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SUMMING AND DOMINATED OPERATORS ON A

CARTESIAN PRODUCT OF c0 (X ) SPACES

Gabriela Badea and Dumitru Popa

Abstract. We give the necessary condition for an operator defined on
a cartesian product of c0 (X ) spaces to be summing or dominated and
we show that for the multiplication operators this condition is also suf-
ficient. By using these results, we show that Πs (c0, . . . , c0; c0) contains
a copy of ls

(

lm2 | m ∈ N
)

for s > 2 or a copy of ls
(

lm1 | m ∈ N
)

, for
any 1 ≤ s < ∞. Also, ∆s1,...,sn (c0, . . . , c0; c0) contains a copy of
lvn(s1,...,sn) if vn (s1, . . . , sn) ≤ 2 or a copy of lvn(s1,...,sn)

(

lm2 | m ∈ N
)

if 2 < vn (s1, . . . , sn), where 1
vn(s1,...,sn)

= 1
s1

+ · · ·+ 1
sn

. We find also

the necessary and sufficient conditions for bilinear operators induced by
some method of summability to be 1-summing or 2-dominated.

1. Introduction and notation

In this paper we continue our study on the summing operators defined on
a cartesian product of c0 (X ). While in [2] we deal with nuclear and multiple
1-summing operators on a cartesian product of c0 (X ), here we will address the
dominated and summing operators defined on the same cartesian product. The
summing operators as well as the dominated ones are two possible extensions to
the multilinear settings of the linear summing operator, which were considered
in order to find multilinear versions of the Pietsch domination theorem. In this
paper, we will study simultaneously the dominated and the summing operators
on a cartesian product of c0 (X ).

The notations and terminology used along the paper are standard in Banach
space theory, as the reader can see in the famous monographs [5, 6, 15].

For X1, . . . , Xn, Y Banach spaces over the scalar field K = R or C, we
consider the Banach space L (X1, . . . , Xn;Y ) of all bounded n-linear operators,
called simply multilinear operators, endowed with the operator norm

‖T ‖ = sup
‖x1‖≤1,...,‖xn‖≤1

‖T (x1, . . . , xn)‖ .
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Let X = (Xk)k∈N
be a sequence of Banach spaces. We denote by c0 (X ) the

Banach space of all sequences (xk)k∈N
with xk ∈ Xk for all k ∈ N, ‖xk‖Xk

→ 0

as k → ∞, endowed with the norm
∥

∥(xk)k∈N

∥

∥

c0(X )
= sup

k∈N

‖xk‖Xk
, see [16,

page 43]. Note that for x ∈ c0 (X ), ‖x‖c0(X ) = sup
k∈N

‖pk (x)‖Xk
, where pk :

c0 (X ) → Xk denotes the canonical mapping defined by pk (x1, x2, . . . , ) = xk,
k ∈ N. Also for k ∈ N, we consider the canonical map σk : Xk → c0 (X )
defined by σk (x) = (0, . . . , 0, x

︸︷︷︸

kth

, 0, . . .). To avoid any possible confusion, if

Xj =
(

Xj
k

)

k∈N

(1 ≤ j ≤ n) is a finite system of sequences of Banach spaces

we write σj
k : Xj

k → c0 (Xj) respectively pjk : c0 (Xj) → Xj
k for the canonical

mappings.
Let us recall the definition of a Banach ideal of operators, see [11] and also

[9].
A subclassA of the class L of all bounded n-linear operators between Banach

spaces is called an ideal if

(M1) For all Banach spaces X1, . . . , Xn, Y the component

A(X1, . . . , Xn;Y ) := L(X1, . . . , Xn;Y ) ∩A

is a linear subspace of L(X1, . . . , Xn;Y ).
(M2) (the ideal property) If

X1
A1→ Y1, . . . , Xn

An→ Yn, Y1 × · · · × Yn
T
→ Z

S
→W,

where all Aj and S are bounded linear operators, T ∈A(X1, . . . , Xn;Y ),
then the composition S ◦ T ◦ (A1, . . . , An) ∈ A(X1, . . . , Xn;W );
T ◦ (A1, . . . , An) : X1 × · · · ×Xn → Z is defined by

T ◦ (A1, . . . , An) (x1, . . . , xn) = T (A1 (x1) , . . . , An (xn)) .

