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AN ERDOS-KO-RADO THEOREM FOR MINIMAL COVERS

CHENG YEAW KU AND Kok BIN WoONG

ABSTRACT. Let [n] = {1,2,...,n}. A set A = {A1,A2,...,A;} is a
minimal cover of [n] if J; «;<; 4: = [n] and
J Ai#[n] forall jo € [I].

1<i<l,

i#j0
Let C(n) denote the collection of all minimal covers of [n], and write
Cn = |C(n)]. Let A € C(n). An element u € [n] is critical in A if it
appears exactly once in A. Two minimal covers A, B € C(n) are said to
be restricted t-intersecting if they share at least ¢ sets each containing an
element which is critical in both A and B.

A family A C C(n) is said to be restricted t-intersecting if every pair
of distinct elements in A are restricted t-intersecting. In this paper, we
prove that there exists a constant ng = no(t) depending on ¢, such that
for all n > no, if A C C(n) is restricted t-intersecting, then |A] < Cj—+.
Moreover, the bound is attained if and only if A is isomorphic to the
family Do(t) consisting of all minimal covers which contain the single-
ton parts {1}, ..., {t}. A similar result also holds for restricted r-cross
intersecting families of minimal covers.

1. Introduction

Let [n] = {1,...,n}, and let ([Z]) denote the family of all k-subsets of [n]. A
family A of subsets of [n] is t-intersecting if |[AN B| >t for all A,B € A. One
of the most beautiful results in extremal combinatorics is the Erdés-Ko-Rado
theorem.

Theorem 1.1 (Erdés, Ko, and Rado [11], Frankl [13], Wilson [38]). Suppose
AC ([Z]) is t-intersecting and n > 2k —t. Then forn > (k—t+ 1)(t + 1), we

have
n—t
< .
Al < (k—t)

Moreover, if n > (k—t+1)(t+ 1), then equality holds if and only if A={A €
([Z]) : T C A} for some t-set T.
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Let A; C ([,?]) for i = 1,2,...,r. We say that the families A;, Ao, ..., A,
are r-cross t-intersecting if |A1 N AaN---NA,| > ¢t holds for all A; € A;. When
t = 1, we will just say r-cross intersecting instead of r-cross 1l-intersecting.
When r = 2 and t = 1, we will just say cross-intersecting instead of 2-cross
intersecting.

Theorem 1.2 (Bey [3], Matsumoto and Tokushige [32], Pyber [34]). Let A; C
([knl]) and Ay C ([knj) be cross-intersecting. If k1, ko < n/2, then

n—1 n—1
AlAe] < (k1 - 1) (kz - 1)'

Equality holds for k1 +ka < n if and only if A1 and As consist of all ki-element
resp. ko-element sets containing a fixed element.

In the celebrated paper [1], Ahlswede and Khachatrian extended the Erdds-
Ko-Rado theorem by determining the structure of all ¢-intersecting set systems
of maximum size for all possible n (see also [12, 14, 16, 24, 26, 35, 36] for some
related results). There have been many recent results showing that a version
of the Erdés-Ko-Rado theorem holds for combinatorial objects other than set
systems. For example, an analogue of the Erdés-Ko-Rado theorem for the
Hamming scheme is proved in [33]. A complete solution for the t-intersection
problem in the Hamming space is given in [2]. Some recent work done on this
problem and its variants can be found in [4, 5, 6, 8, 9, 10, 15, 18, 19, 25, 30,
31, 37]. The Erdés-Ko-Rado type results also appear in vector spaces [7, 17],
set partitions [20, 22, 21, 29] and weak compositions [23, 27, 28].

In this paper, we consider Erdés-Ko-Rado type results for minimal covers.
Let P(n) be the set of all subsets of [n], and let P?(n) be the set of all subsets
of P(n). Let Z C [n]. Aset A ={A1,As,...,A4;} C P(n)is a cover of Z if
Ui<i<; Ai = Z. Tt is a minimal cover of Z if it is a cover of Z and

U 4Ai#2 foralljo e[l
1<i<l,
i#jo
Let C(Z) denote the collection of all minimal covers of Z. Note that C(Z) C
P?(n). When Z = [n], we shall write C(n) instead of C([n]). Let C,, = |C(n)|.
For 1 < n < 3, we have

() ={{{1}}},
C(2) = {{{1}, {23}, {1.2}}},
C3) ={{{1}, {21, 31}, {1, 2}, {3}}, ({13}, {2}}, {{2,3}, {1}},
{123, {1,3} ), ({123, {2,3} ), {{1,3},{2,3}}, {{1,2,3}}},
and thus C; =1, Cy =2 and (5 = 8.
Let o be a permutation on [n]. For each A C [n], we define 0(A) = {o(a) :

a € A}. For each A C P(n), we define o(A) = {o(A) : A € A}, and for each
A C P?(n), we define o(A) = {o(A) : A € A}. Two families A, B C P?(n) are
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said to be isomorphic, denoted by A = B, if they are the same up to relabelling
of the underlying elements, i.e., o(A) = B.

Let
Qo(t) ={A : A is a minimal cover of [n] \ [},
Qi1(t) ={A € Qu(t): {t+1} & A},
Qy(t) = {A: A is a minimal cover of [n] \ [t + 1]},
Do(t) = {{{1},{2},.. ., {t}}UA}: A€ Qu(t)}.

