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ABSTRACT. In this paper, we prove common fixed point theorems for £-
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1. Introduction and preliminaries

In 1981, Heilpern [10] introduced the concept of fuzzy mapping and proved
fixed point theorem for fuzzy contractive mappings in metric linear spaces as a
generalization of Nadler [12] contraction principle. In 1967, Goguen [9] intro-
duced the notion of L-Fuzzy sets as a generalization of fuzzy sets. Recently,
Rashid et al. [19] established the existence of common L-fuzzy fixed point in
complete metric spaces.

As a generalization of metric spaces, Bakhtin [1] introduced the concept of
b-metric spaces and Czerwik [6, 7] used this concept to give some generalizations
Banach’s fixed point theorem.

In this paper, we define the notion of £-fuzzy sets in b-metric spaces. Also, we
prove common fixed point theorems for £-fuzzy mappings under implicit relation
in b-metric spaces. The object of our paper is to reduce the completeness of the
whole space by completeness of subspace (joint orbitally complete) in b-metric
spaces. Our results generalize and improve corresponding results of [3, 4, 14, 19]
and others.
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Definition 1.1 ([1]). Let X be a nonempty set. A mapping d: X x X — [0, 00)
is called b-metric if there exists a real number b > 1 such that for every z,y, z €
X, we have:

(dr) d(z,y) =0z =y,

(d2) d(z,y) = d(y,z),

(ds) d(z,z) < bld(z,y) + d(y, 2)].

In this case, the pair (X,d) is called a b-metric space.

Put b =1 in above definition then b-metric spaces give metric spaces.

Example 1.2 ([17]). Let X = {a,b,c} and define d(a,b) = d(b,a) = d(b,c) =
d(e,b) =1 and d(a,c) = d(c,a) = m > 2, then

d(a,b) = [d(a ) + d(c.b)
for all a,b,c € X. If m < 2, the ordinary triangle inequality does not hold.

Definition 1.3 ([9]). A partially ordered set (L, <p,V,A) is called
(I) alattice,ifavbe L and aAb € L for any a,b € L,
(II) a complete lattice, if VA € L and AA € L for any A C L,
(III) distributive if aV (bAc) = (aVbd)A(aVe),ah(bVe)=(aAb)V(aAc)
for any a,b,c € L.

Definition 1.4 ([9]). An L-fuzzy set A on a nonempty set X is a function
A: X — L, where L is complete distributive lattice with 1, and 0,. In L-fuzzy
sets if L = [0, 1], then we obtained fuzzy sets.

The a,-level set of L-fuzzy set A is denoted by A, .

Ao, ={z:ar 2 A(z)} it ar e IL\{0g}, Ao, ={z:0, =L A(x)},

where B denotes the closure of the set B. The characteristic function y., of an
L-fuzzy set A as follows

and is defined as follows

] 0g, if x ¢ A,
XﬁA(m)_{ 1p, if xz € A

Definition 1.5 ([19]). Let X be an arbitrary set and Y a metric space. A
mapping T is called an £-fuzzy mapping if T is a mapping from X into S, (Y).
An L-fuzzy mapping T is an L-fuzzy subset on X x Y with membership function
T(z)(y). The function T'(x)(y) is the grade of membership of y in T'(z).

Definition 1.6 ([19]). Let (X,d) be a metric space and Ty,T> are L-fuzzy
mappings from X into S,(Y). A point z € X is called an L-fuzzy fixed point
of Ty if z € {Thz}a,, where oz € L\{0¢}. The point z € X is called a common
L-fuzzy fixed point of 71 and Ts if z € {T1 2}, N {T2z}a,-

Definition 1.7 ([5]). Let (X,d) be a b-metric space. A sequence {z,} in X is
called:

(I) convergent if and only if there exists € X such that d(z,,z) — 0 as
n — oo.
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(II) Cauchy if and only if d(x,, Zmy) — 0 as m,n — oo.

