J. Appl. Math. & Informatics Vol. 35(2017), No. 3 - 4, pp. 217 - 230
https://doi.org/10.14317/jami.2017.217

BEHAVIOR OF POSITIVE SOLUTIONS OF A DIFFERENCE
EQUATION

D.T. TOLLU, Y. YAZLIK* AND N. TASKARA

ABSTRACT. In this paper we deal with the difference equation
aYn—1

bYnYn—1 + CYn—1Yn—2 +d’

where the coefficients a, b, ¢, d are positive real numbers and the initial

conditions y_2, y—_1, yo are nonnegative real numbers. Here, we investi-

Yn+1 = TLENQ,

gate global asymptotic stability, periodicity, boundedness and oscillation
of positive solutions of the above equation.
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1. Introduction

Rational difference equations which is an important class of nonlinear differ-
ence equations arise in many branches of science. Therefore, these equations
have been widely studied by mathematicians for the last decade. For example,
in [5], Cinar gave forms of the solutions of the rational difference equation

Tp—1

—, neN
1+xn$n717 0

Tn+1 =
with the nonnegative initial conditions z_1, xo. In [2], Andruch-Sobilo et al.
investigated the behavior of the solutions of the rational difference equation

ATn—1

anrl: nENO,

b+ cxpTn_1’
with the positive real parameters a, b, ¢ and the nonnegative initial conditions
x_1, xg. Shojaei et al. [18] investigated the stability and periodic character of
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the rational third-order difference equation
ALp—1
B + VTnTn—-1Tn—2
where the parameters «, 3, v and the initial conditions x_s, x_1, g are real num-
bers. Dehghan and Rastegar [6] investigated the stability, the periodic character
and the boundedness nature of solutions of the third order difference equation
AYn—1
B+ vyhyn 19
where the initial conditions y_o, y_1, yo and the parameters «, 8 and y are
positive real numbers and k > 2 is a fixed integer. For some related studies, see
[1,3,8,9,7, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 21, 24, 25, 26, 22, 23, 27, 28,
29, 30, 31, 33, 32, 34, 35, 36, 37, 38].
In this study we consider the rational difference equation
aYn—1
bynyn—l + CYn—1Yn—2 + d, ne NO’ (1)
where the coefficients a, b, ¢, d are positive real numbers and the initial condi-
tions y_o, y_1, Yo are nonnegative numbers. We investigate global asymptotic
stability, periodicity, boundedness and oscillation of positive solutions of Eq. (1).

It is easy to see that the change of variables y,, = \/gxn reduces Eq. (1) to the
next equation

Tpy1 = , ne N07

,nENo,

Yn4+1 =

Yn4+1 =

ATp—1
)
anxn—l + Tp_1Tp—2 + 1

Tp+1 = ne N07 (2)

witha =4, 8= % and the initial conditions x_s, x_1, x¢. Hence, from now on,
we will consider Eq. (2).

Let I be some interval of real numbers and let f : I**1 — I be a continuously
differentiable function. Then, for every set of initial conditions z _x, x_g41,...,20 €
I, the difference equation

Tn+1 :f(xn7$n717"'7mn7k:)7 ’I’LGN(M (3)
oo

has a unique solution {x,},~ _,.

Definition 1.1. An equilibrium point for Eq. (3) is a point T € I such that

z=f(z,Z,...,T).

Definition 1.2. A sequence {z,} — , is said to be periodic with period p if
Tnyp = Ty for all n > —k.

Definition 1.3 (Stability). Let T be an equilibrium point of Eq. (3).

(i) The equilibrium point T of Eq. (3) is locally stable if for every ¢ > 0,
there exists § > 0 such that for all x_y, x_(411),...,20 € I with |z_} —Z[ +
| _g41 —Z| + ...+ |ro — T| <6, we have |z, — T| < ¢ for all n > —k.