For 1 <1<t let
D) ={{{1,t + 1}, {2, ¢+ 1},... . {L,t+ 1}, {i+1},... ., {t} JUA: A€ Q:(t)}
U{{{l,t+1}{2,t+1},... . {l,t+1}{I+1},...,{t}JUA:AcOs(t)}.
Notice that when [ = ¢, we have
D) ={{{1, 1+ 1}, {2,1+1},... . {l,LI+1}JUA: AcQy(t)}
U{{{1,l+1}{2,l+1},... . {l,I+1}JUA: AcQs(t)}.

Clearly Dy(t) C C(n), and |Dy(t)| = Cp—t. For each A € Q4 (t), the mapping
defined by

(L t+ 10 {2+ 1} L t+10 I+ 1}, {t}JUA
= {128 {0 I+ 1) {E UA,

is one-to-one. For each A € Q5(t), the mapping defined by

ALt + 14 {2,t+ 1}, ... {l,t+ 1}, {l+1},..., {t}JUA
o {1 {2 {1 [t 1 UA,
is also one-to-one. Hence
(1) Du()] = [Do(t)] = Cus

for 1 <1 < t. However, some of the elements in D;(¢t) do not lie in C(n). For
example, if n > t + 3, then the set

A= {1, t+ 1}, {2t + 1), {1 {0+ 1) e {1+ 2],
{t+2,t+3,...,n}}

is in Dy (t), but it is not in C(n) since removing {t + 1,4 2} from A’ results in
a collection of sets which is still a cover of [n]. Therefore, for n > ¢ + 3,

(2) Du(t) NC(n)| < [Di(t)] = Crs-

A family A C C(n) is said to be t-intersecting if |ANB| > ¢ for all A,B € A.
We suggest the following conjecture on the characterisation of ¢-intersecting
families of maximum size.
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Conjecture 1.3. There exists a constant ng = no(t) depending on t, such that
for all n > ng, if A C C(n) is t-intersecting, then

|-A| S Cn—t-
Moreover, equality holds if and only if A = Dy(t).

In this paper, we prove a weaker version of Conjecture 1.3 (see Theorem 1.4
below). To this end, we require a stronger notion of intersection. For a fixed
j €[n], A € P*(n), we define

Nj(A)=[{Ae€ A:je A}

to be the number of times j appears in A. If N;(A) = 1, then j is said to be
critical in A. For example, if A = {{1,2,3},{1,2,4},{1,5,6}} € C(6), then
N3(A) = 2 since 2 appears twice in A. Also, 5 is critical in A since N5(A) = 1.

Given any A,B € C(n), we write Inter(A,B) > t if there exist ¢ distinct
elements Ap,...,A; € A N B each containing an element which is critical
in both A and B, ie., for all 1 < i < ¢, there exists a; € A; such that
Ng;(A) =1 = N,,(B). For example, if A = {{1,2,3},{1,2,4},{1,5,6}} and
B = {{1,2,3},{2,4,6},{2,3,5}}, then |A N B| = 1, but Inter(A,B) = 0
because A N B = {{1,2,3}} and none of the elements in {1, 2,3} is critical in
both A and B. On the other hand, if C = {{1,2,3},{1,4,5},{1,2,6}}, then
Inter(A, C) > 1 since {1,2,3} € AN C and 3 is critical in both A and C. In
general, if Inter(A,B) > ¢ + 1, then Inter(A,B) > ¢. Also, Inter(A,B) > ¢
implies that |A N B| > t.

A family A C C(n) is said to be restricted t-intersecting if Inter(A,B) > ¢
for any A, B € A.

Theorem 1.4. There exists a constant ng = ng(t) depending on t, such that
for all n > ng, if A C C(n) is restricted t-intersecting, then

|A| S Cnft-
Moreover, equality holds if and only if A = Dy(t).

Families A;, Ag, ..., A, CC(n) are said to be r-cross t-intersecting if |A1 N
Asn---NA,| >tforall A, € A;. As in the case for sets, we will just say
r-cross intersecting to mean r-cross l-intersecting and cross t-intersecting to
mean 2-cross t-intersecting.

Conjecture 1.5. There exists a constant ng = no(r) depending on r, such
that for all n > ng, if A1, Aa, ..., A. CC(n) are r-cross intersecting, then

T

H|Az| <C,_:

i=1

Moreover, equality holds if and only if Ay = As = = A, and Ay = Dy(1).



AN ERDOS-KO-RADO THEOREM FOR MINIMAL COVERS 879

We will prove a weaker version of Conjecture 1.5 (Theorem 1.6). Given
any Aj,As,..., A, € C(n), we write Inter(A1, Ag, ..., A;) > t if there exist
t distinct elements A;, As,..., A € A; N AN ---N A, each containing a
critical element in all of the A;. Families A;, As,..., A, CC(n) are said to be
restricted r-cross t-intersecting if Inter(Aq, Ao, ..., A,) >t for all A; € A;.
As before, we will just say restricted r-cross intersecting to mean restricted r-
cross l-intersecting and restricted cross t-intersecting to mean restricted 2-cross
t-intersecting.

Theorem 1.6. There exists a constant ng = no(r) depending on r, such that
for alln > ng, if A1, Aa, ..., A CC(n) are restricted r-cross intersecting, then

[Tl <cr,
=1

Moreover, equality holds if and only if Ay = As =--- = A, and A1 = Dy(1).

Theorem 1.4 and Theorem 1.6 are proved in Sections 3 and 4 respectively.

