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Abstract

In this paper, we propose a modified GARCH(p, q)-X model which is obtained by
adding the exogenous variables to the modified GARCH(p,q) process. Some limit-
ing properties are shown under various stationary and nonstationary exogenous pro-
cesses which are generated by another process independent of the noise process. The
proposed model extends the GARCH(1,1)-X model studied by Han (2015) to vari-
ous GARCH(p, q)-type models such as GJR GARCH, asymptotic power GARCH and
VGARCH combined with exogenous process. In comparison with GARCH(1,1)-X, we
expect that many stylized facts including long memory property of the financial time
series can be explained effectively by modified GARCH(p, ¢) model combined with
proper additional covariate.

Keywords: Conditional heteroskedasticity, exogenous variable, GARCH-X model, non-
stationarity.

1. Introduction

After Engle (1982) and Bollerslev (1986), various modified version of GARCH models
such as GJR-GARCH, EGARCH, MSGARCH etc. have been proposed and used in ana-
lyzing data from economic, finance and other various fields. The purpose of this variation
is to explain many characteristic phenomena of data, such as many stylized facts and long
memory. In all those models, the equation for conditional volatility is changed while keeping
the same variable. In this paper we consider the generalized GARCH models, obtained by
extending GARCH models with exogenous variables, so-called GARCH-X models. GARCH-
X models as proposed by Hwang and Satchell (2005), Brenner et al. (1996) or Engle and
Patton (2001) directly include the exogenous variable in the basic GARCH specification of
Bollerslev (1986). The GARCH-X model is widely used by empirical researcher and practi-
tioners (Fleming et al., 2008). The idea behind this procedure for financial applications is
that additional sources of information help to better understand the market’s behavior and
hence to improve the prediction of the market’s reactions. We study some limiting properties
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for the modified GARCH(p, ¢)-X model with stationary and non-stationary exogenous vari-
ables (Park, 2002; Han and Park, 2008; Han, 2015). Asymptotics for the sample variance of
GARCH(p, ¢)-X under various stationary or nonstationary regressors are given. The proofs
of the theorems in the paper rely on the previous results given by, for example, Davidson
and De Jong (2000), Park and Phillips (1999; 2001), and Han (2015).

In this paper, we consider the modified GARCH(p, ¢)-X model defined as follows:

Yt =0¢€y, (1.1)
Z (er—i)oy_ z+zgj er—j) +u(zi-1), (1.2)
i=1 j=1
where § > 0 and ¢;(-),g;(-) i=1,---,p, j=1,---,q), and u(-) are real valued nonnegative

continuous function. Let (e;) be a sequence of 1ndependent and identically distributed(iid)
random variables with mean zero and E(|e;|’) < oo for given § > 0. () represents the
exogenous process used for the improvement of the modeling behavior. We assume that the
process {(y:, x¢)} is adapted to Fi, where F; represents the set of all information available
until time ¢. We consider the case where exogenous process (x;) is generated by another
process which is independent of the noise process (e;), for example, x; = pxy_1 + vy with
lp| <1, (v;) ~iid(0,02) and (v;) is independent on (e;).

When u(z) = 0, then our model includes many well known GARCH-type models, such as
classical GARCH( = 2,g(z) = w,c(z) = B+ ax?), GJR GARCH(6 = 2,9(7) = w,c(z) =
B+ (a+vI>02?)), asymmetric power GARCH( ¢;(er) = o (|ec| —vier)® + B;), VGARCH(
gj(er) = w/ptaj(e+7;)? ci(er) = Bi), and EGARCH( 6 — 0, gj(er) = w/p+ajes+7;(led] -
Elet|), ci(er) = B;) etc. Asymptotics and applications for the model given by (1.1) and (1.2)
with u(z) = 0 are studied by many authors, e.g., Atsmegiorgis et al. (2016), Giraitis et al.
(2000), Jeong and Lee (2017), and Lee (2014).

