) the F(M) module of smooth sections

of a vector bundle E over M. Also denote by (2.1); the i-th equation of (2.1).

We use the same notations for any others. Let X, Y, Z and W be the vector

fields on M, unless otherwise specified. We use the following range of indices:
iy gy k.o, € {1,..., 1} a,bye,..., €{r+1,...,n}

Let tr(TM) and ltr(T M) be complementary vector bundles to TM in T'M|y,
and TM~ in S(TM)* respectively and let {Ny, ..., N,} be a lightlike basis
of ltr(T'M),,,, where U is a coordinate neighborhood of M, such that

9(Ni, &) = 6ij,  g(Ni, Nj) =0,
where {&1, ..., &} is a lightlike basis of Rad(T'M)),,.
TM = TM ®tr(TM) = {Rad(TM) @ tr(TM)} ®oren S(TM)
= {Rad(TM) @ ltr(TM)} ©ortn S(TM) ©open, S(TML).
We say that a lightlike submanifold (M, g, S(TM),S(TM™)) of M is
(1) r-lightlike submanifold if 1 <r < min{m, n};
(2) co-isotropic submanifold if 1 <r=n < m;
(3) isotropic submanifold if 1 <r=m <mn;
(4) totally lightlike submanifold if 1 <r =m =n.
The above three classes (2)~(4) are particular cases of the class (1) as follows:

S(TM*) = {0}, S(TM) = {0}, S(TM) = S(TM+) = {0}

respectively. The geometry of r-lightlike submanifolds is more general than
that of the other three types. For this reason, we consider only r-lightlike
submanifolds M, with following local quasi-orthonormal field of frames of M:

{615 "'757‘7 N17 sy NT; FT+15 ey Fm7 ET+17 sy En}7
where {Fy11,..., Fn} and {E, 41, ..., E,} are orthonormal bases of S(T'M)
and S(T M), respectively. Denote €, = g(E4, E,). Then €,04p = §(Ea, Ep).
Let P be the projection morphism of TM on S(T'M). Then the local Gauss-
Weingarten formulas of M and S(T'M) are given respectively by

e

Then we have

(2.4) VxY = VxV + Y RAX,Y)Ni+ Y hi(X,Y)E,,

i=1 a=r+1
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(2.5) VxN; = —A, X+ m(X)Nj+ Y pia(X)E
]—,1 a=r+1
(2.6) VxE, = —A, X+Z¢m )N; + Z Oab(X) Ep;
b=r+1
(2.7) VxPY = v;(PYJrZh;(X, PY)&;,
=1
(2.8) Vx& = —ALX - Zm )5,

where V and V* are induced linear connections on M and S(T'M) respectively,
hf and h; are called the local second fundamental forms on M, h} are called
the local screen second fundamental forms on S(TM). A, A, and Af, are
linear operators on M, and 74, pia, ¢as and oag are 1-forms on M.

3. Quarter-symmetric metric connection

Now we assume that ¢ is tangent to M. Calin [2] proved that if { is tangent
to M, then it belongs to S(T'M) which we assume. For a generic M, from (1.2)
we show that J(Rad(TM)), J(itr(TM)) and J(S(TM=)) are subbundles of
S(TM). Thus there exist two non-degenerate almost complex distributions H,
and H with respect to J, i.e., J(H,) = H, and J(H) = H, such that

S(TM) = {J(Rad(TM)) ® J(Itr(TM))} @oren J(S(TM™)) ©ortn Ho,
H = Rad(TM) ®ope, J(Rad(TM)) @oren Ho.

In this case, the tangent bundle T M of M is decomposed as follow:
(3.1) TM = H & J(Itr(TM)) @opren J(S(TM™)).

Consider local null vector fields U; and V; for each 4, local non-null unit
vector fields W, for each a, and their 1-forms u;, v; and w, defined by

(32) U= —JN;, V, = —J&, W, = —JE,,
(33) uz(X):g(Xa‘/z)a vz(X):g(XvUz)a ’LUa(X):Eag(X,Wa)

Denote by S the projection morphism of 7'M on H and by F' the tensor field
of type (1,1) globally defined on M by F = JoS. Then JX is expressed as

(3.4) JX = FXJrZuZ )N; + Z wa (X

=1 a=r+1
Applying J to (3.4) and using (2.1); and (3.2), we have

(3.5) F2X = -X +0(X §+Zuz VUi + Zwa
a=r+1

In the following, we say that F' is the structure tensor field of M.
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Substituting (2.4) and (3.4) into (1.1) and then, comparing the tangent,
lightlike transversal and co-screen components of the left-right terms, we get

(3.6) T(X,Y) =0(Y)FX — 0(X)FY,
(3.7) WX, Y) = hi(Y, X) = 0(Y )ui(X) — 0(X)us(Y),
(3.8) ha(X,Y) = he (Y, X) = 0(Y )wa(X) — 6(X)wa (Y),

where T is the torsion tensor with respect to the connection V. Note that,
from (3.7) and (3.8), we see that hf and hS are not symmetric.