2. Splitting operation

Lemma 2.1. Every set in a minimal cover of [n] contains a critical element.
In particular, if A € C(n) and B = {j} is a singleton in A, then j is critical
in A.

Proof. Let A € C(n), and A € A. By definition, removing A from A results
in an element of P?(n) which is no longer a cover of [n]. So there must be an
element in A which does not appear elsewhere in A. Thus, this element must
be critical in A. O

Let T C [n] and |T'| > 2. For each A € C(n) with T' € A, we define
P(T,A)={{¢q}:q €T and qis critical in A}.

By Lemma 2.1, P(T, A) # &. The T-split of A, denoted by sp(A), is defined
as follow: If T is not a set in A, then the T-split is just A itself. Otherwise, we
replace T by all the singleton sets each consisting of a critical element found in
T. Formally,

(01) sp(A)=A,ifT ¢ A;

(02) sp(A)=(A\{T}HUP(T,A),if T € A.

Lemma 2.2. sp(A) € C(n) for all A € C(n).

Proof. We can assume that 7' € A. By removing 7" from A and adding the sin-
gleton set {v} for every critical element v € T, we clearly still have that sp(A)
covers [n]. Furthermore, as we have only reduced the number of occurrences of
non-critical elements, every set in sy (A) still has a critical element, and so it
must be a minimal cover of [n]. O
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For a family A C C(n), let sp(A) = {sr(A) : A € A}. By Lemma 2.2,
st(A) C C(n). Any family A C C(n) can be decomposed with respect to a
given T' C [n] with |T'| > 2 as follows:

A= (.A\.AT)U.AT,

where Ap = {A € A : sp(A) ¢ A}. Define the T-splitting of A to be the
family
ST(.A) = (.A \ .AT) @] ST(.AT).

Lemma 2.3. |Sp(A)| = |A| for all A C C(n).

Proof. If Ay = @, then Sr(A) = A and the lemma holds. Suppose Ar # &.
Clearly, s (Ar)N(A\Ar) = @. So, it is sufficient to show that s is one-to-one
on Ar, i.e., s7(A) = sp(B) implies that A = B for A;B € Ar. Note that
T € AN B and both sp(A) and s7(B) are obtained by operation (02). So,

st(A) = A\{T}UP(T,A),
sr(B) =B\ {T}UP(T,B).

If P(T,A)NB\ {T} # &, then {¢q} € B\ {T'} for some g € T. So, q appears
at least 2 times in B (once in {¢} and once in T), contradicting Lemma 2.1.
Thus, P(T,A)NB\ {T} = @. Similarly, P(T,B) N A\ {T} = @. Therefore,
P(T,A)=P(T,B) and A\ {T} =B\ {T'}. Hence, A = B. O

Let I(n,t) be the set of all restricted cross t-intersecting families in C(n),
ie.,

I(n,t) = {(A1, As) : A1, As C C(n) are restricted cross ¢-intersecting}.

Note that (A, A) € I(n,t) if and only if A is restricted ¢-intersecting. Given
any (A1, As) € I(n,t), the T-splitting of (A;,.As) is defined to be the set
(S7(Ar), S7(A2)).

For any (A1, As) € I(n,t), splitting operations preserve the size (Lemma
2.3) and the intersecting property (Lemma 2.4).

Lemma 2.4. Let T C [n] with |T| > 2. If (A1, A2) € I(n,t), then
(ST(A1), ST(A2)) € I(n,t).

Proof. Note that Inter(A,B) >t for all A € Ay \ (A1) and B € Ay \ (A2)p,
where (Al)T = {A c A ST(A) ¢ A1}, (AQ)T = {A e A : ST(A) g .AQ}
So, it is sufficient to show that Inter(A,B) > t for any A € Sr(A;) and
B € s7((A2)p) (the case A € Sp(Az) and B € sp((A1)) can be proved
similarly).

(Case 1) Suppose A € Ay \ (A1), and B € sp((A2) ).

Let B = s7(C) for some C € (A3);. Then T' € C and B = C\ {T'} U
P(T,C). Suppose T' ¢ A. Then T' ¢ AN C. Since Inter(A,C) > ¢, there
exist Ay,...,A; € AN C each containing a critical element in both A and
C. Since T # A; for all i, we have A;,..., 4 € ANC\ {T} C AnB. So,
Inter(A,B) > ¢
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Suppose T' € A. Then A\ {T} U P(T,A) = sp(A) € A;. Since C € Aq,
we have Inter(st(A), C) > t, and so there exist By,...,B; € s7(A) N C each
containing a critical element in both sr(A) and C. If B;, € P(T, A) for some
io, then B;, = {qo} for some ¢y € T, and ¢y appears at least 2 times in C (once
in B;, and once in T), contradicting Lemma 2.1. Thus, B; € A\ {T'} for all 4.
This implies that By,..., B € ANC\ {T} C ANB. Hence, Inter(A,B) > 1.
(Case 2) Suppose A € s7((A1)y) and B € sp((A2) ).

Let A = s7(C) and B = sp(D) for some C € (A;) and D € (Az),. Then

A=C\{T}UP(T,C),
B=D\{T}uUP(T,D).

Since Inter(C,D) > t, there exist C1,...,C; € C N D each containing a
critical element in C and D. If T # C; for all ¢, then Cy,...,C, € (C\{T}H)N
(D\{T}) € AnB. Hence, Inter(A,B) > t. Suppose T = C;, for some ig. For
convenience, we may assume that T'= C;. Since C; # T for all i # 1, we have
Cy,...,C e (C\{THN(D\{T}) C ANB. Let ¢; € Cy be a critical element
in C;. Then {¢1} € P(T,C)N P(T,D) C ANB, and ¢ is critical in both A
and B. Since {c¢1},Cs,...,C: € AN B, we deduce that Inter(A,B) > ¢.