(M3) The mapping PK : Kn → K, PK (λ1, . . . , λn) = λ1 · · ·λn belongs to A.
A (ω-) normed ideal (0 < ω ≤ 1) is a pair (A, ‖·‖A) , where A is an
ideal and ‖·‖A : A → [0,∞) is an ideal (ω-) norm, i.e.,

(M
′

1) ‖·‖A restricted to each component is a (ω-) norm.

(M
′

2) ‖S ◦ T ◦ (A1, . . . , An)‖A ≤ ‖S‖ ‖T ‖A ‖A1‖ · · · ‖An‖ in the situation of
(M2).

(M
′

3) ‖PK‖A = 1 in the situation of (M3).

A Banach ideal of operators is a normed ideal of operators (A, ‖·‖A) with the
property that all the components (A(X1, . . . , Xn;Y ), ‖·‖A) are Banach spaces.

Given 0 < p < ∞ and a Banach space X , for a finite system (xi)1≤i≤n ⊂

X we define lp (xi | 1 ≤ i ≤ n) :=

(

n
∑

i=1

‖xi‖
p

)
1

p

and wp

(

(xi)1≤i≤n ;X
)

:=

sup
‖x∗‖≤1

(

n
∑

i=1

|x∗ (xi)|
p

)
1

p

. If we consider the finite system of elements (xi)1≤i≤n



SUMMING AND DOMINATED OPERATORS ON A PRODUCT OF c0 (X ) SPACES 969

as a finite set A, then we denote by wp (A) = sup
‖x∗‖≤1

(

n
∑

i=1

|x∗ (xi)|
p

)
1

p

. For

0 < p <∞, we use the common notation lp for the space of all scalar sequences

λ = (λn)n∈N
such that

∑∞
n=1 |λn|

p < ∞, ‖λ‖p = (
∑∞

n=1 |λn|
p)

1

p . For 1 ≤ p <

∞, we define p∗ the conjugate of p, that is 1
p + 1

p∗
= 1.

The following notation will be used to study simultaneously the (s; s1, . . .,
sn)-summing operators and the (s1, . . . , sn)-dominated ones. Let n be a natural
number. We define vn : [1,∞)

n
→
[

1
n ,∞

)

by 1
vn(s1,...,sn)

= 1
s1

+ · · ·+ 1
sn
.

Let s1, . . . , sn ∈ [1,∞) and s ∈ (0,∞) be such that vn (s1, . . . , sn) ≤ s. A
bounded multilinear operator T : X1 × · · · ×Xn → Y is called (s; s1, . . . , sn)-

summing if there exists constant C ≥ 0 such that for each
(

xji

)

1≤i≤m
⊂ Xj

(1 ≤ j ≤ n) the following relation holds

ls
(

T
(

x1i , . . . , x
n
i

)

| 1 ≤ i ≤ m
)

≤ Cws1

(

(

x1i
)

1≤i≤m

)

· · · wsn

(

(xni )1≤i≤m

)

.

In this case, πs;s1,...,sn (T ) := inf {C |C as above}. The class of all (s; s1, . . .,
sn)-summing operators from X1 × · · · ×Xn into Y is denoted by

Πs;s1,...,sn (X1, . . . , Xn;Y ) .

It is well known that the class of all (s; s1, . . . , sn)-summing operators is an
ideal and for s ≥ 1, πs;s1,...,sn (·) is a norm, while for s < 1, πs;s1,...,sn (·) is a
s-norm.

For s ∈ [1,∞), a (s; s, . . . , s)-summing operator will be called a s-summing

operator.

If s1, . . . , sn ∈ [1,∞) a (vn (s1, . . . , sn) ; s1, . . . , sn)-summing operator T :
X1 × · · · ×Xn → Y is called (s1, . . . , sn)-dominated and

∆s1,...,sn (T ) = πvn(s1,...,sn);s1,...,sn (T ) .

We denote by ∆s1,...,sn (X1, . . . , Xn;Y ) the class of all (s1, . . . , sn)-dominated
operators from X1 × · · · ×Xn into Y . If vn (s1, . . . , sn) ≥ 1, then ∆s1,...,sn (·)
is a norm and if vn (s1, . . . , sn) < 1, ∆s1,...,sn (·) is a vn (s1, . . . , sn)-norm.

We will need the following obvious result whose simple proof is left to the
reader.

