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MULTIPLICITY OF SOLUTIONS FOR A CLASS OF
NON-LOCAL ELLIPTIC OPERATORS SYSTEMS

CHUANZHI BAI

ABSTRACT. In this paper, we investigate the existence and multiplicity of
solutions for systems driven by two non-local integrodifferential operators
with homogeneous Dirichlet boundary conditions. The main tools are the
Saddle point theorem, Ekeland’s variational principle and the Mountain
pass theorem.

1. Introduction
This paper is concerned with the following problem
— Lrgu= M+ F,(z,u,v) in Q,
(1.1) —Lov =pv+ Fy(z,u,v) inQ,
u=v=0 in R™\ ,

where QO C R" (n > 2) is a bounded domain with smooth boundary 952, and
A, p are two positive parameters. F' € C1(Q x R? R) satisfies some conditions
which will be stated later on, Lx and Lg are the non-local operators defined
by:

Licu(w) = [ (ula+y) + ulo —y) - 2u(@) K(g)dy, @ € R
and
Lovle) = [ (oo +9)+ oo —) - 20@)Gl)dy, « € R,
respectively, here K, G : R™ \ {0} — (0, +00) are two functions such that
(1.2) mK,mG € L*(R"), where m(z) = min{|z|* 1}
there exist 01,62 > 0 and s1, s2 € (0,1) such that
(1.3)  K(x) > 61|z|~ 20 G(x) > Oa|z|~"F252) for any z € R™\ {0}
(1.4) K(z) =K(-z), G(z)=G(—z) VzeR"\{0}.
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A typical example for K and G is given by K(z) = |z|~"*?51) and G(z) =
|z|~(+252) " In this case Lx and Lg are the fractional Laplace operators
—(—A)** and —(—A)*2, where —(—A)? is defined by

u(z +y) +u(r —y) — 2u(x)
|y|m+2s

~(-ayu) = [

dy, zeR",
here s € (0,1) and n > 2s. The fractional Laplacian —(—A)?® is a classical linear
integro-differential operator of order 2s which gives the standard Laplacian
when s = 1.

Let X be the linear space of Lebesgue measurable functions from R” to R
such that the restriction to Q of any function g in Xk belongs to L?(Q) and

the map (z,y) = (9(x) — g(y)) V'K (z —y) is in L*(R*" \ (CQ x €Q), dzdy),
where C§2 := R™ \ Q. Moreover,
Xox={9€ XKk :9g=0ae inR"\ Q}.

Similarly, we can define the space Xg g. Let Ey = Xo,x X Xo,¢. We say that
(u,v) € Fy is a weak solution of problem (1.1) if for every (¢, 1) € Fy, one has

[ o) = u)ele) ~ o) K o~ y)dody
+ [ @)~ @) (00) ~ b)Ge ~ ey
R‘Z‘n,
) / w(@)p(x)dz — p / o )p(a)de — / Fu(z, (), 0(2)p(2)da
—/S)Fv(x,u(x),v(x))w(x)dx = 0.

The fractional Laplacian and non-local operators of elliptic type arises in
both pure mathematical research and concrete applications, since these opera-
tors occur in a quite natural way in many different contexts. For an elementary
introduction to this topic, see [10] and the references therein. Recently, some
elliptic boundary problems driven by the non-local integrodifferential operator
L have been studied in the works [3, 4, 6, 7, 8, 12, 13, 14].

In this paper, inspired by the ideas introduced in [1, 3, 12], we will show
how the multiplicity of solutions of problem (1.1) changes as A and p vary. To
the best of our knowledge, this is an interesting and new research topic for
non-local operators of elliptic type.

Denote by 0 < A1 < Ao < -+ < A\ < -+ the eigenvalues of the following
non-local eigenvalue problem

(1.5) { —Ligu=Mu in Q

uw=0 in R™\ Q.
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Similarly, denote by 0 < 1 < p2 < -+ < pp < --- the eigenvalues of the
following non-local eigenvalue problem

—Lev = pv in
v=0 in R™\ .

Our main results are given by the following theorems.

Theorem 1.1. Let F(x,0,0) be bounded for each x € Q. If F satisfies

Fu b ) . F’U b) )
(H1) m e@wl o BE@ )
|u|—+o0 |u| [v] =00 |U|

(1.6)

=0

uniformly in x € Q. Then for \j < X < Ay and py < p < po, problem (1.1)
has at least one solution.