From the facts that h{(X,Y) = g(VxY,&) and e,hs(X,Y) = g(VxY, E,),
we know that h! and h¢ are independent of the choice of S(T'M). The local
second fundamental forms are related to their shape operators by

(3.9) hE(X,Y) = g(A;, X,Y) = > hi(X, &me(Y),
k=1

(3.10) €ahi(X,Y)=g(A, X)Y) quak

(3.11) hi(X,PY)=g(A, X,PY),

where 7y s are 1-forms such that 7, (X) = g(X, Ni.). Applying Vx to g(&,&;) =
05 g(&ian) = 05 f_](N’LaN]) = 07 g(Nian) =0 and g(Eava) = 65017; we obtain

hi(X,6) + B5(X,6) =0, hi(X,&) = —€adai(X),
(3.12) Uj(ANiX) + m(ANjX) =0, g(Ag, X,N;) = eapia(X),
€b0ab + €a0pa =0 and  RE(X,&) =0, hi(&, &) = 0.
By directed calculations from (2.3), (2.4), (2.5), (3.4) and (3.11), we have

(3.13) Vil = —aFX + B(X — 0(X)0),
(3'14) hf(Xa g) = _aui(X)’ hZ(Xa C) = _awa(X)a
(3.15) hi (X, Q) = —avi(X) + Bni(X).

Applying Vx to (3.2), (3.3) and (3.4) by turns and using (2.2), (2.4) ~ (2.8),
(3.2) ~(3.4) and (3.9) ~ (3.11), we have

WAX,U:) = hi(X,Vy),  eah (X, Wa) = hy(X,Us),
(3.16) PAX, Vi) = REX, V), eahf(X, Wa) = hi(X, Vi),
ebhi(X, Wa) = €ahZ(X, Wb),

(3.17) VxU; = F(A, X) +Zm Wj + Z pia(X
j=1 a=r+1
_{04771( BUZ( )}ga
(3.18) VxV; = F(ALX Zm X)V;+ > (X, &)U

j=1
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n

— Z €a¢ai(X)Wa - ﬂuZ(X>§’

a=r+1

(319) VXWa = F(AEQX)ﬁLi(bM(X)Uz‘F i O'ab(X>Wb

=1 b=r+1
_Gaﬁwa( )Ca
(3.20) (VxF)(Y Zu V)A, X + Z wa (Y
a=r+1
thlXYUf Z he (X, Y)W,
a=r+1
+oe{g(X Y)(—-0(Y)X}+ B{g(JX,Y)( - 0(Y)FX},
(3.21) (Vxu)(Y Zuj )75(X) = D wa(Y)dai(X)
a=r+1

- 69( Jui(X) = hi(X, FY),

n

(3.22) (Vxo)(¥) =3 0;(V)7(X) + 3 cawa(Y)pia(X)
j=1 a=r+1

T

- Z “j(Y)Uj(ANiX) - g(ANiXa FY)
Jj=r+1

— 0(Y){ami(X) + pui(X)}.

4. Recurrent and Lie recurrent submanifolds

Definition. We say that a lightlike submanifold M of M is called

(1) irrotational [15] if Vx& € T(TM) for all i € {1, ..., r},
(2) solenoidal [13] if A,, and A, are S(T'M)-valued,
(3) statical [13] if M is both irrotational and solenoidal.

Remark 4.1. From (2.4) and (3.12)a, the item (1) is equivalent to
(4.1) hi(X,&) =0, hE(X,&) = ¢ai(X) = 0.
By using (3.12)4, the item (2) is equivalent to
(4.2) 1j(Ay, X) =0, pia(X) = ni(Ag, X) = 0.
Denote by Aij, fias Vias Kab and X;; the 1-forms on M such that
Xij (X) = hi(X,Uj) = 15 (X, Vi), rab(X) = €ahe (X, Wy),

(43) (X)) = RE(X, W) = eh3(X, Vi),  xij(X) = hA(X, V),
Vai(X) = hi (X, W,) = €,h (X, U;).
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Definition. The structure tensor field F' of M is said to be recurrent [11] if
there exists a 1-form w on M such that

(VxF)Y = w(X)FY.

A lightlike submanifold M of an indefinite trans-Sasakian manifold M is called
recurrent if it admits a recurrent structure tensor field F'.

Theorem 4.2. Let M be a recurrent generic lightlike submanifold of an indef-
inite trans-Sasakian manifold M with a quarter-symmetric metric connection.
Then the following statements are satisfied:

(1) F is parallel with respect to the induced connection V on M,

(2) M is an indefinite cosymplectic manifold, i.e., o = 3 =0,

(3) M is statical,

(4) J(Itr(TM)), J(S(TM*1)) and H are parallel distributions on M,

(5) M s locally a product manifold M, x M, _, x M*, where M,, M,,_,
and M* are leaves of J(Itr(TM)), J(S(TM™*)) and H, respectively.

