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INFINITELY MANY SOLUTIONS FOR A CLASS OF
MODIFIED NONLINEAR FOURTH-ORDER ELLIPTIC
EQUATIONS ON R¥

GUOFENG CHE AND HAIBO CHEN

ABSTRACT. This paper is concerned with the following fourth-order el-
liptic equations
K
A2y — Au+ V(z)u — EA(uQ)u = f(z,u), in RN,
where N < 6, k > 0. Under some appropriate assumptions on V(z)
and f(z,u), we prove the existence of infinitely many negative-energy

solutions for the above system via the genus properties in critical point
theory. Some recent results from the literature are extended.

1. Introduction
Consider the following fourth-order elliptic equations of the form
(1.1) alNu — Au+ V(z)u — gA(UQ)u: f(z,u), zeRN,

where A? := A(A) is the biharmonic operator, a, & € R.
When a =1, k = 0, we get the following fourth-order elliptic equation

(1.2) A%y — Au+V(z)u= f(z,u), xcRY,
Many authors studied Eq. (1.2) on a bounded domain as follows

Ny — Au = f(z,u), inQ,
u=Au=0, onJQ,

where ) is a bounded domain of RY. In [1], An and Liu used the Mountain
Pass Theorem to get the existence results for Eq. (1.3). In [23], by using the
sign-changing critical theorems that if f(x,t) is odd in ¢ and satisfies some
additional conditions, Zhou got infinitely many sign-changing solutions. While
without symmetry, Wang and Shen in [15] obtained the multiplicity result by
perturbation theory. In [22], Zhang and Wei obtained the existence of infinitely
many solutions via variant fountain theorem established in Zou [24] when the

(1.3)
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nonlinearity f(x,u) involves a combination of superlinear and asymptotically
linear terms.

Fourth-order elliptic equation on unbounded domains also attract a lot of
attention. For instance, see [2, 17, 18, 19] and the references therein. In [19],
by using the Mountain Pass Theorem and symmetric Mountain Pass Theorem,
Yin and Wu obtained infinitely many high energy solutions for problem (1.2)
under the condition that f(z,u) is superlinear at infinity in w. However, for
the whole space R case, the main difficulty of this problem is the lack of
compactness for the Sobolev’s embedding theorem. In order to overcome this
difficulty, they assumed that the potential V(z) satisfies
(V1) V € C(RY,R) satisfies irgN V(z) > a > 0, where a > 0 is a constant.

zTE

Moreover, for any M > 0, meas{z € RY : V(z) < M} < oo, where meas
denotes the Lebesgue measure in RY.

Later, under the condition (Vi), when f(z,u) satisfies more weaker and
generic conditions, Ye and Tang [18] obtained the existence of infinitely many
large-energy and small-energy solutions, which unified and generalized the re-
sults in [19], besides, the sublinear case was also considered by them.

Eq. (1.1) with @ = 0is a modified nonlinear Schrédinger equation (also called
quasilinear Schrodinger equation), whose solutions are related to the existence
of solitary wave solutions for the following quasilinear Schrédinger equation

o

(14) igy =AY+ V(2)y - KOO ([W°) = f(a,v), = eRY,

where V() is a given potential,  is a real constant, p and f are real functions.
We would like to mention that quasilinear equation of the form (1.4) arises in
various branches of mathematical physics and has been derived as models of
several physics phenomenon corresponding to various types of nonlinear terms
p, such as see [3, 4, 8].

The semilinear case (k = 0) has been studied extensively in recent years
with a huge variety of conditions on the potential V(z) and the nonlinear-
ity f, see for example [10, 13] and the references therein. Compared to the
semilinear problem, the quasilinear case (k # 0) becomes more complicated
since the effects of the quasilinear and non-convex term A(u?)u. One of the
main difficulties of the quasilinear problem is that there is no suitable space on
which the energy functional is well defined and belongs to C!-class except for
N =1 (see [9]). There has been several ideas and approaches used in recent
years to overcome the difficulties such as by minimizations [5, 9], the Nehari or
Pohozaev manifold [6, 12] and change of variables [20, 21].

Inspired by the above facts, the aim of this paper is to study the existence of
nontrivial solution and infinitely many negative-energy solutions for problem
(1.1) with @ = 1 via the genus theory in critical point theory. To the best of
our knowledge, there has been few works concerning this case up to now.

We assume that V' (z) satisfies (V1) and f(z, u) satisfy the following hypothe-
ses.