A b-metric space is said to be complete if and only if each Cauchy sequence in
this space is convergent.

Let (X,d) be a b-metric space, denote CP(X) the collection of nonempty
compact subsets of X and by CL(X) the class of all nonempty closed subsets
of X. For x € X and A, B € CL(X), we define d(z, A) = inf{d(z,a) : a € A},
0(A, B) = sup{d(a, B) : a € A}. Then the generalized Hausdorff b-metric H on
CL(X) inducted by d is defined as H(A, B) = max{supd(a, B),supd(A,b)} for

acA beB

all A, B € CL(X).

Lemma 1.8 ([12]). If A,B € CP(X) and a € A, then for each € > 0, there
exists b € B such that d(a,b) < H(A, B) + e.

Lemma 1.9 ([7]). Let (X,d) be a b-metric space, A, B € CL(X), then d(a, B) <
H(A, B) for alla € A.

Definition 1.10 ([18]). Let I, J be two mappings from a metric space X into
itself and Ty, Ts be fuzzy mappings from X into W (X) (The set of all fuzzy sets
of X which its a-level sets are nonempty compact subsets of X). If for some
xo € X, there exist {y,} in X such that

{vons1} = {J2vonp1} C Tiwan, {yony2} = {IT2n42} C Toxon 1.
then O(Ty, T, 1, J,x) is called the orbit for the mappings (11,75, I, J)

Definition 1.11 ([18]). A metric space X is called ¢ joint orbitally complete,
if every Cauchy sequence of each orbit at z is convergent in X.

Now, one can introduce the following definition.

Definition 1.12. Let I, J be two mappings from a b-metric space X into itself
and Ty, T be L-fuzzy mappings from X into Sz (X). If for some xg € X, there
exist {y,} in X such that

Yont1 = JTont1 € {T1Z2n}ass  Yont2 = [2ny2 € {ToT2n41}a, -
Then O(Ty,Ts, I, J,xg) is called the orbit for the mappings (71,75,1,J). b-
metric space X is called xg joint orbitally complete, if every Cauchy sequence of
each orbit at xg is convergent in X.

Definition 1.13 ([18]). Let I be a mapping from a nonempty subset M of a
metric space (X, d) into itself and T' be fuzzy mappings from M into W (M). A
hybrid pair(I,T) is called D-compatible iff {It} C Tt for some ¢t in M implies
ITt =T1It.

We can also define the following in setting of L-fuzzy sets.

Definition 1.14. Let (X,d) be a b-metric space. The mappings I : X — X
and T : X — S2(X) are called D-compatible iff It € {Tt},, for some ¢ in X
implies I{Tt},, C {T1t},.,.
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Popa [16] (cf.[11]) utilized the idea of implicit function to unify the fixed point
theorems. Imdad and Ali [11] employed this idea in fuzzy metric spaces. Now,
we define the following class of implicit functions as follows:

Let ¥ be the family of all continuous mappings F : [0,00)® — [0, 00) satisfying
the following properties:

(1) F is non-decreasing in the 1% variable and non-increasing in the 37¢,
4th 5th gt coordinate variables,

(Uy1) there exists h € (0,1) such that for every u,v > 0, b > 1 with
F(u,v,v,u,b(u+v),0) <0 or

(Ua2) F(u,v,u,v,0,b(u+v)) <0 implies u < hv.

(¥3) F(u,u,0,0,u,u) >0 for all u > 0.

Example 1.15. F(tl, to,t3,t4,1s, tﬁ) =11 — hmax{tz, (tg + t4)t5t6}.

Example 1.16. t1,ta,t3,t4,15,t6) =11 — hHlll’l{tQ7 (tg + t4) (t5 + te)}.

F( ) =

Example 1.17. F(t t2,t3,t4,t5,t6) =t — hmln{t% (tg + t4), (t5 + t(;)}.
( ) =
F( ) =

Example 1.18. F tl,tg,tg,t4,t5, 6 htz.