This completes the proof of the lemma. (I

A family A C C(n) is compressed if for any T C [n] with |T'| > 2, we have
St(A) = A. For any A € C(n), define B3(A) = |{A € A : |4| = 1}, i.e., B(A)
is the number of singletons in A.

Lemma 2.5. Let (A1, A2) € I(n,t). By repeatedly applying the splitting oper-
ations on (A1, As), we eventually obtain compressed families Af and A% with
|AT| = [Aul, [A3] = |Asl, and (A7, A3) € I(n,t).

Proof. For any (A, A2)€I(n,t), let w((A1, A2)) = a4, B(A)+D aca,B(A).
Note that if Sp(A;) # A; for some i € {1,2}, then Y} pcg, (4, B(A) >
> aea, B(A). This implies that w((A1,A2)) < w((ST(A1),S7(A2))). So,
the splitting operations cannot go on forever. Eventually, we will obtain A}
and A% with |Af| = |A1], |A5| = |A2], and (AF, A%) € I(n,t) (Lemmas 2.3 and
2.4). 0

Let A € C(n). For each A € A, let
V(A) = {z:{z} € A},
i.e., 7(A) is the union of all the singletons in A. Let y(A) = {v(A): A € A}.

Lemma 2.6. If A; is compressed and (A1, As) € I(n,t), then v(A1),v(As2)
are cross t-intersecting families of subsets.

Proof. Suppose v(A1),v(Az) are not cross t-intersecting. Then there exist
A € A and B € Ay with |[y(A) Nny(B)| < ¢t — 1. Let Inter(A,B) = s.
Note that s > t and there exist A;,...,As € A N B each containing a critical
element in both A and B. The sets Ay, ..., As cannot be all singletons since
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|v(A)N~y(B)| <t—1. By relabeling if necessary, we may assume that |A;| =1
for 1 <i<land |A;] >2forl+1<i<s. If none of the A;’s are singletons,
then we may assume that [ =0 and |A;| > 2 for 1 <4 < s. Note that | <¢t—1
since [y(A)N~y(B)| <t —1.

Since A; is compressed, we have A; = s4,,,(A) € A;. Note that Inter(Ay,
B) =s—1. Let Ay = 54, ,(A1). Then Ay € A; and Inter(A;,B) = s — 2.
By applying the splitting operations for A;11, Aj42,..., As, we will obtain

C =54, (SAS—I ( T SAIn (A)) € A

Furthermore, Inter(C, B) = [ < t—1. This contradicts the fact that {A;, A2} €
I(n,t). Hence, v(A;1),v(A2) are cross t-intersecting. O

The proof of the following lemma is straightforward and hence omitted.

Lemma 2.7. If o is a permutation of [n], then for any A C C(n), T C [n] with
IT| > 2, we have o(S7(A)) = Sy(1y(0(A)).

Lemma 2.8. Let A € C(n), T C [n] and |T| > 2. If A € sp(A) and |A| > 2,
then A€ A and AL T.

Proof. Note that sp(A) = A\{T}UP(T,A) and |B| =1 for all B € P(T,A).
Therefore, A € A\{T} C A. If A C T, then every element in A will appear at
least 2 times in A (once in A and once T'), contradicting Lemma 2.1. Hence,
AZT. O

Lemma 2.9. Let n > t + 3. Suppose (A1, As) € I(n,t) and |Ay|,|Az| >
[Do(t)| > 1. Let T C [n] and |T| > 2. If Sr(A1) = St(Az) = Dy(t), then
.Al = AQ, and .Al %JDQ(t).

Proof. There is a permutation o of [n] with o(S7(A;)) = Do(t) for 1 < i < 2.
By Lemma 2.7, S;(7)(0(A;))) = Do(t). If 0(A1) = 0(Az), and o(A;) = Do(t),
then A; = Ag, and Ay = Dy(t). Furthermore, (0(A;),0(As)) € I(n,t) and
lo(A1)|, |o(A2)| > |Do(t)| > 1. So, without loss of generality, we may assume
that Sp(A;) = Do(t) for i =1,2.

Recall that

Do(t) = {{{1}.{2},... {t}}UA}: A e Qu(t)},
where Qg(t) = {A : A is a minimal cover of [n] \ [¢]}. Let
B={{1},{2},....{t}, {t+ 1, t+2,...,n}} € Do(t).

We first prove the following claim.
(Claim 1.) IfBe A UA,, then Be A1 NAs, and A1 = Ay = Do(t).

Without loss of generality, we may assume that B € A;.

We first prove that As = Dy(t). Assume, for a contradiction, that Ay #

Do(t). Then there exists a C € A such that {i} ¢ C for some 1 < i < t. Now,
the condition Inter(B, C) > ¢ implies that

C={{1}{2},.. .. {i— 1}V, {i+1},.... {th, {t+ Lt +2,....,n}},
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where ¢ € V and |V] > 2. Note that VN {l,2,....i—1,i+1,...,t} = &
for otherwise there exists j € {1,2,...,i — 1,4+ 1,...,¢} such that j appears
at least 2 times in C (once in {j} and once in V'), contradicting Lemma 2.1.
Similarly, {t+1,t+2,...,n} € V. Since s7(C) € Dy(t), we have {i} € s7(C).
Thus, T = V.