Remark 1. (i) If T : X1 × · · · ×Xn → Y is (s; s1, . . . , sn)-summing, then

πs;s1,...,sn (T ) = sup
{

ls
(

T
(

x1i , . . . , x
n
i

)

| 1 ≤ i ≤ m
)}

,

where the supremum is taken over all systems
(

xji

)

1≤i≤m
⊂ Xj such that

wsj

(

(

xji

)

1≤i≤m

)

≤ 1 (1 ≤ j ≤ n).
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(ii) If T : X1 × · · · × Xn → Y is (s; s1, . . . , sn)-summing, then for any

0 < ε < 1 there exists
(

xji

)

1≤i≤m
⊂ Xj such that wsj

(

(

xji

)

1≤i≤m

)

≤ 1

(1 ≤ j ≤ n) and (1− ε)πs;s1,...,sn (T ) ≤ ls
(

T
(

x1i , . . . , x
n
i

)

| 1 ≤ i ≤ m
)

.

2. Summing and dominated multilinear operators on a cartesian
product of c0 (X ) spaces

The next lemma is well-known, but for the sake of completeness we will
include here its short proof.

Lemma 2. Let 1 ≤ s <∞ and (xi)1≤i≤k ⊂ c0 (X ). Then

ws

(

(xi)1≤i≤k ; c0 (X )
)

= sup
n∈N

ws

(

(pn (xi))1≤i≤k ;Xn

)

.

Proof. By a well-known relation, see [12, Lemma 1.14, page 40], we have

(∗) ws

(

(xi)1≤i≤k ; c0 (X )
)

= sup
‖(λ1,...,λk)‖lk

s∗
≤1

∥

∥

∥

∥

∥

k
∑

i=1

λixi

∥

∥

∥

∥

∥

c0(X )

and then

ws

(

(xi)1≤i≤k ; c0 (X )
)

= sup
‖(λ1,...,λk)‖lk

s∗
≤1



sup
n∈N

∥

∥

∥

∥

∥

pn

(

k
∑

i=1

λixi

)∥

∥

∥

∥

∥

Xn





= sup
n∈N



 sup
‖(λ1,...,λk)‖lk

s∗
≤1

∥

∥

∥

∥

∥

k
∑

i=1

λipn (xi)

∥

∥

∥

∥

∥

Xn





= sup
n∈N

ws

(

(pn (xi))1≤i≤k ;Xn

)

again by (∗).
�

Our next result gives a necessary condition for a bounded multilinear oper-
ator defined on a cartesian product of c0 (X ) to be summing or dominated.

Theorem 3. Let n ∈ N, 1 ≤ s1, . . . , sn < ∞, 0 < s < ∞ be such that

vn (s1, . . . , sn) ≤ s and T : c0 (X1) × · · · × c0 (Xn) → Y a bounded multilinear

operator. If T is (s; s1, . . . , sn)-summing, then all T ◦
(

σ1
k, . . . , σ

n
k

)

: X1
k × · · ·×

Xn
k → Y are (s; s1, . . . , sn)-summing and

(

πs;s1,...,sn
(

T ◦
(

σ1
k, . . . , σ

n
k

)))

k∈N
∈

ls.

Moreover,

∥

∥

∥

(

πs;s1,...,sn
(

T ◦
(

σ1
k, . . . , σ

n
k

)))

k∈N

∥

∥

∥

s
≤ πs;s1,...,sn (T ).

Proof. The fact that all T ◦
(

σ1
k, . . . , σ

n
k

)

are (s; s1, . . . , sn)-summing follows
from the ideal property of the class of all (s; s1, . . . , sn)-summing operators.
Let m ∈ N and 0 < ε < 1. For 1 ≤ k ≤ m, by Remark 1, there exists
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Fk ⊂ N, Fk a finite set and
(

xjki

)

i∈Fk

⊂ Xj
k such that wsj

(

xjki | i ∈ Fk

)

≤ 1

for 1 ≤ j ≤ n and

(1− ε)πs;s1,...,sn
(

T ◦
(

σ1
k, . . . , σ

n
k

))

≤ ls
(

T ◦
(

σ1
k, . . . , σ

n
k

) (

x1ki, . . . , x
n
ki

)

| i ∈ Fk

)

.