INFINITELY MANY SOLUTIONS FOR ELLIPTIC EQUATIONS 897

(f1) f € C(RN xR, R), and there exist 1 < ay, s < 2 and positive functions
c1 € L7 (RV,R), ¢y € L7 %2 (RV,R) such that
|f (2, u)] < ager(@)]u|® ™ 4 agea (@) [u]*2 78, V(z,u) € RY x R.
(f2) There exist a bounded open set J C RY and three constants ai,as > 0
and ag € (1,2) such that
F(z,u) > aslu|®, Y(z,u) € J x [—a1,a1],

where F(z,u) = [ f(x,s)ds.
(fs) f(z,u) = —f(x,—u) for all (z,u) € RN x R.
Now, we state our main results.

Theorem 1.1. Assume conditions (V1) and (f1)-(f2) hold, then problem (1.1)
possesses at least one montrivial solution.

Theorem 1.2. Assume conditions (V1) and (f1)-(fs) hold, then problem (1.1)
possesses infinitely many solutions (uy) such that

1

—/ (|Auk|2+|Vuk|2+V(:c)ui)dz+E/ ui|Vuk|2dzf/ F(z,up)dr — 0~
2 RN 2 RN RN

as k — oo.

Evidently, the assumption (f2) holds if the following conditions holds:
(f4) There exist a bounded open set J C R and three constants ai,as > 0
and ag € (1,2) such that

flz,w)u > azaslu|®, Y(z,u) € J X [—a1,a1].
Therefore, by Theorems 1.1 and 1.2, we have the following corollary.

Corollary 1.1. Assume conditions (V1), (f1) and (f}) hold, then problem
(1.1) possesses at least one nontrivial solution. If additionally, (fs) holds, then
problem (1.1) possesses infinitely many solutions (ux) such that

1
—/ (|Auk|2+|Vuk|2+V(x)ui)d:E+E/ ui|Vuk|2d:E—/ F(z,ug)dz — 0~
2 RN 2 RN RN

as k — oo.
By Theorems 1.1 and 1.2, we also have the following corollaries.

Corollary 1.2. Assume (V1) and the following conditions hold:

() Ple.u) = b@)Gl). 2
where G(u) € C*(R,R), b € CY(RYN,R) (L= (RN, R) for the constant v €
(1,2), and some xo > 0 such that b(xg) > 0.

(fs) There exist constants M, m > 0 and v € (1,2) such that

mlu[" < G(u) < Mlu[™, V u R,

Then problem (1.1) possesses at least one nontrivial solution.
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Corollary 1.3. Assume (V1), (f1)-(f5) and G(—u) = G(u) hold for any u € R,
then problem (1.1) possesses infinitely many solutions (ug) such that

1

5/ (|Auk|2+|Vuk|2+V(x)ui)dac+g/ ug | Vug|?de— F(z,ug)dz — 0~
RN RN RN

as k — oo.

Remark 1.1. Tt is well known that for the quasilinear Schrédinger equation
problem (1.1), we must overcome the difficulty that the energy functional is
not well defined due to the non-convex term A(u?)u , while in this paper, under
the assumptions (V1) and N < 6, we prove [,y A(u?)u? < co, which implies
the energy functional of problem (1.1) is well defined on our working space.

Remark 1.2. Tt is not difficult to find the function f(x,u) satisfy all the condi-
tions of Theorem 1.2. For example, let

7sin® 1y -5 3cos? 1 -1
f(z,u) = 6(1+6|I|)| ul ¥ W' ul®
where x = {x1, 22,...,2n}. Then,
7sin? 11 1 3 cos® Ty 1 N
v R R
)| € gl + 5 sl ¥ () € (R < B)
and
sinx; .z 0052 Ty, o3
F(z,u) = —lul® —ul?
1+ elel HEEE
O L3 V(ww) € J x [-11]
U
“1+4e ’
where ) )
3 _sin® g _cos®mxy
= =01 < Qg 5; Cl(x) ma (1‘)* 1+6|I|7
and )
cos” 1 3
ai , a2 lte’ az 9’ ( s )

The remainder of this paper is as follows. In Section 2, some preliminary
results are presented. In Section 3, we give the proofs of our main results.

Notation 1.1. Throughout this paper, we shall denote by | - | the L"-norm
and C' various positive generic constants, which may vary from line to line.
2, = 13—]7\74 for N > 5 and 2, = 400 for N < 4, is the critical Sobolev exponent.