Let

D= {{1},{2},..., {t}, {t + Lt +2}, {t + 1,t +3,...,n}} € Dy(t).

Note that Inter(D,C) = t — 1 since DN C = {{1},{2},....{i — 1}, {i +
1},...,{t}}. Therefore, D ¢ A;. Since D € Sp(A;1) = Dy(t), there is E € A
with T € E and sp(E) = D. By Lemma 2.8, {t+1,t+2}, {t+1,t+3,...,n} € E.
From Inter(E, C) > t, we must have

E={{1},{2},.... {i— 1}, V,{i+1},... {t},
{t+1,t+2}{t+1,t+3,...,n}}.

Let F € A3\ {C} (such an F exists because |A3| > 2). The aim is to arrive
at a contradiction by showing that such F could never exist.

Suppose {t+1,t+2,...,n} € F. Then {t+1,t +2},{t+1,t+3,...,n} ¢
F (otherwise it contradicts Lemma 2.1). From Inter(E,F) > ¢, we have
{11, {2},...,{i — 1, V,{i + 1},...,{t}} € F. Thus, F = C, a contra-
diction. So, we may assume that {t + 1,¢ + 2,...,n} ¢ F. Now, from
Inter(B,F) > ¢, we have {{1},{2},...,{t}} € F. This implies that V ¢ F
(otherwise both {i},V € F, contradicting Lemma 2.1). From Inter(E,F) > t,
we have {t+1,t+2} € For {t+1,t+3,...,n} € F. In either case, we always
have {t+ 1} ¢ F.

Next, we claim that {j} ¢ F for t + 1 < j < n. Since {t+ 1} ¢ F from the
preceding paragraph, it remains to show that {j} ¢ F for t + 2 < j < n. For
t+2<j<n,let

G; ={{1} {2}, ..., {¢}, {t+ 1,5, {t+2,t+3,...,n}} € Dy(t).

Note that G; ¢ Ay since Inter(G;,C) = ¢t — 1. Since G, € Sr(A1), there is
H; € A; with T € H; such that sy (H;) = G,. By Lemma 2.8, {¢t+ 1,5}, {t+
2,t+3,...,n} € H;. From Inter(H;, C) > ¢, we must have

Hj :{{1}7{2}55{171}7‘/7{Z+1}57{t}a
[+ 17} {t+2,6 43, n}}.
Now, Inter(H;, F) > t implies that either {t+1,j} € For {t+2,t+3,...,n} €
F. Thus, {j} ¢ F for t + 2 < j < n; otherwise j would appear twice in F, once
in {j} and once in either {t+ 1,5} or {t+2,t+3,...,n} contradicting Lemma

2.1. Hence {j} ¢ Fforallt+1<j <n.
Fort+1<j<t+3,letY;={t+1,t+2,...,n}\ {j} and

Y; = {{1}7 {2}5 ERX) {t}7 {j}v YJ} € DO(t)'
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Now, Y; ¢ A; since Inter(Y;, C) = ¢t — 1. Therefore, there exists Z; € A; with
T € Z; and sp(Z;) =Y;. By Lemma 2.8, Y, € Z;. Moreover, |Y;| > 2 since
n —t > 3. From Inter(Z;, C) > t, we must have

{542y =1L Vi{i+ 1}, {1 C Z;.

Therefore,

7 _ {{{1},{2},...,{i1},V,{i+1},...,{t},Yj}, if jeV;
UL ), L - Gy () ), Y, iV

If j € V, then Inter(Z;,F) > t implies that Y; € F. If j ¢ V, then Inter(Z;,F)
> ¢t implies that either {j} € F or ¥; € F. Since {j} ¢ Ffort+1 < j <mn,
we can only have Y; € F. Hence, ¥; € Finall t+1 < j <t+3. In
particular, we have Yi41 = {t +2,t +3,...,n}, Yiqo = {t + 1,t + 3,...,n},
Yigs ={t+1,t+2,t+4...,n} € F and this contradicts Lemma 2.1, because
every element in {t +2,t+ 3,...,n} appears at least 2 times in F.

We conclude that no such F exists. This contradiction shows that A; =
Do(t). Consequently, B € Ay and thus B € A4; N As. By repeating the above
argument starting with B € Ay, we deduce that A; = Dy(t). Hence, Claim 1
is proved.

We now proceed to prove the lemma. If B € A;, then the result of the
lemma holds by Claim 1. So we may suppose that B ¢ A;.

Then there exists Q € A; with s7(Q) = B. Note that T' € Q and

B=Q\{T}UP(T,Q)

By Lemma 2.8, {t +1,¢+2,...,n} € Qand {t+1,t+2,...,n} € T. Note
that P(T,Q) C {{1},{2},.... (1}}. T [P(T,Q)| > 2, then [Q\ {T}] < ¢ 1
and |Q| < ¢. Since (A1, A2) € I(n,t), we must have Az = {Q}, contradicting
|A2| > 1. Thus, |P(T,Q)| =1 and P(T,Q) = {{jo}} for some 1 < jo < ¢.

Suppose |T'| > 3. Then T = {jo} UX for some X C {¢t+1,t+2,...,n} with
| X|>2 LetY ={t+1,t+2,...,n}\ X and

R ={{1},{2},....{t}, X,Y}.