(ii) The equilibrium point T of Eq. (3) is locally asymptotically stable if T is a
locally stable and there exists v > 0, such that for all z_y, x_g11,...,x9 € I with
|[x—k —F| + |2—k+1 — E|+ ... + |20 — T| <, we have Jz_}ngoxn =17.
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(iii) The equilibrium point T of Eq. (3) is a global attractor if for all x_j, z_41,

.., xg € I, we have lim x, =T.
n— oo

(iv) The equilibrium point T of Eq. (3) is global asymptotically stable if T is
locally stable and T is also a global attractor of Eq. (3).
(v) The equilibrium point Z of Eq. (3) is unstable if T is not locally stable.

The lineralized equation associated with Eq. (3) is the equation

0
an:Z f{ (Z,Z,...,T) zn—i, n € Ny. (4)

The characteristic equation associated with Eq. (3) is the equation

k
Pl —Z;{ (Z,Z,...,T) \F7T =0, (5)
i=0 "

Theorem 1.4 ([2], Linearized Stability Theorem). Assume that f is a function
in C1 and let T be an equilibrium point of Eq. (3). Then the following statements
are true:

(1) If all roots of Eq.(5) lie in the open disk |\ < 1, then T is locally asyptot-
ically stable.

(i) If at least one root of Eq.(5) has absolute value greater than one, then T
is unstable.

Definition 1.5. An equilibrium point T of Eq. (3) is called a hyperbolic equi-
librium point if Eq.(5) has no roots with absolute value equal to one. An equi-
librium point T of Eq. (3) is called a nonhyperbolic equilibrium point if Eq.(5)
has at least one root with absolute value equal to one.

Theorem 1.6 ([1], Theorem 1.6.3). Assume that the following conditions hold:
Let [a,b] be an interval of real numbers and assume that

[+ la,b] x [a,b] — [a, b]

18 a continuous function satisfying the following properties:
(1) f € C[(0,00) x (0,00), (0,00)].
(i1) f(x,y) is decreasing in x and strictly decreasing in y.
(iti) x f (x,x) is strictly increasing in x.
(iv) The equation

Tp+1 = xnf (mn71’n71)7 nec NO, (6)

has a unique positive equilibrium T. Then T is a global attractor of all positive
solutions of Eq.(6).
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2. Stability of Eq. (2)

In this section we describe local and global behaviors of the solutions of Eq.
(2). For the equilibrium points of Eq. (2), we write the equation
_ T
T="—7r"" 5
B+1)z°+1

from which it follows that
Z((B+1)7T°+1—a)=0.

From the last equality, it is easily seen that when o < 1, the unique equilibrium
point of Eq. (2) is Ty = 0 and when « > 1, Eq. (2) has three equilibrium points

a—1

B+1°

a—1

B} and Ty = —

such that 7, =0, Ty =
Let
f:10,00)° — [0,00)
be a function defined by
ay
= — 7
f(z,y,2) ErE— (7)

From (7), the partial derivatives of f (x,y,2) evaluated at an equilibrium Z of
Eq. (2) are

—afz?
L (7,7,7) = 7 8
R e 5)
, (T,T,T) = < = 9
BERD) = ©)
f. (@ 7,7) = —or (10)

(B+1)Z+1)>
By the following theorem, we determine local behavior of the solutions of Eq.

(2).

Theorem 2.1. The following statements are true:

(i) When o < 1 the unique equilibrium point T = 0 of Eq. (2) is locally
asymptotically stable.

(i) When o > 1 the equilibrium point Ty = 0 of Eq. (2) is unstable.

(ii) When « > 1 the positive equilibrium point To = a—;% of Eq. (2) is
unstable.

(iv) When o« > 1 the positive equilibrium point To = g—jr} of Eq. (2) is
nonhyperbolic.