2. Main results

We make the assumption:
(A) po =1, Elcien)) < 1and G = 371_, E(gj(eo)) < oo.

Theorem 2.1 Consider the process ¢ given by (1.1) and (1.2). Suppose that (x;) is station-
ary ergodic and independent of (e;) with E(u(z;)) < co. Assume p = ¢. If the assumption
(A) holds, then there is a unique strictly stationary solution o to (1.1) and (1.2). The
solution is given as

o] p
=> Yo Ol gileri i) F @iy i ) e (e, i)

k=1 1<iy,,ig—1<p =1
(2.1)
0 . ) ) —
Here we let I17_;¢;; (€1—iy—...—i;) = 1.

Proof: We may rewrite the equation (1.2) as

P
o) = Zci(et,i)affi + w1, (2.2)
i=1
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where w;_1 := Z?Zl gj(e—j) + u(xi—1). Applying the equation (2.2) recursively, after m
steps, we have that

m

5 _ k-1
oy = E E Wi—1—iy——igy Hj_ycij(€0—iy—mij)
k=1 1<iy,ia,,ik—1<p

Y Mol 2.3

1<iy,ig, - im <p

From the above equation (2.3), we define

oo
~ 0 k—1
oy = E E wt717i17~--—ik,1nj=10ij(€t7i174~~7ij)~

k=1 1<iy,io,,ik—1<p

Then &,° is a nonanticipative strictly stationary solution to (1.1) and (1.2). Since d;° is a
solution to the equations (1.1) and (1.2), it satisfies the equation (2.2) and (2.3) . Hence we
have that

E|Uf - (ft6| = EB( Z H?:lcij(etfilfmfij))E‘Uf—il—-u—im - 5?—1‘1—~-—im|
1<iy, iz, im <p
-5

5
= o Elot_i, i, =0t i, 0,
as m — oo, which implies the uniqueness of the solution. Now by independence of wy_1_;,...—i,
and I1%_,¢;; (e;—i,...—;,) and the assumption (A), E@G°) = Yp, ph EBlw) = (1/(1 —

po))(G + E(u(x;))) < co. Take 0¢ = d,°. O

In this paper, we consider the following various cases of generating function for exogenous
variables:

(C1) @y = pry_1 + vy, |pl <1, (v¢) ~i4d(0,02).
(C2) 2= (1— L) %y, |d| <1/2, (v;) ~iid(0,02).

(C3) @ = @1 + vy and vy = (L) = I3 2oUwne—k with Yo = 1,9(1) # 0 and
Yoo k2 k| < 0o, (1) ~ iid(0, 7).

(C4) 2 =241 +vand vy = (1 — L)~9;, |d| < 1/2, where & satisfies the Assumption 1
in Davidson and De Jong (2000).

For (C1)-(C4), we assume that (e;) and (v;) are independent.

Modified GARCH(p, ¢)-X model with suitable conditions for the additional covariate can
explain many characteristic phenomena of financial data. Covariate given by (C1)-(C4) is
allowed to be stationary short memory, stationary long memory or nonstationary long mem-
ory. For example, consider (x;) in (C2) with v; ~ iid N(0,02). Then if —1/2 < d < 1/4,
u(z;) = 27 is a short memory process. If 1/4 < d < 1/2, then z? has long memory with
parameter 2d — 1/2. On the other hand, for (z;) given in (C4), u(z;) is allowed to be a

nonstationary long memory process including an integrated process.
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Let —% denote the convergence in distribution. Likewise, we use — to signify the con-
vergence in probability. For notational simplicity, we define

q
we =Y gjlery1—5) + ular),
j=1
and

2tk = H?Zlcij (et—il-u—ij) — H?:lE(Cij (et_il,.._z-j)).