Theorem 1.2. Let F(x,0,0) be bounded for each x € Q. Assume that the
nonlinearity F satisfies (H1) and
(HQ) lim F(ZL', tlel, t2wl> = 400

|t1‘,‘t2|*>+00
uniformly in x € Q, where ey is a normalized eigenfunction corresponding to
A1 and wy is a normalized eigenfunction corresponding to p1. Then for A < Ay
and p < p1 sufficiently close to A1 and p1, problem (1.1) has at least three
solutions.

Remark 1.1. The case of \; < 22 is attainable. In fact, if K (z) = |z|~(n+2s1)
(s1 € (0,1), then —Lx = (—A)*'. In [11], Kwasnicki studied the asymptotic
behavior of the eigenvalues of the spectral problem for the one-dimensional
fractional Laplace operator (—A)®/2 (a € (0,2)) in the interval D = (—1,1),
from [11, Table 2], we know that eigenvalues \; < )‘—22 fora > 1. If a — 2,
then the fractional Laplace operator (—A)®/2 reduces to the Laplace operator
—A. The eigenvalues A\; and As of the spectral problem for the two-dimensional
Laplace operator —A in the rectangle D = (0,a) x (0,b) (a > b > 0) had been
given as follows ([5], page 83):

I 42 7?
M=EtE Mt
Let a =5 and b = 4, then
41 1 89 1
A 2 =),

~ 200" S2 100" T2
2. Preliminaries

The space Xk is endowed with the norm defined as

1/2
(2.1) IMKZHMwmy+(ém&ﬂ—MwFK@—ymww) ,

where Q@ = R?*"\ O. Here O = (CQ x CQ) C R?" and CQ = R"™\ Q. It is easily
seen that || - ||k is a norm on Xk (see, for instance, [12] for a proof).
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By [12], a sort of Poincaré-Sobolev inequality for functions in Xo g is given
as follows.

Lemma 2.1 ([12]). Suppose that K : R"\ {0} — (0, +00) satisfies assumptions
(1.2)-(1.4). Then

(1) there exists a positive constant c¢1, depending only on n and s1, such that

for any u € Xo
_ 2
=l gy < er [ D iy,
R

2
||U||L2§1 ) 125 R = on |SC _ y|n+2sl

where 2%, = 2n/(n — 2s1);
(2) there exits a constant C' > 1, depending only on n,s1,01 and 2, such
that for any v € Xo,x

[ (o)~ )P @ = oy < Julfy <€ [ futa) = ul) PR (@ = )dady,
Q Q

that is

1/2
) ol = ([ o) =P o
is a norm on Xo i equivalent to the usual one defined in (2.1).

Lemma 2.2 ([12]). (Xo.x, || - lxx) s a Hilbert space, with the scalar product
(2.3) (U, 0) %0, = /Q(U(x) —u(y))(v(z) —v(y)) K (z — y)dedy.

Since v € Xy i, we have v = 0 a.e. in R™ \ Q. Thus the integrals in (2.2)
and in (2.3) can be extended to all R?".

Remark 2.1. Similarly, we can define ||ul/x, . and (u,v)x, . if only replaced
K by G in Lemma 2.1 and Lemma 2.2 respectively. Moreover, there exists a
positive constant ¢y, depending only on n and s2, such that for any v € Xo ¢

_ 2
= [|v])? < 02/ 7'1)(36) v(v) dzxdy,
R2n

2
HU||L2>;2 o) L¥2(Rr) = |z — gy|nt2s2
where 2%, = 2n/(n — 2s3).

Space Ey = X,k X Xo,¢ is the Cartesian product of two Hilbert spaces,
which is a reflexive Banach space endowed with the norm

I, v)

= |lullo,x + [[vllo,c

- (/Q lu(x) — u(y)|*K(z — y)d:cdy> 1/2

+ (/Q lo(@) = v(y) *G(z — y)d:cdy> 1/2 -

From [13, Proposition 9], we have:
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Lemma 2.3 (Eigenvalues and eigenfunctions of —Lg). Let K : R™ \ {0} —
(0,+00) be a function satisfying assumptions (1.2)-(1.4). Then
a)