Example 1.19. F(t1,t2,t3,t4, t5, to — hmin{ty, (t3 + ty), Te3te)y,

2. Main results

Theorem 2.1. Let I,J be two self mappings from a b-metric space (X, d) into
itself and Ty, Ty are L-fuzzy mappings from X into S(X) such that {Thz}a,
and {Tyx}o, are nonempty closed subsets of X for all x € X and

(D) AT1(X)}a, € J(X), {T2(X)}a, C I(X),

(2) the pairs (T1,1) and (Ty, J) are D-compatible mappings,

(3) I(X) is zo joint orbitally complete for some xy € X.
If there is a F' € U such that for all xz,y € X,

< H({Tlx}ozga {TQy}ag)v d([.’t, Jy)7 d(va {Tll'}oq;), ) <0 (1)
d(Jyv {TQy}OéL)> d([l‘, {TQy}OéL)> d(Jy7 {Tlm}ac) -

then there exists z € X such that z =1z =Jz and z € {Thz}a, N{T22}a,-
Proof. Let xg € X, there exist y1 = Jx1 € {T120}a,, but {Thzo}ta, € CP(X)
and {Tex1}a, € CP(X), then there exist yo = Izy € {Tox1}a, such that
d(y1,y2) < H{Thzo}a,, {T221}a, ). Since

( d(yl’yQ)ad(yanl)vd(yanl) >
d(y1,y2),0(d(yo, y1) +d(y1,92)),0

F( H({Tll‘g}o%7{ng)l}aﬁ)7d(1$0,JI1)7d(I$0,{T1$0}a£), )
d(Jz1,{Tez1}a, ), dIxo, {Toz1}a, ), d(J21, {Th %0 }a, )

IA

IN

0.
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From the property (¥a;), there exists h € (0, 1) such that d(y1,y2) < hd(yo,y1).
Similarly, one can deduce from the property (Usq) that there exists h € (0,1)
such that d(y2,ys3) < hd(y1,y2). Then, we have an orbit O(Ty,T», I, J, z() such
that

Yon+1 = Jx2n+1 S {Tlan}agv
Yont2 = IZont2 € {To%ont1}a,-

By induction we obtain d(yn, yn+1) < h™d(yo,y1). Since

d(ynv ym) S bd(yn7 yn+1) + b2d(yn+1a yn+2) + ...+ bm_n_ld(ymflv ym)
S bd(yna yn+1) + b2d(yn+1; yn+2) + ...+ bm_nd(ymfla ym)
< bhnd(yo, yl)t + b2hn+1d(y0, yl) + ...+ bm_nhm_ld(yo, yl)
bh™
= md(yo, Y1)

Therefore lim  d(yn,ym) = 0. Hence {y,} is a Cauchy sequence. As {ya, 12}
n,m—00

is a Cauchy sequence in I(X), and I(X) is joint orbitally complete, therefore
there exists z € X such that ya,42 — 2z = Tu, for some u € X. Next, we show
that z € {T1u}q, . Since

F ( d(y2n+2a {Tlu}ow)v d(za y2n+1)v d(Z, {Tlu}aﬁ)’ )
d(y2n+la y2n+2)a d(Z, y2n+2)7 bd(y2n+1a {Tlu}ou;)

< r H({Twu}a,, {Toxont1}a, ), d(Iu, Jxoni1), d(Tu, {Thu}a, ),

- d(Jrant1,{Ter2n11}a, ), dIu, {Toz2nt1}a, ) d(JT2n 11, {T1U}a,)
< 0.