Also if we take a subsequence of a sequence {u, } we shall denote it again {u,,}.

2. Variational setting and preliminaries

Let
H*RY) := {u € L*(RY) : Vu, Au € L*(RY)},

f{UGHQRN|/ z)u’dr < +oo}.
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Then, under the conditions (V4), E is a Hilbert space with the following inner
product and norm

(u,v) = / (AuAv + VuVo + V(z)uv)de,
RN

Jull = (] (8 + 1V + V(@)luf)d) .

Moreover, we have the following compactness lemma from [2].

Lemma 2.1 ([2, Lemma 2.1]). Under the assumption (V1), the embedding
E <« L"(RN) is continuous for 2 < r < 2, and E — L"(RY) is compact for
2<r <2,.

Lemma 2.2. Under assumption (V1), (f1) and N < 6, the functional I : E —
R defined by

1
(2.1) I(u) —|\u|\2+f/ u2|Vu|2dx7/ F(z,u)dz
2 2 RN ]RN

is well defined and of class C*(E,R) and

(2.2) (I'(u),v) = (u,v) + K/]RN (wv|Vul? + v*VuVv)de — . f(z,u)vdz.

Moreover, the critical points of I in E are solutions of problem (1.1).
Proof. From (f1), one has
(2.3) |F (2, u)] < ep(@)ul™ + ca(2)|ul*?, V(z,u) € RY x R.

Then, for any u € E, it follows from (V7), (2.3) and the Hélder inequality that
(2.4)

/]RN |F(1‘,U)|d1‘ < /RN [01(1‘>|u|0‘1 +Cg(1’>|u|a2]d$

2 —ay 2- oy oy
sza#(/ les(z)| = da) 2 (/ V(2)|ul?dz)
i=1 RY RY
2 —_— s
<3 aF el ol
=1

Next, we prove [y u?|Vu|?dz < +oo for every u € E. Firstly, we choose two
numberspzSandt:ﬁ. Then%+%:1,2§2p§2* and 2 < 2t < 2* for
N < 6. Then by Lemma 2.1 and the assumption of (V;), we have

Julffs = [ (AuP + [Fu + fuf)dz
RN
2 2 2 _ 2
<C [ BuP 4+ Vul? + Vi@)luf)do = Cllul?,
RN

_ 1
where C' = max{1, Z-}.
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Since H2(RN) = W22RYN) — WL"(RY), 2 < r < 2* and H?(RY) —
L"(RN), 2 <r < 2,, we have

/ u?dr < +o0, / |Vu|*dr < +oc.
RN RN

By Holder inequality and Lemma 2.1, we have

(2.5) / u?|Vul2de < (/ qudz)%(/ |Vu|2tdz)% < 400,
RN RN RN

It follows from (2.4) and (2.5) that I is well defined on E.
Now, we prove that I € C'(E,R). Set

Oy (u) = 1/RN u?|Vul*dz, ®q(u) ;:/ F(z,u)dz.

2 RN

Then I(u) = ||u||®>+ k@1 (u) — P2 (u). In order to prove I € C'(E,R), we only
to prove that ®; € C'(E,R), i = 1,2. By the proof of Lemma 2.2 in [2], it is
easy to verify that ®; € C1(E,R).

0,1

Next, we prove (2.2) and ®, € C1(E,R).
For any function 6 : RNV — (0,1), b

v (f1) and the Holder inequality, we have
max |f(x,u(x) + to(x)v(z))v(z)|dx
RN t€[0,1]

= [ max [f(z,u(z) + t0(x)v(x))|[o(x)|dx
RN t€[0,1]

<Y /R (@@)lula) + ()| (o)l ds

DIy RECIE

Tt o) T u(e) da

i

(2 6) 2 —oy 2 2-oy a;—1
' < ZaiaTl(/RN |ci($)|r%dx)T(AN V(2)|u(z)dz) "
=1
X (/ V(@)lo(x)[?dz)?
RN
2 —a; 2 2-og oy
JrZoziaTl(/RN |ci(2)| =i dx) (/RN V(z)|v(x)*dx) ?
=1
2 —a
< > a7z el | 2 (| + [[of|* )] o]
=1

< + o0.
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Then, by (2.1), (2.6) and Lebesgue’s Dominated Convergence Theorem, we
have

(2.7)
(I'(u), )
— lim I(u+tv) — I(u)
t—0+ t
t
= lim [(u,v)+ =[[v]|* + E/ (£0%|Vol* + 2620*VuVo + 2t%u0| Vo ?
t—0+ 2 2 RN