A Jpon lu(z) — u(y) K (x — y)dady
' ueXox\(0} fQ |u(z)|2dx
(2.4) min / lu(z) — u(y)|?K (x — y)dzdy;
uw€Xo,K, H“”L2(n):1 R2"

b) there exists a non-negative function ey € Xo i, which is an eigenfunction
corresponding to A1, attaining the minimum in (2.4), that is ||e1|| 2() = 1 and

(2.5) M= / Je(w) — er () K — y)dndy;

Jpon [u(@) — u(y) P K (2 — y)dzdy
u€<el) fQ |u |2d1'

e jute) ) PR (@ y)dady,
uelen) ™, |lull 2= 2n

3. Main results

By [13] we know that (u,v) € Ep is a weak solution of problem (1.1) is
equivalent to being a critical point of the functional

Tnulu) =5 [ | 1ule) = u)P Kz = y)dody

1
+3 [ 10le) = oG~ y)dody
A )2
(3.1) — = [ |u(x)]Pdr — |v )ode — [ F(x,u,v)d.
2 Jo
Since the potential F' satisfies (Hl), it follows that jA,u € CY(E,R).

Thanks to the fact that L%1(€2) < L2(Q) is continuous, we get

(3.2) lulFaoy < 1€2]%a =275 )2, % @)

Using (1.3) and Lemma 2.1(1), we have
/2
ju(x) —u(@)?, '
lull 2, ) < Ver (/Rn o gz o
o ) 1/2
<o ([ @) = PR o - oy
R2n

C
(3:3) =/ lullo.xc
1
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Substituting (3.3) into (3.2), we get

* L% C
(3.4) lullzaqoy < 1€1% 72722 Jo fullo i

Similarly, we have

* Q% (6]
(3.5) [V 20y < €)% 2>/2232\/@””HO,G-

The main results of Theorem 1.1 are proved by the saddle point theorem [9]
and those of Theorem 1.2 are based on Ekeland’s variational principle and the
Mountain pass theorem [2].

Proof Theorem 1.1. Let {z,} = {(un,vn)} C Ey satisfy
(3.6) Tau(zn) = c €R, T (20)]

as n — oo. Firstly, we prove that {z,} in bounded in Ey. From (H1) and the
continuity of the potential F', for any € > 0, there exists a positive constant
W, such that

(3.7) <elv| + W,

ou ov
for all (z,u,v) € Q x R2. Putting Z = (e1) x (w1), and

Z' = {(u,v) € Ey:u € (e1)t, v e (W)t}

oF oF
—(z,u,v)| < elul + W, ‘—(m,u,v)

We can easily know that Z’ is a complementary subspace of Z. Hence we have
the following direct sum
Ey= 27 EB A

Tun) € Z, 2 = (uh,vf) € Z'. For

n»-'n

Let z, = z,, + 2} € Ep, where z, = (u
large n, we obtain by (3.6) that
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On the other hand, by Claim 2 in Appendix A of [13], by (2.6), (3.4), (3.5) and
(3.7), we have

: / (1 () — () (u () — u

+ % /R2n (vn () — o0 (y)) (v;f () — v} () G(z — y)dady

— %/ﬂun(x)u:{(z)dz - %/ﬂ v (@)v,) (2)dz

1 1 A I
(39) = SlutlE x4 ot |Rg - 2 / i () P — / o () P,
2 2 2 Jo 2 Jo

S+

() K (z — y)dzdy

/ Fou (2, U, vp)u,t do
Q

< / (eltn] + Wo)lu] | dz
Q

IN

3€ €, _
3IIUIIIiz<Q> + 5, 17200 + Wel Q2w L2 (@)

IN

€ * * Cl _
217225 2 3l |12 k¢ + llup 112 )
2 01

* * C
(3.10) + W Q| D2 énumm,

and

/F Ty U, Uy U d| <

€ 2* _—2)/2* C2 _
< Q@72 Z Bl 8 ¢ + lon 11F.e)
2 02
* * C
(3.11) + W[ P2 D/2 Q—QIIUIIIO,K-
2

Substituting (3.9), (3.10) and (3.11) into (3.8), we obtain

1 A H
|(5%) |2 sl + gl - 5 [ Wb@Pa -5 [ oiPas
Q Q

2% —2)/27 Cl1 -
- 5 |l LB+ )