Asn — oo

F(d(z,{Thu}a,),0,d(z,{Thu}a,),0,0,bd(z,{Thtu}a,)) <O

By (Wa2), we have d(z, {Tiu}a,) < h.0 =0. Thus z € {Thu},,. As z=1Tu €
{Thu}a, € J(X) therefore there exists v € X such that z = Jv. Similarly z =
Ju € {Tav}q,. Since the pair (71, 1) are D-compatible and z = Tu € {Tiu},,
therefore Iz = ITu € {IThu}s, € {Tilu}ta, = {T12}a.. Also Jz = JJvu €
{JT2v}a, € {ToJv}a, = {Tez}a,. Next, we show that z = Iz. If not, then
suppose d(z,1z) > 0, then

d(z,1z),d(z,1z2),d(z,12),
F< d(z,1z),d(z,12),d(z,Iz) )

IN

( H({T1z}a,, {Tov}a, ), d(Iz, Jv),d(Iz,{T12}a, ), >
d(JUv {TZU}OCL)7 d(IZ, {TQU}ac)a d(JUa {le}ac)

IN
o
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It further implies
F(d(z,12),d(z,12),0,0,d(z,12),d(z,1z)) <O0.

It contradicts (¥s3). Thus d(z,Iz) = 0. Therefore z = Iz € {T12},,. Similarly
z=Jz € {Tvz}qa,. Hence z € {Thz}a, N{T2z}0,- O

Example 2.2. Let (X,d) be a b-metric space with b = 2, X = [0, 1], d(z,y)

|z — y|?> and L = [0,1]. Define the maps I, J,T1,T, on X as [x = 2?1, Jr =7
for all x,y € X. Define also
0, if 0<y<i,
(Lix)(y) =4 3 if F<y<F,
3 F<y<L
and
0, if 0<y<i,
(Lr)(y) =1 5 i 1<y<i
Do f<y<L
Now for o = 2, I{Ty x}r = [4£,2] c [&,1] = {T1Ixz}: and for o = 1,
J{Trx}s =[5, HclE 1= {T>Jx}y. ie., (I,T1) and (J, T2) are D-compatible.
Further, let F(ty,...,ts) = t3 = d({z,{Tiz}a) = 0. Then 0 = I0 = JO C
[0,31n [ 11 =AT O}Q N {T»0}, is a common fixed point.
Remark 2.1. (1) Theorem 2.1 is a generalization of Theorem 2.2 [4], The-

orem 14 [19] and Theorem 3.1 [14].
(2) If put J = I and Ty = T» = T in Theorem 2.1, we obtain an orbit
(z9,1,T) of zg for I and T, in this case we have the following results:

Corollary 2.3. Let I be a self mapping from a b-metric space (X,d) into itself
and T be an L-fuzzy mapping from X into Sz(X) such that {Tx},, nonempty
closed subsets of X for all x € X, {T(X)}a, C I(X), the pair (T,I) is D-
compatible mappings, and 1(X) is xg joint orbitally complete for some xg € X.
If there is a F' € U such that for all xz,y € X,

H({Tm}ozu {Ty}ac)a d(va Ii‘/)v d(Im7 {Tm}om)»
E ( d(Ty, {Ty}ar),d(I2, {Ty}ar ), d(Ty, {T}ar) ) =0

then there exists z € X such that z =1z € {Tz}q,.
Corollary 2.4. Let (X,d) be a b-metric space, I : X — X and T be a fuzzy

mapping from X into I(X) such that {Tx}, is nonempty closed subsets of X
forallz € X, {T(X)}o C I(X), the pair (T, I) is D-compatible mappings and
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I(X) is xqg joint orbitally complete for some xog € X. If there is a F' € U such
that for all x,y € X,

F( H({Tz}a, {Ty}a), dIz, Iy),d(Iz,{Tx}s), > <0
d(Iy,{Ty}a), d(Iz,{Ty}a),d(Iy,{Tx}a) ) =7
then there exists z € X such that z =1z € {Tz},.

If we put I = J = i4(iq :=the identity mapping on (X, d)) in Theorem 2.1 we
have the following Corollary which generalize Theorem 2.6 [3].