Proof. (1) From the above definition and (3.20), we obtain

(4.4) X)FY = Zu Y)A, X + Z wa (Y

3
4
5

a=r+1
- Zh’f(XaY>sz Z hZ(X7Y>Wa
1=1 a=r+1

+a{g(X,Y)C - 0(Y)X} + B{g(JX,Y)¢ - 0(Y)FX}.
Replacing Y by &; to this and using the fact that F'§; = -V}, we get

(4.5) X)V; = th (X, &)Uk + Z hyp (X, &)W — Buji(X)C.

k=1 b=r+1
Taking the scalar product with Uy, ¢, V; and W, by turns, we obtain

w=0, B=0, (X&) =0, hiX,&)=a;(X)=0

respectively. As w = 0, F' is parallel with respect to the connection V.

(2) Taking the scalar product with U; to (4.4) with w = 8 =0, we get
(4.6) Zu 9(Ay, X, Up) + D wa(Y)g(A,, X, Uj) — af(Y)v;(X) = 0.

a=r+1

Replacing Y by ( to this equation, we have av;(X) = 0. It follows that a = 0.
As o= g =0, M is an indefinite cosymplectic manifold.

(3) As h{(X,&;) = 0 and hE(X,&;) = 0, M is irrotational by (4.1). Also, M
is solenoidal. In fact, taking the scalar product with N; to (4.4), we have

Zuz 9(Ay X, N+ > wa(Y)g(A,, X, N;) = 0.

a=r+1
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Taking Y = U; and Y = W, by turns, we get (4.2). Thus M is statical.
(4) Taking Y = Uy, and Y = W}, to (4.6) by turns, we obtain

(4.7) hi(X,U;) = g(Ay, X,U;) =0, vai(X) = g(A,, X,U;) = 0.

Taking the scalar product with V; and W} to (4.4) by turns, we have

n

(4.8) RE(X,Y) Z)\U + > pia(X)wa(Y),
a=r+1
hf(X,Y) = > kpa(X)wp(Y),
b=r+1
due to (3.10), (3.11) and (4.3). Replacing Y by V; to (4.8)1,2, we have
(4.9) Xii (X) = hi(X, V) =0, pia(X) =he(X, Vi) =
Taking Y = U; and Y = W, to (4.4) and using (4.3), (4.7)2 and (4.9)2, we get
(4.10) Ay X =) Mi(X)U;, Ay X =) ehipa(X)We.
= b=r-+1

Using (3.9), (4.1), (4.9)2 and the non-degenerateness of S(TM), (4.8); reduces

(4.11) AL X = Z/\ij(X v,

Applying F to (4.10)1,2, we have F(A . X)=0and F(A, X)=0. Substi-
tuting these results into (3.17) and (3.19), we obtain

n

(4.12) VxUi =Y m(X)U;,  VxWa= Y ou(X)W.
= b=r+1

It follow that J(itr(TM)) and J(S(T M~1)) are parallel distributions on M with
respect to the induced connection V on M, that is,

VxU; € T(J(ltr(TM))), VxW, € D(J(S(TM™))).
Applying F' to (4.11), we get F(Ag X) =37, Aij(X)§;. Thus we have

(4.13) VxV; = Z{)‘U TJZ( )VJ}

Taking Y € I'(H) to (4.4) and then, taking the scalar product with U; and W}
to the resulting equation by turns, we obtain

(4.14)  RYX,Y)=0, hi(X,Y)=0, VX eIl(TM), VY el(H).

By directed calculations from (4.9), (4.12)2, (4.13) and (4.14), we obtain
9g(VxY, Vi) =0and g(VxY,W,) =0forall X e '(TM) and Y € T'(H). Thus

VxY eIl'(H), VXeI'(I'M), VY eT'(H).
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Thus H is also a parallel distribution on M with respect to V.

(5) As J(Itr(TM)), J(S(TM™)) and H are parallel distributions and satis-
fied the decomposition form (3.1), by the decomposition theorem of de Rham
[3], M is locally a product manifold M, x M,_, x M* where M,, M, _, and
M?* are leaves of J(Itr(TM)), J(S(TM+*)) and H, respectively. O

Definition. The structure tensor field F' of M is said to be Lie recurrent [11]
if there exists a 1-form ) on M such that
(L, F)Y = 9(X)FY,

where £ denotes the Lie derivative on M with respect to X. The structure
tensor field F' is called Lie parallel if £, F = 0. A lightlike submanifold M is
called Lie recurrent if it admits a Lie recurrent structure tensor field F'.

Theorem 4.3. Let M be a Lie recurrent generic lightlike submanifold of an
indefinite trans-Sasakian manifold M with a quarter-symmetric metric connec-
tion. Then the following statements are satisfied:

1) F is Lie parallel,

2) a=0 and d) = 0. Thus M is not an indefinite Sasakian manifold,
3) hf is never symmetric on S(TM),

4) ;5 and piq are satisfied T;; 0 F' =0 and piq o F = 0. Moreover,

i (X Z ur (X)g(Ay, Vi, Ni) — Boi;0(X).