Then

(1− ε)

(

m
∑

k=1

[

πs;s1,...,sn
(

T ◦
(

σ1
k, . . . , σ

n
k

))]s

)
1

s

≤

(

m
∑

k=1

∑

i∈Fk

∥

∥T ◦
(

σ1
k, . . . , σ

n
k

) (

x1ki, . . . , x
n
ki

)∥

∥

s

)
1

s

=

(

m
∑

k=1

∑

i∈Fk

∥

∥T
(

σ1
k

(

x1ki
)

, . . . , σn
k (xnki)

)∥

∥

s

)
1

s

.

Further, since T is (s; s1, . . . , sn)-summing,

(

m
∑

k=1

∑

i∈Fk

∥

∥T
(

σ1
k

(

x1ki
)

, . . . , σn
k (xnki)

)∥

∥

s

)
1

s

=

(

∑

i∈F1

∥

∥T
(

σ1
1

(

x11i
)

, . . . , σn
1 (xn1i)

)∥

∥

s
+ · · ·+

∑

i∈Fm

∥

∥T
(

σ1
m

(

x1mi

)

, . . . , σn
m (xnmi)

)∥

∥

s

)
1

s

≤ πs;s1,...,sn (T )ws1 (A1) · · ·wsn (An) ,

where

A1 =
{

σ1
1

(

x11i
)

| i ∈ F1

}

∪
{

σ1
2

(

x12i
)

| i ∈ F2

}

∪ · · · ∪
{

σ1
m

(

x1mi

)

| i ∈ Fm

}

⊂ c0 (X1)

...

An = {σn
1 (xn1i) | i ∈ F1} ∪ {σn

2 (xnni) | i ∈ F2} ∪ · · · ∪ {σn
m (xnmi) | i ∈ Fm}

⊂ c0 (Xn) .

From Lemma 2 we have

wsj (Aj) = sup
a∈N

wsj

(

pja (Aj)
)

for 1 ≤ j ≤ n.

Let a ∈ N. For instance, by using the relations p1a ◦σ
1
b = 0 for b ∈ N, b 6= a and

p1a ◦ σ
1
a = IX1

a
, we have

p1a (A1) =
{

p1a ◦ σ
1
1

(

x11i
)

| i ∈ F1

}

∪
{

p1a ◦ σ
1
2

(

x12i
)

| i ∈ F2

}

∪ · · ·

∪
{

p1a ◦ σ
1
a

(

x1ai
)

| i ∈ Fa

}
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=

{ {

x1ai | i ∈ Fa

}

∪ {0} for 1 ≤ a ≤ m
{0} for a ≥ m+ 1.

Then

ws1 (A1) = max
{

ws1

(

x11i | i ∈ F1

)

, . . . , ws1

(

x1mi | i ∈ Fm

)}

≤ 1

since ws1

(

x11i | i ∈ F1

)

≤ 1, . . . , ws1

(

x1mi | i ∈ Fm

)

≤ 1. In a similar way,

wsn (An) = max {wsn (xn1i | i ∈ F1) , . . . , wsn (xnmi | i ∈ Fm)} ≤ 1.

Thus

(1− ε)

(

m
∑

k=1

[

πs;s1,...,sn
(

T ◦
(

σ1
k, . . . , σ

n
k

))]s

)
1

s

≤ πs;s1,...,sn (T ) .

Since 0 < ε < 1 and m ∈ N are arbitrary, we obtain
(

∞
∑

k=1

[

πs;s1,...,sn
(

T ◦
(

σ1
k, . . . , σ

n
k

))]s

)
1

s

≤ πs;s1,...,sn (T ) ,

which completes the proof. �

By Theorem 3 we obtain the following two consequences:

Corollary 4. Let T : c0 (X1) × · · · × c0 (Xn) → Y be a bounded multilinear

operator.

(i) Let 1 ≤ s <∞. If T is s-summing, then all T ◦
(

σ1
k, . . . , σ

n
k

)

: X1
k × · · · ×

Xn
k → Y are s-summing and

(

πs
(

T ◦
(

σ1
k, . . . , σ

n
k

)))

k∈N
∈ ls. Moreover,

∥

∥

∥

(

πs
(

T ◦
(

σ1
k, . . . , σ

n
k

)))

k∈N

∥

∥

∥

s
≤ πs (T ) .

(ii) Let 1 ≤ s1, . . . , sn < ∞. If T is (s1, . . . , sn)-dominated, then all

T ◦
(

σ1
k, . . . , σ

n
k

)

: X1
k × · · · × Xn

k → Y are (s1, . . . , sn)-dominated and
(

∆s1,...,sn

(

T ◦
(

σ1
k, . . . , σ

n
k

)))

k∈N
∈ lvn(s1,...,sn).