* * C
+W€|Q|(281 1)/23, /9—1||u;f||01K}

1 . « Co _
— = e F2 D2 2 B0t 3 6 + llvn [13.6)
2 0

* * C:
(3.12) A ””m/e—zllvilloa]'

From (3.6), we have for large n that

u

/ n Un
\Z\,,u(unavn) (7, 7) ’
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U, U,
1 < || 2 2],
Similar to the proof of (3.9)-(3.11), we get by (3.13) that

u, v, A _ u _ 1, _ 1, _
|(%%)|2 5 [lm@ras+ s [ @ - 5l - oo

1  _ « C1 _
— = el 2)/251—(3“%||<23,K+ luf 115 &)
2 604
* * C _
|02 D/, 9_1||un||07K]

1 2% _9)/2* C2 —
- 5 |01 2 Gl 6 + ot 1B o)

. * c B
(3.14) W] Q) P2 1)/252“&”@" ||o,G]

Since
(i llo,x =+ g, llo,x)* < 20w 15 5 + llun 115, 5)
= 2[|unll§
and
(vt llo.e + 1oy llo.e)? < 20t 1156 + o, 113.6)
= 2[|vnll @
we have

[y, v+ (s vl = (st llo,x + Nl llo,re) + (vt lo.e + vy llo,c)

< V2(|lunllo,x + l[vnllo.c)

(3.15) = V2| (un, ).
Thus, from (3.13)-(3.15), we obtain

V2

2 )|
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A 1 u
> Z _ = + 2 a2 F + 2
> Sl =5 [ @l + lutlEo =5 [ 1ot @Pde
A _ I _ 1, _ 1. _
5 [ @Pde+ 5 [ o @Pds = 5l s - lon
. « Cl _
— 261050/ L a3+ iz 1)
1 « _1y/9%  |cC _
AN ”/251,/ s ot +
— 26105/ 2 (o 2 + o )
1 * *
— _I/I/v€ Q (232_1)/252 _2 + -
Sl 22 (I 7o)
1 A 1 I
> 5 (1= ) It 5 (1= 2 ) IR
1/ A _ 1/ _
3 (2= 1) buala+ 3 (£ - 1) s ||§,G
« C1 9% Ca
= 2l 2L g — 210 D% 2 3
1 . . . *
— ~W. max |Q|(25171)/251 _17|Q|(25271)/252 2 V2| (tn, 00|
2 01 0
1 A A
=g (-5) (5 -0) (-0 ()
2 Ao M 2 H1
(i + ol )
zermane {625/ £, 102/ 2 (a4 o )
91 92
2 « « «
—gwgmax{mﬁ%—l)/%l c1 |02, /92}|(un,vn)||
>

(R o e

zermane {0055 /2 21, 052725 2 ) P

(3.16) —£W max{|Q|(251_1)/251 [c1 |Q|(2 -1)/23, /92}|(un,vn)||

So {z,} is bounded in Ey by A1 < A < A9, p1 < p < pe, and e sufficiently
small. Similar to the proof of Step 2 of Proposition 2 in [15], we can obtain
that {z,} has a convergent subsequence. So, the functional J , satisfies the
(PS) condition. In the following, we will show that the functional 7y , has the
geometry of the saddle point theorem.



724 C. BAI

Since F'(z,0,0) is bounded on €, there exists a constant M; > 0 such that
|F(2,0,0)| < M; for any = € Q. From (3.7), we obtain

oF

/ —(z,s,v)ds + F(x,0,v)
0

F —
[F(e,u0) = | [ 5

“OF v OF
el bl Ia
/0 P (x,s8,v)ds —l—/o P (2,0, s)ds + F(x,0,0)

[ul [v]
g/ (els] +W8)ds—|—/ (els| + W.)ds + M,
0 0

-
2
Thus, By (3.4), (3.5) and Hélder’s inequality, we have

/F(m,u,v)dm < / |F(z,u,v)|dz
Q Q

< < (/ u2dx+/v2dx)
2 \Ja Q

(u? +v%) + We(Jul + |v]) + M.