Proof. (1) As (L, F)Y =[X,FY] — F[X,Y], using (3.6) and (3.20), we get
(4.15) H(X)FY = —Vpy X+ FVy X — 9( X —0(X)(}

+Zuz AX—|—Zwa VA, X

a=r+1

- Z{hf(x, V) = 0(Y)ui(X)}U;

= > {RXY) = 0 Jwa(X)} W,

a=r+1
+ ofg(X,Y)( - 0(Y)X} + 5{g(JX,Y)( - 0(Y)F X},

by (3.5). Replacing Y by &; and then, Y by V; to (4.15) by turns, we have

(4.16) —I(X)V; = VV.X+FV§].X+ﬂuj( )¢
—thX@U— Z he (X, &)W,
a=r+1

(417) 19(X)€] = —V5jX + FVVJX + CYUj(X)C
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n

- th(vaj)Ul - Z hZ(Xa Vj)Wav
=1 a=r+1
respectively. Taking the scalar product with U; to (4.16) and then, taking the
scalar product with N; to (4.17), we obtain respectively

719(X) = g(VV]Xa U]) - g(vijv Nj)v
I(X) = g(VV].X, U;) — g(ngX, N;).

Comparing these two equations, we get ¥ = 0. Thus F is Lie parallel.
(2) Taking the scalar product with ¢ to (4.17) satisfying 9 = 0, we have

9(Ve, X, Q) = au;(X).

Replacing X by U; to this equation and using (3.17), we obtain a = 0.
Applying V¢ to 8(Y) = g(Y,¢) and using (1.1) and (2.3), we obtain

dO(X,Y) = ag(X,JY),

due to the fact that V is metric. As o = 0, we see that df = 0.
(3) Replacing X by U; to (4.15) and using (3.2), (3.3), (3.5), (3.7), (3.8),
(3.11), (3.15), (3.16)1,2 and (3.17), we obtain

(4.18) Zuk )A,, Ui + Z wa(Y)A,, Ui — 0(Y)U; + Bni(Y)C
a=r+1

— ALY —F(Ay FY) =Y " 5;(FY)U; = > pia(FY)W, = 0.
j=1 a=r+1
Taking Y = ¢ to (4.18) and then, taking the scalar product with PX, we
get h¥((,PX) = —v;(PX). Assume that h} is symmetric on S(T'M). Taking
X = PX to (3.15), we obtain h}(¢, PX) = 0. It follows that v;(PX) = 0. It is
a contradiction to v;(V;) = 1. Thus A} is never symmetric on S(TM).

(4) Taking the scalar product with N; to (4.16) such that X = W, and using
(3.8), (3.10), (3.12)4 and (3.19), we get hj (Us, V;) = pia(&;). On the other hand,
taking the scalar product with W, to (4.17) such that X = U; and using (3.17),
we have hi(U;,V;) = —pia(&;). Thus pi(&;) = 0 and hE(U;, V;) = 0.

Taking the scalar product with U; to (4.16) such that X = W, and using
(3.10), (3.12)2,4 and (3.19), we get €apia(V}) = ¢q;(U;). On the other hand,
taking the scalar product with W, to (4.16) such that X = U; and using (3.12)2
and (3.17), we get €,pia(V;) = —¢q;(Us). Thus pi(V;) =0 and ¢, (U;) = 0.

Taking the scalar product with V; to (4.16) such that X = W, and using
(3.7), (3.8), (3.12)2, (3.16)4 and (3.19), we get ¢qi(V;) = —¢q;(Vi). On the
other hand, taking the scalar product with W, to (4.16) such that X = V; and
using (3.12)2 and (3.18), we have ¢4, (V;) = ¢4;(Vi). Thus ¢q;(V;) = 0.

Taking the scalar product with W, to (4.16) such that X = & and using
(2.8), (3.9) and (3.12)2, we get ht(V;, W,) = ¢ai(&;). On the other hand, taking
the scalar product with V; to (4.17) such that X = W, and using (3.7) and
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(3.19), we have h{(V;, Wa) = —¢ai(&;). Thus ¢4i(&;) = 0 and hE(V;, W,) = 0.
Summarizing the above results, we obtain

(419)  pia(&) =0, pia(V;) =0, ¢ai(U;) =0, ¢ai(Vj) =0, ¢ai(§;) =0

h’Z(Uh‘/J):h’ﬁ(UhWa):Oa hf(‘/%Wa) :hfz(‘/]v‘/z) =0.
Taking the scalar product with N; to (4.15) and using (3.12)4, we have
(4.20) - g(VFYX Ni) +3(Vy X, Us) — (Y ){m:i(X) + Bui(X)}
+Zuk g(A, X N;) + Z €aWq (Y)pia(X) = 0.
a=r+1

Replacing X by V; to (4.20) and using (3.9), (3.18) and (4.19)2, we have
(4.21) RA(FX,Us) + 735(X) + B6:;0(X Z ur(X)g(Ay, Vs, Ni).
Replacing X by &; to (4.20) and using (2.8), (3.9) and (4.19)1, we have
(4.22) he(X,U;) + 6450(X Zuk (A, & Ni) + 7i(FX),

Taking X = Uy, to (4.22), we have
(423) h:(Uk,V) h’e(Ukv ) - g(Angjv )
On the other hand, taking the scalar product with V; to (4.18) and using (3.11),
(3.12)3, (3.16)1, (4.19)6 and (4.23), we get
hE(X,U;) + 65,0(X Z ue(X)g(Ay, &, Ni) — 755 (FX).