Lemma 2.1 (stationary case) Suppose that the assumption (A) and either (C1) with [p| < 1
or (C2) hold. Then as n — oo,

1 n

~Y w5 G Elula), (24)

nia

1 — »

Ezwtflfilf...,ikztyk — 0. (25)
t=1

Proof: Under the assumptions, it is known that (x;) is strictly stationary and ergodic.
The equation (2.4) is obtained by applying the ergodic theorem. Note that for fixed k& > 1,
(21,k) is a mean zero process which is strictly stationary ergodic and zy is independent of
Wt—1—i;——i,- Apply the ergodic theorem again to have the equation (2.5). O

Theorem 2.2 Consider the process y; defined by (1.1), (1.2), and the exogenous process
(x¢) generated by the assumption either (C1) with |p| < 1 or (C2). If the assumption (A)
and E(u(z)) < oo hold, then as n — oo,

1 & G+ E(u(x

LS g 2 CEECED g

n — 1-— 0

Proof: By the assumption (A),

> > M By, (erini)) = D6 "

k=1 1<iy,iz,,ik—1<p k=1

From (2.1), (2.4), (2.5), and (2.6), we have that as n — oo,

DI AEIE) 30 S SRR £ )
t=1

t=1 k=1 1<i1 iz, ix_1<p
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o0 n
1
= g g ﬁ E Wt—1—4q - —ip_1”t,k—1

k=1 1<ii,iz,,ik—1<p t=1

+> > %ZWtflfz‘lmfikflH?;fE(Ci_,»(etfz'l---fij))
k=1

1<i, i, ,ig—1<p  t=1

p 1
= 15 G+ Blu(a): (2.7)

Also, by applying the ergodic theorem, the equation (2.7), and the independence of of and

e!, we obtain that

1 — 1 «
3wl = Zat (lecl® = Eledl) + Bled~ 3o
t=1 t=1

p G+1E( ( t))E|6t‘5.
—Po
O

Note that (z;) given by (C3) or (C4) is a nonstationary integrated process. The behavior
of the model y; with a nonstationary (x:) given by (C3) or (C4) depends on the function
u(+) in (1.2). We assume that the function w(-) is H-regular. For the definitions of regular
and H-regular function, see Park and Phillips (1999,2001). A H-regular function u(-) with
the asymptotic order & and the limit homogeneous function h can be written as u(Az) =
kE(Mh(x) 4+ r(x, \), h is locally integrable and r is such that (a) |r(z, A)| < a(N)p(x), where
limsupy_, o a(A)/k(A) = 0 and p is locally integrable, or (b) |r(x, A)| < b(A)p(z)g(Az), Where
lim supy_, o, b(A)/k(A) < oo and q is locally integrable and vanishes at infinity, i.e., g(x) —
as |z| = oco. We make the assumption on u(z) in (1.2).

(B) u(z) in (1.2) is a H-regular function with the asymptotic order k and the limit homoge-
neous function h and h is regular.

Now, consider the case where (x;) is given by the assumption (C3). Recall that if »; is iid
(0,07), then

1 [nr] E J

Wy (r) = — W(r), 0<r<1,

Vit

where W (r) is the standard Brownian motion on the unit interval [0, 1].
Under the assumption (C3), Phillips and Solo (1992) show that

[nr]

th (1o, W(r), 0<r<1.

If in addition, A is regular, then
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where o, = 9(1)o, (Theorem 3.2 in Park and Phillips, 1999).
Lemma 2.2 (nonstationary case) Suppose the assumption (A), (B), and (C3) hold. If
k(y/n) — oo as n — oo, then as n — oo,

n 1

) h(o, W (r))dr. (2.9)

t=1

Proof: Assumption (B) implies that u(Az) = k(A)h(x)+o(k(X)) for all large A. The second
part of the assumption (A) implies that

ZZQJ et+1—5) = 0p(1).

tl]l

Hence from (2.8) we obtain that

n

1 - 1
v 2 T e & e o)

t=1

n

1 Ty
- D Z (kwmh(ﬁ) +o, (ki) )

n

1 )+ op(1)
= = o
nt* P

; 1
— /0 h(o, W (r))dr.
O

Theorem 2.3 Suppose that the assumption (A), (B), and (C3) hold. If k(y/n) — oo as
n — oo and E(c;(ep))! < oo for some [ > 2, then as n — oo,

>ttt it = op(ak(), (2.10)

€t§
Z ye|® - ¢, Elel® /h(JUW(T))dT.