1/2 1/2
+ W02 (/ u2d$) +(/ Ude) + M [Q
Q Q
g
< oo [ Jute) — ul) PR (x = ey
21 Jo
e
+ 2—/ lo(x) — v(y)|*G(x — y)dady
M1 Jg
* _1y/9¢ |C N
+ WL [|Q|(2S1 1)/23, é||u”07K+|Q|(252 1)/23,
C2
4/l + a0
2
€ 5
(3.17) < s lulls i + 5—=lvll3 .6 + Ma(llullo,r + llvllo,c) + Mi|€,
2A1 2‘u,1

where My = max{W. || =020 fe W j0)Pn /2 ey,
For any z = (u,v) € Z, we get from (3.17) and Lemma 2.3(b) that

1 A
Tnls0) = (1l s+ I0l6) = 5 [ fute) P

—ﬁ/ |U(:I:)|2dx—/F(x,u,v)d:E
2 Jo Q
A 1 I
1—— ) ||ul? +—(1——)02 —/F:C,u,vdx
(1= 50 ) Wl 5 (1= 2 ) ol - [ Pl

A € 1 I €
1— 4+ — | |lul? +—(1——+—)u2
(1= 5+ ) bl + 5 (1= 2+ =) IR

N = N =

IN
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(3.18) + M| (u, v)|| + M €.
By A\ < A, p1 < p, letting € = %min{A — A1, 0 — p1}, from (3.18), it follows

that Jx . (z) = —o0, as ||z|| = o0, z € Z.
For any w = (u,v) € Z', from (2.6) and (3.17), we obtain

1 A € 1 o €
T (u,v Z—(l——)u2 +—<1——>v
i) 2 5 (1= 5 = )l 5 (1= 2= = o

— M| (u, 0)|| = Mi|Q|

2
0,G

and consequently, for A < Mg, p < po, letting

1 . A H
= A (11— J R
=y (=5 m (-2

it follows that 7 , is bounded below in Z’. By the saddle point theorem, we
obtain a critical point is a solution of problem (1.1). The proof is complete. [

Proof of Theorem 1.2. The functional J) , is coercive in Fy, Jy,, is bounded
from below on Z’ and there is a constant b, independent of A, u, such that
infzr *7/\# Z b.

For A < Ay and p < p, by the definition of A, u1 and (3.17), we obtain

1 A W
Trn(w,0) = S([ulld x + G 6) = 5 [ |u@)Pde—5 [ Jo(@)?de
2 2 /o 2 Jo

f/F(z,u,v)d:c
Q

1 A € 1 I €
(1= == ) |ul? —l——(l————) v
2( = A1)| R e L

(3.19) — Ms||(u,v)|| — M1]9|.

Y

2
0,G

Set & = £ min{A; — A, 1 —p}. We have by (3.19) and the inequality 2(a?+b%) >
(a + b)? that

1 . A
Tnnl,0) —mm{l S ﬁ} s )2 — Mo (u, )| — M€Y,
8 A1 H1

which implies that 7 , is coercive in Fjy.
For (u,v) € Z’, from (2.6) and (3.17), we have

1 A € 1 o €
I p(u,v Z—(l——)u2 +—<1——>v
) 2 5 (1= 50 = )l + 5 (1= == ) ol
— Ms||(u,v)|| — M1|9|

1 A 5) 5 1( 11 €>
> (12 - S s (-2 =) e
> 5 (1= ) MlBat g (12 - S

— My|[(u, )| = Mi|Q.

2
0,G

2
0,G
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Putting ¢ = %min {/\1 (1 — i—;) , 1 (1 — ﬁ—;) }, thus J , is coercive in Z’ and
T is bounded from below on Z’, that is, there is a constant b, independent
of A, i, such that infz 7 , > b.

In the following, we will show that if A < A1, and p < py are sufficiently close
to A1, pi1, there exist t7 < 0 < 1, t; <0 < t3 such that Jy . (tfey, t3h;) < b.
In fact, by Fatou’s Lemma and condition (H2), there exist sufficiently large
positive numbers ¢ and ¢§ such that

(3.20) / F(z,tfer, t3w)dz > —b+ 1.
Q
For \; — (t’:ﬁ)z <A< A and p; — a’# < p < pi, from (3.20), we have
t+ 2 t+ 2 by t+ 2
Fouttrertton) = Ll ez e+ B o o - 200 [ g
2 : 2 , 2 Jo
t+ 2
—%/ |w1|2dx—/F(x,tfel,t;wl)dz
Q Q
(t+)2 (t+)2 )\(t+)2
= L er e+ el 6 — S el
t+ 2
8L i - [ Potten i
21 Q
1 A 1 I
= (1)) +=(1-—)(t)?
s (- ez (1-2) @
—/F(Jj,tfel,t;wl)dac
Q
(3.21) <1 —/ F(x,tfer, tfwi)dr <b.
Q

A similar condition holds for ¢7,t; < 0.