+ dtuwVuVu + tu?[Vol* + t0* |Vul® + 2u*VuVo + 2un|Vul*dz)
— f(z,u+ Otv)vdz]
RN

= (u,v) + Ii/ (uwv|Vul* + u*VuVo)de — f(z, u)vde,
RN RN

which implies (2.2) holds. Now, we show that ®; € C*(E,R). Let u,, — u in
E, then u,, — u in L?(RY) and

(2.8) lim u, =u ae €& RY.
n—oo

Now, we claim that

(2.9) lim |f(z,un) — f(z,u)|*de = 0.

n—o0 RN

Otherwise, there exist a constant ey > 0 and a sequence {u,;} such that
(2.10) / |f (2, uni) — f(z,u)|*dxr > eq, Vi € N.
RN

In fact, since u,, — u in L?(RY), passing to a subsequence if necessary, it can
be assumed that f l[uni — ul|3 < +o00. Set w(z) = (f |[ttns — u|/2)Z, then
w € LARY). Evi(igritly -
f (@, uni) = fla,u)l?

< 20 f (@, un) P + 2| f, 0)
< d0fler(@)]? [funi ) 4 ful20 D]

+ dag|ea (@) [[uns 227 + Ju|* @27 V]

2

D@+ 4)aflej (@) P [luni — w7 4 fuf Y]
j=1

2
< )@+ 4)adle (@) [l (@) PO 4 fuf ]
j=1

= h(z), Vie N, z ¢ RN

(2.11)

IN
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and

h(z)dx

N

T

(2.12) j

M

@ +4)02 [ 1@ [ol@Fe ) + fuper ] do

1

o 2(a;—1 2(a;—1
(4% + 4)Q2le; | o (]l + [ful3 )

2
2—aj

E

<
i=1
< +o0.

<
Il

It follows from (2.11), (2.12) and the Lebesgue’s Dominated Convergence The-
orem that (2.9) holds.
Then, by (2.2), (2.9) and ®; € C(E,R), we have

(" (un) = I'(u), v)]
= ‘(un —u,v) + Ii/ (|un|*Vuy — [u*Vu) - Vodz
RN
+ Ii/ (|Vun|2un — |Vu|2u) -vdx f/ [f(x,up) — f(x,u)]vdz|
RN RN
< |wn — ull|Jv]| + |Ii/ (|un]?Vuy — [u*Vu) - Vodz
RN
+fi/ (IVtn]*un — |VU|2u)Ud$|+afé(/ [y wn) — £ () ) ? o]
RN RN
— 0 asn — oo,

which implies that I € C*(E,R). Moreover, by a standard argument, it is easy
to verify that the critical points of I in F are solutions of problem (1.1) (see
[16]). The proof is complete. O

Lemma 2.3. Assume that (V1), (f1) and N < 6 hold. Then I is bounded from
below and satisfies the (PS) condition.

Proof. By Lemma 2.1, (f1), the Sobolev embedding theorem and the Hélder
inequality, we have

1
1) = P+ 5 [ wivupde— [ Pl
2 2 Jun .
1
> —HUHQ—/ F(x,u)dz
2 RN
(2.13) L § )
> Sl = [ a@ultde— [ ex@lulde
2 RN RN
1 2.
> 2l = 3 a7 e =l
1=1
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which implies that I(u) — 400, as ||u|| — oo, since ay, a2 € (1,2). Conse-
quently, I is bounded from below.

Next, we prove that I satisfies the (PS) condition. Assume that {u,} is a
(PS) sequence of I such that I(u,) is bounded and ||I’(u,)|| — 0 as n — oo.
Then, it follows from (2.13) that there exists a constant C' > 0 such that

(2.14) llunlla < a® [Jun]| < C, n €N,
Then by Lemma 2.1, there exists u € E such that

U, = uin F,
(2.15) u, —u in L*(RY), s €[2,2,),

Up —> U a.e. RY.