1 —po

(2)

Proof: (1) Since z; ;1 is a mean zero p(k — 1)-dependent process and x; and z.j are
independent, using Lemma A.2 in Park and Phillips (2001) to get Y., u(z¢)z -1 =

op(nk(y/n)) and the result follows. (2) Use the equation (2.9) and (2.10) to obtain that
1 n n oo
) D IEERLD ) DD DR
t=1 t=1 k=1 1<é1,,ig—1<p

+Z Z Wi—1—iy—min 121 B(Ciy (C6miy—miy))]
= 1<i1, - ,ig—1<p
1

/ h(os W (r))dr.

0

d 1
L—po
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Thus,

n

Pled” — Bled®) + ) o Eled|”)
t=1

I & s 1 .

1 n
= o,(1) + Eles° E o?
P ) |t| le(\/ﬁ) s t
d E|et|‘5/1
—_— h(o, W (r))dr.
T Ra)
O

Now consider the process (x;) obtained under the assumption (C4). Recall that from
Theorem 3.1 and 4.2 in Davidson and De Jong (2000), we have that

[nr]

1
vt LI Wa(r), 0<r<1

and

1 “ Tt d !
= - /OWd(r)dr, (2.11)

n =1 Onv

where 02, = E(Y.}_, v:)? = Op(n'™2%). Apply the continuous mapping theorem to (2.11)
to obtain that for a continuous function h,

%Zh( Tty _d, /0 h(Wa(r))dr. (2.12)

Un'u

Here Wy(r) denotes a fractional Brownian motion.
Moreover,

1 - Tt d !
— Y h h(W, du.
G [ nwaav,
if zero mean process u; satisfies the condition in Remark A1l in Han (2015).
Lemma 2.3 Assume (A), (B) and (C4) and k(o,,,) — 00 as n — oo. Then

! w - /0 h(Wa(r))dr. (2.13)

Proof:

n

S S w = S Kb 4 0,(1)
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Theorem 2.4 Assume (A), (B), and (C4). If, in addition, E(c;(eg))! < oo for some | > 2
and k(oy,,) — 00 as n — 0o, then

n

Z Wi—1—iy— iy 2t = Op(Nk(Ony))-

t=1
n

1 Fy d E|et|
Q) e Sl 5 T / h(W,

t=1

Proof: (1) Note that under the assumptions, for fixed k, 2, is a mean zero, covariance
stationary and Lo-NED of size —1/2, that is, z , satisfies all conditions for Theorem 4.1,

4.2 in Davidson and De Jong (2000). Therefore we have that n=1/23"1" | zt,ki>W and

Tt

(2.14)
From (2.14), we have that
L i op(1) + ! i (1)
— Wt—1—Gq —eeo—ip 1 2t k— = u —
nkj(o’nv) i t—1—1q k—1~<t,k—1 D ’I’L]{(O'nv> s t)ct,k—1
1,1 &~ o
D)+ (7 oA
-5 0.
(2) By the same process used in the proof of Theorem 3 and (2.13), we have that
5 _d, E|€t|(S /
h(Wy(r))dr.
Um;m E [ vt
U

Remark 2.1 Recall that if the assumption (C2) holds, then z; = Z;”Oe-ut 1 Where

9; = % % j9=1 and =, is strictly stationary with Z; —ob; ? < 00 and Zj —ob; 1<
00, hence E(z?) < oo and E(z}) < oo. (Cl) with p = 1 is a special case of (C3) with
Yo = 1,4 = 0 if k # 0. It is known (1 - L)~ = > oo Ykmi—k with ¢ ~ (1/T'(d ))kd—1,

In order to "5 k/2k%1 < 0o, the condition d < —1/2 is necessary. Thus (C4) is not the
case of (C3). In fact & in (C4) is not iid but Lo-NED.