Proof. (i)-(ii) By using (8)-(10), we get the lineralized equation associated with
Eq. (2) about the equilibrium point Z; = 0 as

Zn+1l = QzZp_1, N € Ny. (11)
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The characteristic equation of Eq. (11) is
A —aX=0

with the roots A\; = 0, As = /a and A3 = —/a. It is clear that if o < 1 then
[Ai] <1fori=1,2,3 and if a > 1 then |A\s| = |A5] > 1.
(iii)-(iv) By using (8)-(10), we can write the lineralized equation associated

with Eq. (2) about the equilibrium point s = ,/2=% as follows:

B+1
Bla—1) 1 (a—1)
n T a , \N*n T T A~An— T 4\ n— = 0? N k)
Z+1+a(ﬁ+1)z az 1+a<5+1)z 2 n € Ny
which has the characteristic equation
-1 1 -1
P()\)::)\P’—i—ﬁ(a )AQ——)\+M:0. (12)

a(B+1) o a(B+1)

From Eq. (12), it is easily seen that P (—1) = 0, that is, |A\;| = 1 for at least
i, (i=1,2,3). So, the positive equilibrium point Zo = ,/g—j& of Eq. (2) is
unstable. Also, since |A;| = 1 for at least i, (: = 1,2, 3), the positive equilibrium

point Tg = ,/‘g—_ﬁ of Eq. (2) is nonhyperbolic. O

Theorem 2.2. Assume that a < 1. Then, the unique equilibrium point T; = 0
of Eq. (2) is globally asymptotically stable.

Proof. Let {xy,}, -, be a solution of Eq. (2). From Theorem 7, the equilibrium

point Z; = 0 of Eq. (2) is locally asymptotically stable, when o < 1. Hence, It
is sufficient to show that

limx, =T =0.
n— oo

From Eq. (2), we write

Qlp—1

< az,_ 13
ﬁxnxn—l + ZTp—1Tn—2 + 1= “r ! ( )

Tny1 =
for n € Ng. From the inequality in (13), we get the inequalities

Ton+1 < aTop_1 < Q29,3 <o < a"Tla (14)
and

Tonio < Aoy < aPg, o < - < o™l (15)

for n € Ny. From which (14) and (15) follows that

lim Ton+1 — lim Ton+2 = 0,
n—00 n—00

if a < 1. So, the proof is completed. O
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3. Unbounded Solutions of Eq. (2)
In this section we show that Eq. (2) has the unbounded solutions.

Theorem 3.1. Assume that o > 1 and let {x,}52 _, be a solution of Eq. (2).
Then, the following statements are true:

(i) If x_1 = 0 and x_2x9 # 0 (or if x_o = xz_1 = 0 and z9 # 0), then
Ton_1 =0 and xo, — 00 as n — 0.

(i) If ko = 0 and x_sx_1 # 0 (or if x_o = 29 = 0 and x_1 # 0), then
Top—1 — 00 as n — oo and Ta, = 0.

Proof. First, from Eq. (2), we write

QTop—1
Ton4+1 = , n € Ny, 16
" BronTon—1 + Ton—1%Ton—2 + 1 (16)
and
ax
Tont+o = 2n n € Np. (17)

BTont1T2n + TanTan—1 + 1’
It is clear that if x_o = x_1 = z¢ = 0 then 9, = x2,+1 = 0 which is the trivial
solution z, = 0 of Eq. (2) for n € Ny.

(i) If x_1 = 0, then we get that

Ton_1 =0, n € Ny (18)
from Eq. (16). By substituting (18) in Eq. (17), we have the equation
Tont+a = ATy, N € Ny
from which it follows that
To, = "z, n € Ny. (19)
The result follows from (19) for o > 1.
(ii) If o = 0, then we get
Ton—2 =0, n €N (20)
from Eq. (17). By substituting (20) in Eq. (16), we have the equation
Top+1 = QTap—1, N €N
from which it follows that
Top_1=0a""tzq, neN. (21)

‘We also observe that
QT _q
r=— -
r_1rx_o+1

Consequently, from Eq. (21) and Eq. (22), we get

ar_q
n—1 — — n — 0, e N. 23
Ton—1 Tt a1 T2 n (23)

The result follows from (23) for a > 1. O
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4. Periodic Solutions of Eq. (2)

In this section we show that Eq. (2) has the periodic solutions. The following
theorem studies period 2 solutions of Eq. (2) under the condition o = 1.