Note that R ¢ A since Inter(R, Q) =¢ — 1. In fact QNR = {{1},..., {jo —
1}, {jo+ 1},...,{t}}. Since R € Sp(Az) = Dy(t), there exists S € Ay with
T € S and sp(S) = R. By Lemma 2.8, X € S and X ¢ T, a contradiction.
Hence, |T| = 2 and T = {io, jo} or some ig € {t+1,t+2,...,n}. Subsequently,
from s7(Q) = B, we deduce that

Q:{{l}’{Q}a"'a{jO - 1},T:{i0,j0},{j0 + 1},---,{ﬁ},{t+ 1,t+2,---,n}},

and |Q| =t+ 1.
Since B € A; and Q € A;, it follows from Claim 1 that

B ={{1}.{2},... {t}. {6+ 1.t +2,....n}} ¢ A, and
Q :{{1}a {2}7 - '7{j0 - 1}7T - {i07j0}7 {.70 + ]-}a ) {t}a
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{t+1,t+2,...,n}} e A, fori=1,2.

Let U € A2\ {Q}. If T ¢ U, then s7(U) = U € Dy(t) and so {{1},{2},...,
{t}} € U. Next, Inter(U, Q) > ¢ implies that {t + 1,t 4+ 2,...,n} € U. Thus,
U = B € A,, a contradiction. Hence T € U.

Suppose {k} € U for some k € {1,2,...,t}\{jo}. Then thereisaset K € U
with |K| > 2 and k € K. Since K # T, we have K € sp(U). Also, since
s7(U) € Do(t), we have {k} € sp(U). This contradicts Lemma 2.1 because k
appears twice in s7(U) (once in {k} and once in K). Hence, {k} € U for all
ke{l,2,...,t} \ {jo}. This implies that every element U € Aj is of the form

{{1}’ {2}’ . '7{j0 - 1}aT = {iO;jO}a {]0 + 1}’ R {t}} U W,

where W is a minimal cover of [n] \ [t] with {ig} ¢ W. Therefore, A2 C D,
where D 2 Dy (t). In fact, since not all elements in D;(¢) are minimal covers,
we have A2 € DNC(n) and so it follows from (2) that

[A2| <|D1(t) NC(n)| < Cp—y,

contradicting the assumption that |As| > [Do(t)] = Cp—¢.
This completes the proof of the lemma. (]

3. Proof of Theorem 1.4

Foreach Z C [n],let C(Z)={A € C(Z) : A does not contain any singleton}.
When Z = [n], we shall write C(n) instead of C([n]). Let C,, = |C(n)|.

Lemma 3.1. Let n > 2. Then

n n .
3 Cn = Cnf I
(3) 3 <k> .

~ - — 1\ ~
(4) Cn > (n k )Cn—l—ka
e

—

with the conventions Cy = 50 =1.

Proof. Let T C [n] and C(n)(T) be the set of all A € C(n) such that the only
singletons in A are those in T, i.e.,

Cn)(T)={A eC(n):{z} € A ifand only if z € T'}.

Note that if A € C(n)(T), then every x € T is critical in A (Lemma 2.1).
Therefore, A\ {{z} : z € T} € C([n] \ T). Hence, |C(n)(T)| = C,_ 7.

Note that Upcp,;C(n)(T) € C(n). Now, for each Ag € C(n), there is a
To C [n] such that {z} € A if and only if x € Ty. Thus, Ay € C(n)(Tp) and
UTg[n] C(n)(T) = C(n).
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Note that C(n)(T)NC(n)(T’) = @ for T # T". So,

cr=lcol=| U conm)| =3 ()G
7C(n)

k=0

proving (3).

Let T C [n—1],|T| > 1 and V(T) be the set of all A € C(n — 1) such that
T € A and A\ {T'} is a minimal cover of [n — 1]\ T that does not contain any
singletons, i.e.,

V(T):{AeC(n—l):TeA and A\ {T} € C([n— 1]\ T)}.
Then |V(T)| = Cp_q_ i7|- Let

V(T) ={(A\{TH U {{T'u {n}}} A e V(T)}
Note that V(T') C C(n) and [V(T)| = |V(T)| = Cp_1_ |- Furthermore, V(T)N
V(I') =@ for T #T'. So, from UTC[n 1,|T|>1 V(T) C C( ), we have

™M

n—1 _ ~ ~
( )= U V)| <l =G
k=1 TCln—1],|T|>1

proving (4). O

Given a real number z, we shall denote the greatest integer less than or
equal to z, by |z]. Note that |z] <z < |z] + 1.

Lemma 3.2. Given any positive integers m, ¢ and t with m > 2, there is a
positive integer ng = no(m, c,t) depending on m, ¢ and t, such that for n > ny,

~ n ~
Cht >c" Z (k) Ch_k.
L7 ]<k<n
Proof. Since 6H*Ln/7nJ+2 > Cp_y, for all [n/m] < k < n, we have
n ~ ~
Z (k)cnk S Chonto Z < >
L7 <k<n [&]<k<n
<2"Ce |2 42

So, it is sufficient to show that 6n—t/5n—LﬁJ+2 > (20)™.
Now, n— [ 2] 44 > (2¢)*™ + 1 provided that n > —2=(2¢)*™. So, by (4),
Ci/Cra>1—1> (2c)* for 1 >n— |~ ] 4 4. Therefore,

Crs S ( Cn—| 2424 ) (Cn—L;;Hfs) (C’n—L;;JM)
Cnzitz \Cn-|2 1202 Coi2 )44/ \Cn-| 242

> ((20)4m)u71’




AN ERDOS-KO-RADO THEOREM FOR MINIMAL COVERS 887

where u = [3(|Z] — ¢ —2)|. Note that u —1 > $(Z —¢t—3) -2 > [
provided that n > 2m(t+7). Hence, for sufficiently large n, én,t/én_L%Hg >

(2¢)™. O

Let A C C(n) be compressed. Recall that v(A) = {y(A) : A € A}, where
~v(A) is the union of all the singletons in A. We say v(A) is trivial if there is
a fixed t-set, say T, such that T'C v(A) for all A € A.