Corollary 2.5. Let Ty, Ts be L-fuzzy mappings from a complete b-metric space
(X,d) into Sz(X). If there is a F € U such that for all x,y € X,

F ( H({Tlx}(laa{TQy}Ou:)vd(x7y)ad('rv {Tlx}ow)v ) <0
d(yv {T2y}ag)a d(.’E, {TQy}aL)v d(yv {Tlm}ag) -7
then there exists z € X such that z € {Thz}a, N{T22}a, -

Corollary 2.6. Let T be an L-fuzzy mapping from a complete b-metric space
(X,d) into Sz(X). If there is a F € U such that for all x,y € X,

H({Tx}0w7 {Ty}oézz)a d(I, y)7 d(I, {TI}O%)’
F ( d(yv {Ty}ac)v d(:E, {Ty}aa)a d(y7 {Tx}ac) ) =0,
then there exists z € X such that z € {Tz}q, .

Remark 2.2. Corollary 2.6 is a generalization of Theorem 3.1 [14] and Theorem
1 [15).
Now, we state the following result for family of £-fuzzy mappings in b-metric
spaces.
Theorem 2.7. Let I,J be two self mappings from a b-metric space (X, d) into
itself and {Ty, }o,,n € N be L-fuzzy mappings from X into Sz (X) such that
(1) {T:(X)}ae € J(X), {T5(X)}ae € I(X), i =20, =20+ 1
(2) the pairs (T;,I) and (Tj,J) are D-compatible mappings,
(3) I(X) is xo joint orbitally complete for some xo € X.
If there is a F' € U such that for all x,y € X,
( H({Tiz}a,, {ij}om)’ d(Iz, Jy),d(Iz,{Tiw}a,), > <0
d(Jy7 {,‘ij}az;)v d(I‘ra {ij}a[;)v d(‘]yv {nx}aa) -
then there exists z € X such that z = Iz = Jz and z € NS o{Tnz}a, -

Proof. Proof of this theorem is similar to Theorem 2.1. Therefore, proof skipped.
O

Remark 2.3. Theorem 2.7 is a generalization of [4, Theorem 2.3] and [18,
Theorem 1].

Remark 2.4. In view of Examples 1.15-1.19, one can derive several new fixed
point results.
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3. Results with integral type contraction

In 2002, Branciari [2] defined an integral type contraction and obtained a gen-
eralization of Banach contraction principle. Some results on fixed point theorems
of integral type contraction have appeared (see, e.g. [8, 13]). In this section, we
prove a fixed point result for integral type contractive condition with implicit
relation for two pairs of £-fuzzy and non self mappings in b-metric spaces.

Let U be the family of all continuous mappings F : [0,00)¢ — [0, 00) satisfying
the following properties:

(I1) F is non-decreasing in the 15 variable and non-increasing in the 3¢,

4th 5th 6th coordinate variables,
(Ug;) there exists h € (0,1) such that for every u,v >0, b > 1 with

fOF(u,v,v,u,b(“JF”)’O) @(S)ds <0 or

(Wa2) fOF(u’y’u’y’O’b(u+v)) ©(s)ds < 0 implies u < hv.

(U3) OF(u’u’O’O’u’u) p(s)ds > 0 for all u > 0.

where ¢ : [0,00) — [0,00) is a summable non negative Lebesgue integrable
function such that for each € € [0,1], [; ¢(s)ds > 0. Note that if ¢(s) = 1, then

U= 0.
F(t1,t2,t3,t4,t5,t6) t1—hto
Example 3.1. [; p(s)ds = [, o(s)ds.
Theorem 3.2. In Theorem 2.1, if we replace the inequality (2.1) with the fol-
lowing: there is a F' € U such that for all z,y € X

F( H({Tlx}aﬁv {T2y}ac)v d(va Jy), d(1x7 {Tlx}ag)a >
/ d(‘]ya {TQy}Ow)v d(IZE, {TQy}az)v d(‘]yv {Tlx}om) cp(s)ds < 0. (2)
0

then consequences of Theorem 2.1 remain true.

Remark 3.1. Define ¢(s) = 1 in Theorem 3.2, then Theorem 3.2 implies The-
orem 2.1.
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