Comparing this equation with (4.22), we obtain

7 (FX) —I—Zuk )3(Ay, &, Ni) =0.
k=1

Replacing X by Uj, to this equation, we have g(ANk &5, Ni) = 0. Therefore,
(4.24) 7;(FX) =0, hE(X,Us) +0550(X) = 0.
Taking X = FY to (4.24)2, we get he-(FX, U;) = 0. Thus (4.21) is reduced to

(4.25) 7 (X Z uk(X)g(Ay, Vi, Ni) — B0;560(X).

Replacing Y by W to (4.18), we have A, U; = A, W,. Taking the scalar
product with U; and using (3.8), (3.10), (3.11) and (3.16)2, we have

(4.26) h:(Wa, UJ) = €ahZ(Ui; UJ) = GahZ(Uj, Ul) = h:(Uj,WQ).
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Taking the scalar product with W, to (4.18), we have
€apia(FY) = *h*(Y Wa)

n

+ Zuk ViU, Wa) + Y eowp (V)i (Ui, Wa).
b=r+1

Taking the scalar product with U; to (4.15) and then, taking X = W, and
using (3.8), (3.10), (3.11), (3.12)4, (3.16)2, (3.19) and (4.26), we obtain

€apia(FY) = ’f-‘(Y Wa)

n

— Zuk Wi (Ui, Wa) = Y eown (V)i (Ui, Wa).

b=r+1
Comparing the last two equations, we obtain p;,(FY) = 0. ([
Remark 4.4. Replacing X by &; to (3.9) and using (3.12)7, we have
hi (&5, X) = g(Af,,X).

Taking Y = ¢; to (3.7), we obtain hf(X, &;) = hf(¢;, X). From this and (3.12)1,
we see that h(¢;, X) are skew-symmetric with respect to i and j. It follow that
Agiﬁj = —Agj &, t.e., Agiﬁj are skew-symmetric with respect to ¢ and j.

In case M is Lie recurrent, taking Y = U to (4.18), we have A U; = Ay, Ui
Thus ANi U; are symmetric with respect to ¢ and j. Therefore, we get

(4.27) (&5, F(Ay,Ui)) = g(Ag &, F(Ay, Ui)) =0

(4.28) hi(&), Wa) = €ahiy (&, Vi) = eahy(Vi, &) = —5i(Vi) =0,
due to (4.19)4. Taking X = U; (3.7) and using (4.24)5, we obtain
(4.29) h(U;, X) = 0.

5. Indefinite generalized Sasakian space forms

Alegre and his collaborators [1] introduced generalized Sasakian space form.
Jin [6] extended this notion as follow: An indefinite trans-Sasakian manifold M
is called indefinite generalized Sasakian space form and denoted by M (f1, fa, f3)
if there exist three smooth functions fi, fo and f3 on M such that

(5.1)  R(X,Y)Z = fi{g(Y,Z2)X - g(X,2)Y}
+ fg{g(X JZ)JY g(Y JZ)JX—i—Qg(X JY JZ}
+ fs{0(X)0(2)Y - 0(Y)0(2)X
+3(X,2)0(Y)¢ - g(Y, Z)0(X)¢},
where the symbol R is the curvature tensor of M (f1, f2, f3).

Sasakian space form, Kenmotsu space form and cosymplectic space form are
important kinds of generalized Sasakian space forms such that

h=L h=h=9 h=Ff=H=% h=f=f=%
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respectively, where ¢ is a constant J-sectional curvature of each space forms.

Denote by R, R and R* the curvature tensors of the quart-symmetric metric
connection V on M, and the induced connection V and V* on M and S(T'M)
respectively. Using the Gauss-Weingarten formulas for M and S(TM), we
obtain the Gauss equations for M and S(T'M), respectively:

(5.2) R(X,Y)Z =R(X,Y)Z
+ i{hf(X, Z)A, Y —hi(Y,Z)A, X}
+ zn: {hi(X,2)A, Y — hi(Y,Z)A, X}

a=r+1

+ S (VAT 2) — (Ve (X, 2)

i=1

+ i[Tji(X)hﬁ(Y, Z) = 7(Y)hi (X, 2)]

+ Z ¢az hs YZ) ¢al(y)hZ(X’Z)]

a=r+1
— O(X)L(FY, Z) + 0(Y)W(FX, Z)}N,

b3 Tk, 2) — ()X, 2)
a=r+1

+ Z pza he Y, Z) Pia(Y)hZ(Xa Z)]