Lemma 3.3. There is a positive integer ng = ng(t) depending on t, such that
formn > ng, if A C C(n) is compressed and is restricted t-intersecting, and v(.A)
is non-trivial, then

|A] < Cp—t.

Proof. Note that (A, A) € I(n,t). By Lemma 2.6, v(A) and ~(A) are cross
t-intersecting, i.e., 7(A) is t-intersecting. For k > t, let Fj, = v(A) N ([Z]).
Then Fj, is t-intersecting. If F; # &, then v(A) is trivial. So, we may assume
that F; = @. By using Lemma 2.1, it is not hard to see that for each A € A,

A\ {{z} - zery(A)} eC([n]\v(A))

Therefore,
t+1<k<n
= > | Fk|Cre + > | Pk Cr-
tH1<k< | 2y +t—1] | 2 +t—1]+1<k<n

By Theorem 1.1, |Fg| < (Z:f) fort+1<k< L% +t— 1J Therefore,

~ n — t ~
Z |fk|0nfk < Z (k—t)cnk
tH1<k<| Zp+t—1] tH1<k<| iy +t—1]
n—t\ ~

1<k<| 2y +t—1]—t

—t\ ~
Z ( k )Cn—t—k
1<k<n—t

= Cnft - Cnft;

IN

where the last equality follows from equation (3).
On the other hand, |Fi| < (Z) for Lt% +t— 1J + 1 < k < n. Therefore,

> [Fr|Cro, < > (Z) Cri

| 2 +t—1+1<k<n | 2 +t—1]+1<k<n
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n ~
Lo | <ks<n
< énftv

where the last inequality follows from Lemma 3.2 for sufficiently large n in
terms of ¢. Hence, |A| < Cj—¢. O

Proof of Theorem 1.4. Note that (Dy(t), Do(t)) € I(n,t) and |Dy(t)| = Cp—t
for 0 < [ < t. Let A be restricted t-intersecting of maximum size. Then
(A, A) € I(n,t) and |A| > C,,—_;. Repeatedly apply the splitting operations un-
til we obtain a compressed A* with |A*| = | A| and (A*, A*) € I(n,t) (Lemma
2.5). By Lemma 2.6, v(A*) is t-intersecting. If v(.A*) is non-trivial, then by
Lemma 3.3, |A| = | A*| < Cp,—¢, a contradiction. Hence, v(A*) is trivial.

Let T = {x1,...,2+} be the t-set such that T'C v(A) for all A € A*. Let
o be a permutation of [n] with o(x;) =1 for all 5. Then o(A*) C Dy(t). Since
lo(A*)| = |A*| > |Do(t)|, we deduce that o(A*) = Dy(t). By Lemma 2.9, we
conclude that A 2 Dy(t).

This completes the proof of Theorem 1.4. O

4. Proof of Theorem 1.6
Let
Cr(n) = {A € C(n) : |A| = k},
and C,, 1, = |Cx(n)|. Clearly,

(5) Cn = Z Cn,k-
k=1

Lemma 4.1. Forn > 1, 5'n+1 < ontlcC, .

Proof. We first define a function f : C(n+1) — C(n). Let A = {Ay, Aa, ..., Ax}
eCn+1). f{A\{n+1}, A2\ {n+1},...,Ax \ {n+ 1}} € C(n), then we
say A is of Type I, otherwise, we say A is of Type II.

If A is of Type I, then we set
fA)={A1\{n+1}, A2\ {n+1},..., A\ {n+ 1}}.

By Lemma 2.1, every set A; contains a critical element in A. Furthermore, if
every A; contains a critical element different from n+1, then {A;\{n+1}, A2\
{n+1},..., Ag\{n+1}} € C(n). So, {A1\{n+1}, Ao\{n+1},..., Ag\{n+1}} ¢
C(n) if and only if there exists a unique ig € {1,...,k} such that n + 1 is the
only critical element contained in A;,, in which case we have A;, \ {n + 1} C
Al U---u Aiofl @] Ai0+1 U---u Ak and {Al, ey Ai[}*lv Ai0+1, [P ,Ak} S C(TL)
Therefore, if A is of Type II, then we set

FA) ={A1, ..., Aig1, Aigr1,- .., As},
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which is well-defined by the uniqueness of 4.

Let B = {B1, Bs,..., By} € Cx(n). Consider B = {By, Ba, ..., By} where
B;=B;U{n+1}if |B)) =1, and B; = B; U{n + 1} or B; if |B;| # 1. Note
that B = {B1,Bs,..., By} € C(n+ 1) and f(B) = B. Therefore, the number
of Type I minimal covers in f~!(B) is at most 2 < 2m.