If {z, = (un,vn)} is a (PS) sequence of 7\ ., we get {(un,v,)} must be
bounded, since J,, is coercive. Then passing to a subsequence if necessary,
there exists z = (u,v) € Ey such that (un,v,) = (u,v) weakly in Ey. Thus,
there exists a strictly decreasing subsequence €, lim,_, €, = 0 such that

|«7/<,u(umvn)(“n —u,0)] < €| (un — u, 0)].

In particular

[ ) = ) (0 = 0)(@) = (= ) ) K = )y

(3.22) —)\/ Up (Up, — w)dax — / Fou(z,tun, vp)(un — u)dz| < e, (un — u,0)].
Q Q
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By Lemma 8 of [10], we know that u, — u in L*(Q), v, — v in L*(Q). Thus

1/2 1/2
(3.23) lim [ wp(u,—u)dr < lim (/ uidm) (/ [t — u|2dm) =0.

Since the potential F' satisfies (H1), it is easy to know that
(3.24) / Fu (2, tn, vy)(uy — u)dz — 0.

Q
Combining (3.22) with (3.23) and (3.24) we obtain

(3:25) lim | (un(®) = un(y))((un —u)(@) = (un —u)(y)) K (z — y)dedy = 0.

n—oo ]Rgn

On the other hand, since
[ 10(a) = wn ) () = ) K (= )y

. (u(x) —u(y))(p(z) — w(y)K(z — y)drdy for any p € Xo

as n — 400, we have
(3.26)

. ((un —u)(x) = (un —u)(¥)(p(z) — ¢(y)) K (z — y)drdy — 0, n — oc.
Let ¢ = u, then (3.26) reduces to

(3.27) lim | (u(z) = u(y))((un — u)(@) = (un —u)(y)) K (z - y)dedy = 0.

n—oo R27

Adding (3.25) to (3.27), we conclude that

0=hm[Amwmm—MWWKw—wmw—/ (u(z) — u(y) 2K (z — y)dudy

n—oo R2N

which implies [|un [I§ = lull§ - So, l[unllo,x = [lullo,x-

Similarly we have ||v,|lo,c — ||v]lo,g- The uniform convexity of Ey yields
that {z,} converges strongly to z in Ey. If X\ < A1, ot < 1, the functional 7,
satisfies the (PS) condition. In addition, let

Z ={z€ Ep:z=*4(tie1,tawr) + w with t1,t5 > 0 and w € Z'}.
+
I satisfies (PC)c x>, and (PC). x> forall ¢ <b.

Let {z,} C 32, and Jyu(zn) — ¢ < band Jy ,(2n) — 0 as n — oo.
Since J,, is coercive and the potential F' satisfies (H1), there is z € Ey such
that 2, — 2z strongly in Eo. If 2 € 93, = 7', from infz Jx, > b, we get
Ixu(2n) = ¢ > b, which is a contradiction. Thus z € Z+ and J» , satisfies
the (PC),s>, condition. In a similar way, we get that (PC).s> holds for all
c<b.
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If A < A1, pp < pp are sufficiently close to A1, p1, respectively, we obtain

—oo < inf Jy, < b,
>, T

which implies that 7y , is bounded below in ) - Consequently, according to
Ekeland’s variational principle, there exists {2,} C >, such that Jy .(2n) —
infz+ JIx,u and JA'#(Z") — 0 as n — oo. Since Jy,, satisfies (PC)QZ+ for all
¢ <b, there is z* € 3 such that Jy,(z") = infy;, Ty, ie., the infimum is
obtained in ), . A similar conclusion holds in ) _. So Jx , has two distinct
critical points, denoted by z*, 2.

As in [10], we can obtain the third critical point z of 7\, by applying
Mountain pass theorem such that 7y ,.(z) = ¢ >b. O
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