+ Z Tba(X)03(Y, Z) — 0pa(Y)R3(X, Z)]
b=r+1
— O(X)hS(FY, Z) + 0(Y)hi(FX, Z)}E,,

(5.3)  R(X,Y)PZ = R*(X,Y)PZ

+ Y {hI(X, PZ)ALY — hi (Y, PZ)A;, X}

i=1

+ i{(vxh;‘)(Y, PZ) - (Vyhi)(X, PZ)

i=1

+ i [h;—(X, PZ)r;(Y) — h;(Y, PZ)1;;(X)]
XN (FY. 2) 4 0¥ i (FX. Z)).
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Comparing the tangential and lightlike transversal components of the two
equations (5.1) and (5.2), and using (3.4), we get

(54)  R(X,Y)Z = fi{g(Y,2)X —g(X,2)Y}
+ f{G(X, JZ)FY — §(Y,JZ)FX +23(X,JY)FZ}
+ f{0(X)0(2)Y — 0(Y)0(Z)X
+9(X, 2)0(Y)¢ — g(Y, 2)0(X)(}
+ > {ni(Y, 2)A, X — hi(X, Z)A, Y}

1=1
+ Z {hZ(Ya Z)AEaX _hZ(Xa Z)Aan}a
a=r+1

(5.5) (Vth)( Z) — (Vyh)) (X, 2)

+ Z{Tﬂ X)RA(Y, Z) — 7(Y)hi(X, Z)}

+ Z{% WY, Z) — dai(Y)RE(X, Z)}

a=r+1
— O(X)WA(FY, Z) + 0(Y)hi(FX, Z)
— R{u(Y)3(X, JZ) - u(X)3(Y, JZ) + 20 Z)5(X, JY)}.
Taking the scalar product with N; to (5.3), we have
J(R(X,Y)PZ, N;) = (Vxh*)(Y PZ)— (Vyh)(X, PZ)

+ Z {ri;(Y)R5(X, PZ) — 1;(X)R5(Y, PZ)}

9( Vi (FY,Z)+60(Y)h;(FX,Z).
Substituting (5.4) into the last equation and using (3.12)4, we obtain
56) (TxH)Y, PZ) = (Vy k)X, P2)

+ Z {1i;(Y)h5(X, PZ) — 1i;(X)R5(Y, PZ)}

+ Z ea{pia(Y)W3 (X, PZ) = pia(X)h3(Y, PZ)}
a=r+1
£ 3T X PZy(A, Y) — BV, PZ)n(Ay X))
- Q(X)hf(FY, Z)+0(Y)hi(FX, Z)
= filg(Y,PZ)ni(X) — g(X, PZ)n;(Y)}



GENERIC LIGHTLIKE SUBMANIFOLDS OF A TRANS-SASAKIAN MANIFOLD 1017

+ RAu(V)3(X, TPZ) — vi(X)g(Y, JPZ) + 20:(PZ)5(X, JY)}
+ fs{0(X)n:(Y) = 6(Y)n: (X)}0(P2Z).
Theorem 5.1. Let M be a generic lightlike submanifold of an indefinite gen-

eralized Sasakian space form M(fy, f2, f3) with a quarter-symmetric metric
connection. Then the following properties are satisfied

(1) « is a constant,

(2) Oéﬂ =0,

B) fi—fo=a*=p* and fi—f3=(a®=p%) +a—(B.
Proof. Applying Vx to (3.16);: hﬁ(Y, U;) = h1(Y,V;) and using (2.1), (3.2),
(3.3), (3.4), (3.9), (3.11), (3.16)1, (3.17) and (3.18), we have

(Vxhy)(Y.Us) = (Vxh))(Y,V;)

- Z{Tkg Vi (Y, Us) + 7o (X)hi(Y, V5)}

Z {a; (X)he (Y, Ui) + €apia(X)h5 (Y, V) }
a=r+1

+ > R (Y, U)hi (X, &) + by (X, Up)hi (Y, &)}
k=1
—9(Af, X, F(A,Y)) — g(Ag Y, F(A,, X))

— ST Vim(A, Y) — o® wy(Y)mi(X)
k=1

= B2 ui (X)mi(Y) + af{u; (X)vi(Y) — u;(Y)vi(X)}.
Substituting this into (5.5) such that replace ¢ by j and take Z = U;, we have
(Vxh*)(Y Vi) = (Vyhi)(X,V))