Let C € f~1(B) be of Type II. Then |B;| > 2 for 1 < i < k and C =
{Bo, B1,Ba,...,B} where Bo = AU{n+ 1}, A C [n] and A # &. So, the
number of Type II minimal covers in f~1(B) is at most 2". Hence, |f~1(B)| <
2" 4 2" = 2"t

Note that

n

5n+1:Z Z fH(B)

k=1BeCk(n)
n

< 2n+1 Z Z 1

k=1BeEC,(n)

= ontl Z Chi = 2", (by equation (5)).
k=1 [l

Let A;, A C C(n) be compressed. We say that (v(A1),v(Asz)) is trivial if
there exists « € [n], such that x € v(A) for all A € 4; and A € As.

Lemma 4.2. There is a positive integer ng, such that for n > ng, if Ay, Ay C
C(n) are compressed, (A1, As) € I(n,1), and (v(A1),7(As2)) is non-trivial,
then

|AL]| A2 < C3_y.

Proof. For 1 < i < 2 and k > 1, let Fir = v(A;) N ([Z]). By Lemma 2.6,
v(A1),v(A2) are cross intersecting. Therefore, if ;3 # @ for i = 1,2, then
(7(A1),7(A2)) is trivial. So, we may assume that F; = @. By using Lemma

2.1, it is not hard to see that for each A € A;,

A\ {{z} + zey(A)} €C([n] \v(A)).
Therefore, |A;| < Z1gk§n |f1k|C~‘n,k and |As| < Z%kén |f2k|6~‘n,k. So,

|A1| < Z |]:1k|5n7k + Z |f1k|6’nfk

1<k<|%] [3]<k<n
~ n ~
< Z |]:1k|Cn—k + Z (k) Cn—ka
1<k<|3] |2 <h<n

and

Mol < Y FulCuit Y (Z)a,,_k.

2<k<|2] |2)<k<n
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Let
n ~

Q — Z (k) Cnfkv

[5]<k<n
M, = Z | F1k|Coi,

1<k<| %]
M2 = Z |]:2k|5nfk-

2<k<| %]

Then

|A1|[As| < (My + Q) (Ms + Q)
= MM, + M:1Q + M2Q + Q°.

-1 < Cn 1- By Lemma 4.1, C < 2"Cy_1. By equation

By equation (3)
\_%J i < Cpy < 27Cp_y. Therefore,

(4),for2<k <
My < Choq|Fra| +2"Chrq Z | F1l

2<k<| %]

<2"tC, 4 Z | Fik
1<k<|%]

n+1 n
<rricn ¥ (})
1<k<| %]
§22n+lcn71.

Similarly, My < 22"C,,_
By Lemma 3.2, @ < < Ch_1 <3 LC,_1 < C,_i. Therefore

Ch-
MiQ + M@ + Q* < (2" 422" + 1)Cpy ( gn 1)

< 3(22n+1)cn_1 (anl )

6 ~
= —C,_1C,—

o 1 1
<le .6

2 n—1%n—1-

By Theorem 1.2,

n—1 n—1Y\~ ~
MM, < Chnte; Cr—k,
REENPY <k1—1)<k2—1) fatnk
1<ki<| %],
2<ka<| 5]
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n—1\~ n—1\~
1<k<|2] 2<k<| %]

By equation (3),

n—1\~
<
Z (k/’ o 1>an > Cnflv

1<k<| %]

—1\ ~ ~
Z (Z 1)Cn—k < Cn—l - On—l-

2<k<| %]

Hence, M1 My < (Cp—1 — 5n_1)cn_1, and

- 1 -
|AL[|A2] < C3_ — CeiCry + 5(0n71)0n71

<C? . O

Lemma 4.3. There exists a constant ng, such that for alln > ng, if (A1, As) €
I(n,1), then

Al Az < C2 4.
Moreover, equality holds if and only if Ay = Ay and Ay = Dy(1).

Proof. Note that (Dy(1),Do(1)) € I(n,1) and |Dy(1)] = Cp—1. Let (A1, A2) €
I(n,1) such that |A;||Az| is maximum. Then |A;|[A2| > C%_,. Repeatedly
apply the splitting operations until we obtain compressed families A} and A3
with | A3 = | A1], |A5| = | A2l, and (A}, A3) € I(n,t) (Lemma 2.5). By Lemma
2.6, v(A3) and v(Aj) are cross intersecting. If (v(A1),7(Az2)) is non-trivial,
then by Lemma 3.3, |A;|[As] = |A}]|A35| < C2_,, a contradiction. Hence,
(7(A1),7(A2)) is trivial.

Let « € [n] be such that z € y(A) for all A € A7 and A € A;. Let o
be a permutation of [n] with o(z) = 1. Then o(Af) C Dy(1) for i = 1,2.
This implies that |A}| = |0(A})| < |Do(1)| = Cp—1. Since C2_; < |A1]|A2| =
|As||A5| < C2_,, we must have 0(A}) = Dp(1). By Lemma 2.9, we conclude
that A; = A and A; = Dy(1). O

Proof of Theorem 1.6. Note that if Ay, As,..., A, are restricted r-cross in-
tersecting, then for any ¢,j with ¢ # j, we have A;, A; are restricted cross-
intersecting. By Lemma 4.3,

(6) |AillA;] < Cry.
Therefore,

(1_1 |Az-|>r_1 =TI 1aill4y

1<i<j<r

< II ¢

1<i<j<r
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r(r—1) .

n—1

This proves the first part of Theorem 1.6.
Suppose equality holds. Then in equation (6), we must have

|AillAj] = Ca_y.

By Lemma 4.3, A; = A; and A; = Dy(1). This completes the proof of Theorem
1.6. ([l
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