Moreover,

∥

∥

∥

(

∆s1,...,sn

(

T ◦
(

σ1
k, . . . , σ

n
k

)))

k∈N

∥

∥

∥

vn(s1,...,sn)
≤ ∆s1,...,sn (T ).

We need also the following kind of Nahoum’s result, see [10, Theorem, page
5], [16, Lemma 23, page 274].

Proposition 5. Let s1, . . . , sn ∈ [1,∞), s ∈ (0,∞) be such that vn (s1, . . . , sn)
≤ s and T : X1×· · ·×Xn → Y a bounded multilinear operator. If there exist a

sequence (Zk)k∈N
of Banach spaces and a sequence of (s; s1, . . . , sn)-summing

operators Tk : X1×· · ·×Xn → Zk such that all Tk are (s; s1, . . . , sn)-summing,

(πs;s1,...,sn (Tk))k∈N
∈ ls and ‖T (x1, . . . , xn)‖

s
Y ≤

∞
∑

k=1

‖Tk (x1, . . . , xn)‖
s
Zk

for

(x1, . . . , xn) ∈ X1 × · · · ×Xn, then T is (s; s1, . . . , sn)-summing and

πs;s1,...,sn(T ) ≤
∥

∥(πs;s1,...,sn (Tk))k∈N

∥

∥

s
.
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Proof. Let
(

xji

)

1≤i≤m
⊂ Xj (1 ≤ j ≤ n). Then

m
∑

i=1

∥

∥T
(

x1i , . . . , x
n
i

)∥

∥

s

Y

≤

m
∑

i=1

∞
∑

k=1

∥

∥Tk
(

x1i , . . . , x
n
i

)∥

∥

s

Zk

=

∞
∑

k=1

m
∑

i=1

∥

∥Tk
(

x1i , . . . , x
n
i

)∥

∥

s

Zk

≤

∞
∑

k=1

[πs;s1,...,sn (Tk)]
s [
ws1

(

x1i | 1 ≤ i ≤ m
)

· · ·wsn (xni | 1 ≤ i ≤ m)
]s
.

By the definition of (s; s1, . . . , sn)-summing operators the proof is completed.
�

Our next result proves that for the multiplication operator, the necessary
condition from Theorem 3 is also a sufficient one.

First let us recall that for the sequences of Banach spaces Xj =
(

Xj
k

)

k∈N

(1 ≤ j ≤ n), Y = (Yk)k∈N
and for a sequence of bounded multilinear oper-

ators V =(Vk)k∈N
, Vk : X1

k × · · · × Xn
k → Yk such that sup

k∈N

‖Vk‖ < ∞, we

define the multiplication operator MV : c0 (X1) × · · · × c0 (Xn) → c0 (Y) by

MV

(

(

x1k
)

k∈N
, . . . , (xnk )k∈N

)

:=
(

Vk
(

x1k, . . . , x
n
k

))

k∈N
.

Theorem 6. Let 1 ≤ s1, . . . , sn <∞, 0 < s <∞ be such that vn (s1, . . . , sn) ≤
s and MV : c0 (X1) × · · · × c0 (Xn) → c0 (Y). The following assertions are

equivalent:
(i) MV is (s; s1, . . . , sn)-summing.

(ii) all Vk are (s; s1, . . . , sn)-summing and (πs;s1,...,sn (Vk))k∈N
∈ ls.

Moreover, πs;s1,...,sn (MV) =
∥

∥(πs;s1,...,sn (Vk))k∈N

∥

∥

s
.

Proof. (i)⇒(ii). Since, by (i), MV is (s; s1, . . . , sn)-summing, from Theorem 3
it follows that allMV ◦

(

σ1
k, . . . , σ

n
k

)

: X1
k×· · ·×Xn

k → c0 (Y) are (s; s1, . . . , sn)-

summing,
(

πs;s1,...,sn
(

MV ◦
(

σ1
k, . . . , σ

n
k

)))

k∈N
∈ ls and

∥

∥

∥

(

πs;s1,...,sn
(

MV ◦
(

σ1
k, . . . , σ

n
k

)))

k∈N

∥

∥

∥

s
≤ πs;s1,...,sn (MV) .