- Z{Tzk (Y, Vi) = 7k (Y)hi (X, V5)}

n

= > el b (Y Vi)pia(X) = hi(X, Vi)pia(Y)}
a=r+1

= > AP Vimi(Ay, X) = hi (X, Vimi(Ay, Y)}
k=1
= 0(X)h; (FY,V;) +0(Y)hi (FX,V;)}
+ (02 = B){u (X )i (Y) — uy (Y)mi(X)}
+ 2aB{ui (X )vi(Y) — u; (YV)vi(X)}
= folu;(Y)mi(X) — ui(X)mi(Y) + 26;;9(X, JY) }.
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Comparing this with (5.6) such that PZ = V; and using (3.16), we obtain
{fr = f2 = (@ = B7)}uy (V)i (X) — uj (X )i (V)]
= 2a3{u; (Y)vi(X) — u; (X)vi(Y)}.
Taking X =& and Y =Uj, and X =V; and Y = U; by turns, we have
fi—fa=a" =P, af = 0.
Applying Vx to 7;(Y) = g(Y, N;) and using (2.5), we have

(vXni)Y = _g(ANiX’ Y) + Z Tij (X)77j (Y)

j=1
Applying Vy to (3.16)3 and using (3.13) and (3.22), we have
(Vxhi)(Y, Q) = =(Xa)ui(Y) + (XB)ni(Y)

+ a?0(Y)ni(X) + B20(X)mi(Y)

+afg(A, X, FY) +g(A, Y, FX) ZUJ )7ij (X

- Z eawa pm Zu] UzA X)}

a=r+1
— B{g(Ay, X.Y) +g(A, Y, X) ZTZ]

Substituting this and (3.16) into (5.6) such that PZ = C, we get
{XB+[/1 = fs = (a® = B%) — a]0(X)}i(Y)
~{YB+[fr = fs— (a® = B%) — a]0(Y)}n:(X)
= (Xa)v(Y) = (Ya)v;(X).
Taking X = ¢ and Y = &, and taking X = Uy and Y = V; by turns, we get
fi—fa=(®=pB%) +a—(B, Ui =0, Vi.
Applying Vx to hf(Y,() = —au;(Y) and using (3.21) and (3.13), we get

n

(VxhE)(Y,¢) = —(Xa)u;(Y +a{2uj Ti(X) + D wa(Y)ai(X)

a=r+1
+ hf(X, FY) +hi(Y,FX)}.
Substituting this and (3.16) into (5.5) such that Z = {, we obtain
(Xa)u; (V) = (Ya)u;(X).

Replacing Y by U; to this equation, we obtain Xa = 0 for all X € I'(TM).
Thus « is a constant. This completes the proof of the theorem. (I

We say that M (resp. M) is flat if R = 0 (resp. R = 0).
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Theorem 5.2. Let M be a recurrent generic lightlike submanifold of an indef-
inite generalized Sasakian space form M(f1, fa, f3) with a quarter-symmetric
metric connection. Then M (f1, fa, f3) is flat.

Proof. As M is recurrent, by Theorem 4.2, we get (4.10), (4.11), (4.12) and the
results: a = =0 and p;u =0. Asa= =0, f; = fo = f3 by Theorem 5.1.
Taking the scalar product with N;, U; and W, to (4.10); by turns, we get
ni(Ay, X) =0, hi(X,U;)=0, h(X,U;)=hi(X,W,)=0
Applying Vx to h(Y,U;) = 0 and using (4.12)1, we obtain
(Vxhi)(Y,U;) =0
Taking PZ = U, to (5.6) and using the last two equations, we have

Ji{o;(Y)ni(X) — v (X)mi(Y)} + f2{vi(Y)n; (X) — vi(X)n; (Y)} = 0.
Taking X = & and Y = Vj to this equation, we have f; = 0. It follows that
fi=fo=f3=0and M(f1, fo, f3) is flat. 0

Theorem 5.3. Let M be a generic lightlike submanifold of M (f1, f2, f3) with a
quarter-symmetric metric connection. If M is Lie recurrent, then M (f1, fo, f3)
is a space form with an indefinite B-Kenmotsu structure such that

fr=-p5% J2=0, f3=(B.
Proof. Applying Vx to (4.24)2: h&(Y,U;) = —6;;0(Y), we have
(Vxhi)(Y,Uj) = =6 {X(0(Y)) = 0(VxY)} = hi(Y, VxUj).
Using this equation, (3.6), (3.14)1, (3.17), (4.24)2 and the facts that o = 0,
df =0 and O(FX) = 0, we have
(Vxhi)(Y.U;) = (Vyhi) (X, Uj)

= X F(A V)~ m(V)0X) + 3 pra(VIRE(X, W)
a=r+1

- hf(K F(AN]X)) + le(X)e(Y) - Z pja(X)hf(Ya Wa)'
a=r+1

Replacing Z by U, to (5.5) and using (4.24), and (FX) = 0, we obtain
H, F(A, Y) = 05 P, )

+ Z {Pia(Y)RE(X, Wa) = pja(X)RE(Y, Wa)}
a=r+1

+ Z {¢az hs Y, U) ¢ai(Y)hZ(Xa Uj)}

a=r+1
= folui(Y)n;(X) — ui(X)n; (V) + 26;;9(X, JY) }.
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Taking ¥ = U; and X = & to this equation and using (4.19), (4.27), (4.28)
and (4.29), we have fo = 0. As fo = 0, we have f; = —3% and f3 = (. O

Theorem 5.4. Let M be a generic lightlike submanifold of an indefinite trans-
Sasakian manifold M with a quarter-symmetric metric connection. If U;s are
parallel with respect to V, then 1;; = 0, M is an indefinite cosymplectic mani-
fold and M is solenoidal. Moreover, if M = M(fy, fa, f3), then it is flat.