In comparison with the previous results of Theorem 2, we consider the following limiting
behavior of (z;) given by the assumption (C2) with E(v}) < occ.

Theorem 2.5 If 7, is defined by the assumption (C2) with E(v}) < oo, then the FCLT
holds for x? with —1/2 < d < —1/4.

[nr]
d

aZ ) W

where 02 = Var(> |, z?).
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Proof: Define BT (X) := E(X|0(vt ms Ut 5, Uttm)). Under the assumption (C2),
Ty = Z;}L Ojvi—j, 05~ F(ld)] :
Note that
B (2 Z UtJJFQZZQG’Ut Ut
j=1 i=1 j=i+1
Et+m Z 92Ut j + 22 Z 9i9jvt_ivt_j).
j=m+1 i=114i<j,j=m+1

Using Minkowski inequality and Cauchy-Schwarz inequality yields that

oo o0
o = B @)l < D iy —otla+2) . > 0ibjllveivejll
j=m+1 i=114i<j,j=m+1
o0 m o0 o0 o0
< oi=allle Y o203 DD 6+ Y D 6i6;)

j=m41 i=1 j=m+1 i=m+1 j=i+1

Now,

1 o0
Z 92 W/ 1 .’L'Q(d_l)d.’ﬂ — O(de—l).
+

j=m+1
Similarly, we have that
S5 =00,
i=1 j=m+1
and hence
a7 — BiA (@) ]|2 < O(m*?),

Therefore, {z7} is Lo-NED of size —1/2 if —1/2 < d < —1/4.

Next, by simple calculation, 3=, | Cov(a?, 27, ;) = (pa — p13)(305=0 0707 ;) +4u3 >, 0i
0;0h+:0n+;. Adopt the integral approximation to get Y ,-, Cov(a?, ;vH_h) < 00, which im-
plies that n=*Var(3> [, 27) converges as n — oo. Thus, {27 — F(z?)} satisfies the assump-
tion of Theorem 1.2 in Davidson (2002), and the conclusion follows. d

Ife;=9;=0Vi,j(i=1,--,p,j =1, ,q), u(z) =w+mz? and § = 2 in (1.2) and 2,
satisfies the condition in Theorem 5, then we have that

[nr]

Onz = UnZw(et_l D)(xi_; — E(xi_y))
— t=1
1 [n7]
+07 W(xt 1 E(‘r?fl))
=1
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As an example, we consider the following GARCH(p, ¢)-X model defined by

Yo = Oteq, (2.15)
P q
o = W+Zaiyt2—i+26jat2—j+7rxt2—la (2.16)
i=1 j=1
where w > 0,a;,3; >0(t=1,---,p, j=1,---,q),m > 0 are constants and (e;) is iid with

mean zero. Here ¢;(er) := ajef + B, wy := w + mxf. Assume that po = >37_ (a; + 5;) < 1
and E(c;(eq))! < oo for some [ > 2.

GARCH(1,1)-X model with a; = ; = 0,4 > 2,5 > 2 in (2.16) is considered by Han
(2015) and various asymptotics are proved. Note that u(z) = mx? is a H-regular function
with the asymptotic order k(\) = wA% and the limit homogenous function h(z) = z2. If
¢i(-) =0,g;(-) =0Vi,j,6 =2 and x; is generated by the assumption (C3), then the process
generated by (1.1) and (1.2) is the model studied in Park (2002). Asymptotic behavior of the
sample variance, autocorrelation, kurtosis, and leptokurtosis are examined under the proper
condition given to u(-).

Apply the previous results to GARCH(p, ¢)-X model of (2.15) and (2.16) to obtain that,
for example, under the assumption (C2),

1 9 P 1 9
Ezyt — m(UH'WE(ﬂ?t))

and under the assumption (C3),

n
1 9 d ™
no? Zyt
ng ¢=1
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