Therefore
/ (Jun*Vun — [ul*Vu) - V(u, — u)dx
RN
= / (Junl? = |ul?) Vun V(u, — u)dz +/ [ul?|V (uy, — u)|*dx
RN RN
> / (|un|2 - |u|2)VunV(un —u)dx
RN
(2.16)

_ (/]RN [, *u|6dx)%(/RN(|un| + |u|)6d:c) L
" (/RN [Vun *dz) ¥ /RN IV () Pdz) *

> — Cllun —ullg = 0

ol

v

as n — 0o. Analogously, we have

/ (IVunPun — |Vul*u) - (u, — u)dz
RN

/ (1Vunl? = [Vaul?)u(un —u)dm—i—/ IVt 2] (1 — )2l
RN RN

> —/ (1Vaun]? + [Vul?) fun [un — ulda
RN

(2.17)
> - (/ |un—u|6dx)%(/ |un|6dx)%(/ |Vun|3dx)%
RN RN RN
- (/ |un—u|6dx)é(/ |un|6dx)%(/ |Vu|3d:n)%
RN RN RN
> —Cllun —ulle = 0 as n — oo.
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On the other hand, for any given € > 0, by (f1), we can choose R. > 0 such
that

2—ay

(2.18) (/ lei(z)|Foida) 2 <, i=1,2.
|z|>R.

It follows from (2.15) that there exists ng > 0 such that

(2.19) / |uy, — ul?dz < € for n > ng.
|| <Re

Therefore, by (f1), (2.14), (2.19) and the Hoélder inequality, for any n > ng,
one has

/ (@ un) — £ ) fum — uld
|z|<R.

1
2

§(/$SRE |f(x,un) — f(z,u)] d:c)a(/ [un, — ul*dx)

|z|<R.
1
2

< /|I|§R52<|f<x,un>| 1) ?)da]

(2.20) 2 o . N
<el4Yo? [ @D+ e

=1

2
<Ce[ Y a?lleil 2o (Junl5 Y + [l 3% 7H)]2
=1

2—ay

2
<Ce[ Y aflled (€20 + [Jul V)],
i=1 ’

For another, for n € N, it follows from (f1), (2.14), (2.18) and Holder inequality
that

(2.21) /|Z|>RE

<Y / i ()] (Jun
<2) o / i) (Jun| + 0] d

f(@,un) = f 2, u)|Jun — ulda

Dtifl + |u

D‘1'71) (|un| + |u|)d:1:

_2 24
|ei(@) 2= dx) 7 ([Junl

2"+ [lul

5)

<2y o[ la@Edn) (e i)
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2
<26 ai(C A+ fullg?).

=1

Since ¢ is arbitrary, combining (2.20) and (2.21), we have

(2.22) lim (f(x,up) — fz,u))(un —u)dz = 0.

n—oo RN

Then by (2.2), (2.16), (2.17), (2.22) and the weak convergence of {u,}, one has
on(1) = (I'(up) — I' (1), up — u)
= / |A (U, — u)|*da —|—/ IV (up, — u)|*dz —|—/ V() (up — u)’dx
RN RN RN
+ H/RN (Jun [V, — [u*Vu) - V(u, — u)dx
+ H/]RN (IVun|?uy — [Vul?u) - (u, — u)dz

7/ (F (@ n) — (2, 0)) (1 — )i
RN

v

l|un — ul|* + Ii/ (u? — u?)VuV (u, — u)dr
RN
+ H/ (|Vun|? — [Vul®)u(u, — u)dx
RN

= [ ) = ), ~ )
= |Jun — U||2 + on(1),

which implies that u, — w in E. Therefore, I satisfies the (PS) condition.
The proof is complete. O

Theorem 2.1 ([7]). Let E be a real Banach space and I € C*(E,R) satisfy the
(PS) condition. If I is bounded from below, then ¢ = i%fl is a critical value of

1.

In order to find the multiplicity of nontrivial critical points of I, we will use
the “genus” properties, so we recall the following definitions and results (see
11]).

Let E be a Banach space, ¢ € R and I € C*(E,R). Set

Y={AC E\{0}: Aisclosed in F and symmetric with respect to 0},
K.={ueE:I(u)=c,I'(u) =0}, I°={ue E:1(u) <c}.

Definition 2.1. For A € X, we say genus of A is n (denoted by y(A4) = n) if
there is an odd map ¢ € C(A,RY \ {0}) and n is the smallest integer with this
property.
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Theorem 2.2. Let E be an even C' functional on E and satisfy the (PS)
condition. For anyn € N, set

Sn={A€X:79(A) 2 n}, co= inf supl(u).
{AeX:y(d)=n}, en = inf supI(u)

(i) If X, # 0 and ¢, € R, then ¢, is a critical value of I.
(i) If there exists r € N such that ¢, = ¢pi1 = -+ = Cppr = ¢ € R and
¢ # I1(0), then v(K.) > r+ 1.