Theorem 4.1. Assume that « = 1. Then, the following statements are true:
(i) Eq. (2) has the prime period 2 solutions in the form of

e DG Dy e
(i1) Every solution of Eq. (2) converges to a period 2 solution of Eq. (2).
Proof. (i) Let
DG Dy -
be a period 2 solution of Eq. (2) with p # ¢q. Then, we write

ap oq
p= . q= ,
(B+1)pg+1 (B+1)pg+1

from which it follows that
(P—a9)((B+1)pg+1—a)=0. (24)

The equality in (24) implies that if & = 1, then pg = 0. So, there is a period 2
solution either in the form of

..,p,0,p,0,...
or in the form of
...,0,q,0,q,....
(ii) Assume that « =1 and let {z,,}° _, be a solution of Eq. (2). Then, for
n € Ny, we have that

2 2
o _5‘T"zn—1 —Tp_1Tn-2 <0
anmnfl + Tp—1Tp—2 + 1~

LTn+1 — Tn-1
from which it follows that

Ton+1 < Ton—1, Tant2 < Top. (25)

The inequalities in (25) imply that while the even-subscript terms of the solution
{xn}2° _5 decreasingly converge one of the periodic points of the solution, the
odd-subscript terms decreasingly converge another. U

The following theorem studies period 2 solutions of Eq. (2) under the condi-
tion a > 1.

Theorem 4.2. Assume that o > 1 and x_ox_1 = x_129 = g—_ﬁ Then, Eq. (2)
has the periodic solutions with period 2.
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Proof. First, we note that if x_sx_1 = x_129 = g—j&, then z_ox_12¢ # 0, and
so &, > 0 for n € Ny. Thus, we can multiply both sides of Eq. (2) by z, as

follows:
AL pTp—1

Tn41Tn = , N E Np. 26
i anmnfl + Tp—1Tp—2 + 1 0 ( )
By applying the change of variables
TnTn_1 = Un (27)
to Eq. (26), we get the equation
QU
= """  peN,. 28
T By tun v 10 28)
On the other hand, the change of variables (27) yields
Ty = Un Tp_2, N € Np. (29)
Up—1

Obviously, the equilibrium solutions of Eq. (28) satisfies Eq. (29). If o > 1,
then Eq. (28) has the zero equilibrium point @; = 0 and the positive equilibrium
point we = %

The equilibrium solution u,, = 0 is a singular case for Eq. (29). In this case,
from the assumption z,2z,_1 = 0 and Eq. (2), we get that

Tpt1 = Tp_1, N € Np. (30)
It is clear that Eq. (30) does not have any periodic solution for o > 1.

The equilibrium solution wu,, = % satisfies Eq. (29). In this case, from the

assumption x,x,_1 = g—ﬁ and Eq. (2), we get that

Int+1 = Tp—1, N S NOa (31)
which implies that Eq. (2) has the periodic solutions with period 2. More

precisely, if a > 1 and z_sx_1 = x_129 = g—;i, then the form of the period 2

solution is
a—1 a—1

ceey ) Ds JDye e
B+p " (B+1)p
So, the proof is completed. O

We need the next lemmas.

Lemma 4.3. The positive equilibrium point Ty = g—ﬁ of Eq. (28) is global
attractor.
Proof. Let
g:(0,00) x (0,00) — (0,00)
be a function defined by
«@

T Butorl (32)

g (u,v)



Behavior of Positive Solutions of a Difference Equation 225

First, from (32), we evaluate the partial derivatives
= 0, gl = ——2 <0
(Bu+v+1) (Bu+v+1)

Therefore, g (u,v) is is decreasing in x and strictly decreasing in y. Second, we
consider the function

gu (u,v) = (33)

au

B+1Du+1 (34)

h(u) = ug (u,u) =

From (34), we have
«

P (u) = ——m—— >
(B+1)u+1)
which shows that the function h (u) = ug (u,u) is strictly increasing in u. So,
the conditions of Theorem 1.6 hold. Consequently, we have that

)

i a—1
m U, =
nooo 5—}—17

which completes the proof. (]

(35)

Lemma 4.4. f(x,y,z) is monotonically decreasing in x, z € [0,00) for each
y € [0,00), and f (z,y,2) is monotonically increasing in y € [0,00) for each z,
z € [0,00).