Proof. If U; is parallel with respect to V, then, taking the scalar product with
¢, Vj, We, Uj and Nj to (3.17) such that VxU; = 0 by turns, we get

(57) @ = /3 = 07 Tij = 05 Pia = 05 nj(AN,LX) = 05 h;,k(Xa U]) = 05
respectively. As o = f = 0, M is an indefinite cosymplectic manifold. As
pia =0 and 7;(A, X) =0, M is solenoidal.

Asa=8=0, fi = fo = f3 by Theorem 5.1. Applying Vy to (5.7)5 and
using (5.7)5 and the fact that VxU; = 0, we obtain

(Vxhi)(Y,U;) = 0.

Substituting this equation and (5.7) into (5.6) with PZ = U,, we have
fi{o;(Y)ni(X) — v (X)mi(Y)} + fo{vi(Y)n; (X) — vi(X)n; (Y)} = 0.
Taking X = ¢ and Y = Vj to this equation, we obtain f; = 0. Therefore,
fi=fa=f3=0and M(fi, f, f3) is flat. 0

Theorem 5.5. Let M be a generic lightlike submanifold of an indefinite trans-
Sasakian manifold M with a quarter-symmetric metric connection. If Vis are
parallel with respect to V, then 7;; = 0, a = =1 and B = 0, i.e., M is an
indefinite Sasakian manifold, and ¢q; = hi(X,&;) =0, i.e., M is irrotational.
Moreover, if M = M(fy, f2, f3), then M(f1, fa, f3) is a space form with an
indefinite Sasakian structure of the curvature functions

hi=1f3=3%, fo=—3.

Proof. 1f V; is parallel with respect to V, then, taking the scalar product with
¢, Uj, Vi, W, and Nj to (3.18) with VxV; = 0 by turns, we get respectively

(5.8) B=0, 7i=0, hi(X,&)=0, ¢o=0, hi(X,U;)=0
and we have F(A;, X) = 0. As hﬁ (X,&) =0 and ¢4 = 0, M is irrotational.
Replacing Y by &; and U; to (3.7) by turns and using (5.8)3 5, we have
(5.9) hi (5, X) =0, hi (U, X) = 6i50(X).
Taking X = U; to (3.14); and using (5.9)2, we get
—a = —au;(U;) = hi(U;, ¢) = 6(¢) = 1.

As o= —1 and B =0, M is an indefinite Sasakian manifold.
Applying Vx to (5.8)5 and using (3.4), (3.14)1, (3.17) and (5.8)3, we have

(Vth)(Ya U]) = hf(Ya Vk)g(AN] Xa Nk)
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= ) pia(XOREY, Wa) = ui(YV)n;(X).
a=r+1
Substituting the last two equations into (5.5) with Z = Uj;, we obtain

hf(K Vk)g(ANj Xa Nk) - hf(Xa Vk)g(ANj K Nk)
+ ug (X)n; (V) — ui(Y)n; (X)

+ ) {pia(Y)RE(X, Wa) = pja(X)RE(Y, Wa)}
a=r+1
= Sfo{ui(Y)n;(X) — wi(X)n; (V) + 20559(X, JY)}.
Taking X = &; and Y = U; to this and using (5.9), we obtain 3fo = —1. As
fo= —%, we have f1 = f3 = % by Theorem 5.1. O

Definition. A screen distribution S(T'M) is called totally umbilical [4] in M
if there exist smooth functions ~; such that ANiX = v, PX, or equivalently,

hi(X,PY) =g(X,Y).
In case v; = 0 for all i, we say that S(T'M) is totally geodesic in M.

Theorem 5.6. Let M be a generic lightlike submanifold of M (f1, fa, f3) with
a quarter-symmetric metric connection. If S(TM) is totally umbilical in M,
then M (f1, f2, f3) is flat and S(TM) is totally geodesic.

Proof. Assume that S(T'M) is totally umbilical. Then (3.17) is reduced to
%0(X) = —av;(X) + Bn;(X) for all i. Replacing X by V;, & and ¢ to this
equation by turns, we have a« = f = v, = 0. As y; = 0, S(TM) is totally
geodesic. As a = 0, f1 = fo = f3 by Theorem 5.1. Taking PZ = Uy to
(5.6) with h} = 0 and using the facts that hS(X,Uy) = hj(X,W,) = 0 and
h5(X,Uy) = hji(X,V;) = 0, we get

Ji{oe(Y)ni(X) — ok (X)ni(Y) } + fo{vi(YV)me(X) — vi(X)qe(Y)} = 0.

Taking X = & and Y = Vj to this equation, we get f1 = 0. Thus f; = fo =
f3=0and M(fl, f2, f3) is flat. [
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