3. Proofs of main results
Proof of Theorem 1.1. By Lemma 2.2 and Lemma 2.3, the conditions of The-
orem 2.1 are satisfied. Thus, ¢ = i%f I(u) is a critical value of I, that is, there
exists a critical point u* such that I(u*) = ¢. Now, we show that u* # 0.
Let u € (Wy*(J) E)\ {0} and ||u||s < 1, then by (2.1) and (f2), we have
£ o it 2 2
I(tu) = —||lul|* + — u?|Vul|“dz — F(z,tu)dx
2 2 RN RN

2 e, Kt 2 2
(3.1) = —|lul|* + u|Vul*de — | F(x,tu)dx
2 2 Jan ;

t2 tt
< —|\u|\2+“—/ u2|Vu|2dx—a2t“3/ | da,
2 2 ]RN J

where 0 < t < a1, a1 be given in (f3). Since 1 < a3 < 2, it follows from (3.1)
that I(tu) < 0 for ¢ > 0 small enough. Therefore, I(u*) = ¢ < 0, that is, u*
is a nontrivial critical point of I, and so u* is a nontrivial solution of problem
(1.1). The proof is complete. d

Proof of Theorem 1.2. By Lemma 2.2 and Lemma 2.3, I € C'(E, R) is bounded
from below and satisfies the (PS)-condition. It follows from (2.1) and (f3) that
I is even and I(0) = 0. In order to apply Theorem 2.2, we now show that for
any n € N, there exists € > 0 such that

(3.2) ~(I~%) > n.

For any n € N, we take n disjoint open sets J; such that

0 Ji C J.
=1

For i =1,2,...,n, let u; € (Wy*(J) N E) \ {0}, ||ui|loo < 00 and ||ui|| = 1,
and

E, = span{ui,us,...,un}, Sp ={u € E, : ||Ju]| =1}.
Then, for any u € E,,, there exist \; € R;i =1,2,...,n such that

(3.3) u(z) = Z Nug(z), = € RY.
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Then we get
a1 n a1
Ba) Il = ([ ) = (S [ s,
RN i=1 i
and
HUHQZ/ (1Aul? + [Vul® + V(z)[u]?)dx
_Zﬁ/ (Aw + [Vail® + V(@) us]2) da
(35) <ZA2 08w+ [T 4V @iy

= ZA?HWHQ
i=1
n

=2 X
i=1

Since all norms are equivalent in a finite dimensional normed space, so there
exists di; > 0 such that
(3.6) dy|lul] < |ullag for u € E,.

Then by (2.1), (2.5), (f2), (3.3)-(3.6) and Sobolev embedding inequality, for
u € Sy, we have

e, Kt 2 2
I(tu) = —|lul|* + — u*|Vul*dz — F(z,tu)dz
2 2 RN RN
s T [ 2P =S ”
= —|lu|® + u*|Vul“dz Z F(z,tA\u;)dz
2 2 Jan 2/,
< Dl + Sl s S g [ o
(37) i=1 Ji
t2 Kt
= Sllul® + 75, millull® = ast™ lullg3
ot
< —|| I+ 7y ull® — ax(dit)* [Jul|™
t2 Kit?
- 5 + 2 7_221)7—215 (dlt)

where 7, is the best constant for the embedding of E into L"(RY), r € [2,2.,].
Since 0 < ¢t < a7 and 1 < a3z < 2, then it follows from (3.7) that there exist
e >0 and § > 0 such that

(3.8) I(0u) < —¢ for w e Sy.
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Let
Sh={0u:ue S}, Q= {(A,de, ..., \n) € RV : > N7 < 67}
i=1
It follows from (3.8) that
I(u) < —¢ for ueS?,
which, together with the fact that I € C'(E,R) and is even, implies that
(3.9) SScI ey

On the other hand, by (3.3) and (3.5), there exists an odd homeomorphism
mapping ¢ € C(S%,00). By some properties of the genus (see 3° of Proposi-
tions of 7.5 and 7.7 in [11]), we have

(3.10) YI7) = 4(S5) = n.
Thus, the proof of (3.2) holds. Set

3.11 = inf sup I(u).
(3.11) ¢n = jnf sup (u)

It follows from (3.10) and the fact I is bounded from below on E that —oco <
c, < —e < 0, that is to say, for any n € N, ¢, is a real negative number. By
Theorem 2.2, I has infinitely many nontrivial critical points, therefore, problem
(1.1) possesses infinitely many nontrivial solutions. The proof is complete. O
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