Proof. The result can be seen from the partial derivatives of f (z,y,z) in (8)-
(10). O

Theorem 4.5. Assume that o > 1 and x_1x¢ # 0. Then, every non-equilibrium
solution of Eq. (2) converges to a period 2 solution of Eq. (2).

Proof. Assume that a > 1 and z_j1x9 # 0. Here, it is insignificant whether
x_o=0o0r z_o # 0. Because, if x_1x9 # 0 and x_o = 0, then we have by using
Eq. (2) that z; = ﬁ # 0. So, we may start with nonzero initial values
T_o, T_1, To which causes x, > 0.

The limit in (35) along with (27) implies that

. a—1
nh_}rgoxn+1xn SR (36)
Let
a—1
0< Tnir < 1 (37)
for n € Ny. From (37) and Lemma 4.4, we get that
lim 41 =1 (38)
n— oo

such that 0 < I < g—ﬁ By using the limit in (38), we again write (36) as

follows:

—_

. ) . o—
nl;n;oxn+1nlbngoxn = lnlgrrgoxn s (39)
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From (39), it follows that

a—1
L= 1 = ————.
nooe ™ = (B 1)1

So, the proof is completed. O

(40)

Corollary 4.6. Assume that « > 1 and x_1xq # 0. Then, every solution of
Eq. (2) is bounded.

Proof. The result follows from (38) and (40). O

Corollary 4.7. Assume thata > 1 and x_1xq # 0. Then, every non-equilibrium

solution of Eq. (2) eventually oscillates about To = ’/% with a semicycle of

length one.

Proof. Due to the assumption (37), there exists the inequality 0 < I < g—j&

So, from (40), we get the inequality

I_ a—1 < a—1
NGRS R
which shows that every solution of Eq. (2) eventually oscillates about To =

g—ﬁ with a semicycle of length one. O

5. Numerical Examples

In this section, we give numerical examples for the positive solutions of Eq.
(2) in the cases a < 1, a =1 and o > 1.

Plot of x(n+1)=0.9x(n—1)/(3x(n)x(n—1)+x(n-1)x(n-2)+1)

40 60 80 100

FiGure 1. If we take « = 0.9, 8 =3, z_52 = 0.1, z_; = 1.2,
xo = 0.17, then the solution of Eq. (2) is as follows:
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Plot of x(n+1)=x(n-1)/(3x(n)x(n—1)+x(n-1)x(n-2)+1)

x(n)

FIGURE 2. If we take a = 1, f§ = 3, x_5 = 0.01, z_; = 1.2,
xo = 0.17, then the solution of Eq. (2) is as follows:

Plot of x(n+1)=2.1x(n-1)/(3x(N)x(n-1)+x(n-1)x(n-2)+1)

{X(n), x = 5244044240}

20 40 60 80 100

x(n)
7777777777777777777777 Positive Equilibrium

FIiGURE 3. If we take a = 2.1, 8 =3, z_o = 2.3, x_; = 5.1,
xo = 7.8, then the solution of Eq. (2) is as follows:

6. Conclusion

We summarize our results related to the positive solutions of Eq. (2) in the
following table:
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Cases Results
r_1=x0=0 There is the trivial solution z, = 0 for n € Np.
The equilibrium point Z; = 0 of Eq. (2)

is globally asymptotically stable.

a<land x_120#0

a>1and x_sx_120 #0 Eq. (2) has the prime period 2 solutions.
Eq. (2) has the prime period 2 solutions.
a>1and x_120 #0 Also, every non-equilibrium solution of Eq. (2)

converges to a period 2 solution of the equation.

There is a unbounded solution such that
ZTon—1 = 0 and zo, — 00 as N — 0.
There is a unbounded solution such that
Top—1 — 00 as n — oo and Ta, = 0.

1 =0and zog #0

-1 #0and g =0
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