Since MV ◦
(

σ1
k, . . . , σ

n
k

)

= (0, . . . , 0, σk
k ◦ Vk
︸ ︷︷ ︸

kth

, 0, ...) and MV ◦
(

σ1
k, . . . , σ

n
k

)

are

(s; s1, . . . , sn)-summing we deduce that σk
k ◦Vk are (s; s1, . . . , sn)-summing and

πs;s1,...,sn
(

MV ◦
(

σ1
k, . . . , σ

n
k

))

= πs;s1,...,sn
(

σk
k ◦ Vk

)

. Further, by the ideal

property pkk ◦ σk
k ◦ Vk = Vk are (s; s1, . . . , sn)-summing and πs;s1,...,sn (Vk) =
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πs;s1,...,sn
(

pkk ◦ σ
k
k ◦ Vk

)

≤ πs;s1,...,sn
(

σk
k ◦ Vk

)

. We deduce that

(πs;s1,...,sn (Vk))k∈N
∈ ls and

∥

∥(πs;s1,...,sn (Vk))k∈N

∥

∥

s
≤ πs;s1,...,sn (MV) .

(ii)⇒(i). We have MV (x1, . . . , xn) =
(

Vk
(

p1k (x1) , . . . , p
n
k (xn)

))

k∈N
and

from ‖MV (x1, . . . , xn)‖c0(Y) ≤ ‖MV (x1, . . . , xn)‖
s
we deduce

‖MV (x1, . . . , xn)‖
s
c0(Y) ≤

∞
∑

k=1

∥

∥Vk ◦
(

p1k, . . . , p
n
k

)

) (x1, . . . , xn)
∥

∥

s
.

Since by (ii) and the ideal property πs;s1,...,sn
(

Vk ◦
(

p1k, . . . , p
n
k

))

≤πs;s1,...,sn(Vk)
and (πs;s1,...,sn (Vk))k∈N

∈ ls from Proposition 5,MV is (s; s1, . . . , sn)-summing

and πs;s1,...,sn (MV) ≤
∥

∥(πs;s1,...,sn (Vk))k∈N

∥

∥

s
. �

Corollary 7. (a) Let 1 ≤ s < ∞ and MV : c0 (X1) × · · · × c0 (Xn) → c0 (Y).
The following assertions are equivalent:

(i) MV is s-summing.

(ii) all Vk are s-summing and (πs (Vk))k∈N
∈ ls.

Moreover, πs (MV) =
∥

∥(πs (Vk))k∈N

∥

∥

ls
.

(b) Let 1 ≤ s1, . . . , sn < ∞ and MV : c0 (X1)× · · · × c0 (Xn) → c0 (Y). The

following assertions are equivalent:
(i) MV is (s1, . . . , sn)-dominated.

(ii) all Vk are (s1, . . . , sn)-dominated and (∆s1,...,sn (Vk))k∈N
∈ lvn(s1,...,sn).

Moreover, ∆s1,...,sn (MV) =
∥

∥(∆s1,...,sn (Vk))k∈N

∥

∥

vn(s1,...,sn)
.

3. Copies of vector-valued sequences spaces in Πs (c0, . . . , c0; c0)

In this section our goal is to present some non-trivial examples of summing
operators, as applications of the above results. Our first examples will be
defined by using a technique named Average of a finite number of elements,
introduced by the second named author in [13]. The idea of considering these
averages was suggested by the well-known discrete form of the Rademacher
means, namely the equality
∫ 1

0

∥

∥

∥

∥

∥

m
∑

i=1

ri (t)xi

∥

∥

∥

∥

∥

dt =
1

2m

∑

(ε1,...,εm)∈{−1,1}m

‖ε1x1 + · · ·+ εmxm‖ , see [5]

and it became an useful tool to define and study various examples of summing
operators.

Let us now fix some notations and recall this concept.
Let m be a natural number. For (λ1, . . . , λm) ∈ K

m we define the finite
system denoted by Average1 (λi | 1 ≤ i ≤ m) as being the system with 2m el-
ements obtained by arranging in the lexicographical order of Dm = {−1, 1}

m

the elements ε1λ1+ · · ·+εmλm for (ε1, . . . , εm) ∈ Dm. (On {−1, 1} we consider
the natural order). Thus, as sets we have

Average1 (λi | 1 ≤ i ≤ m) = {ε1λ1 + · · ·+ εmλm | (ε1, . . . , εm) ∈ Dm} .
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Next, if we denote the 2m elements of the set Average1 (λi | 1 ≤ i ≤ m) by
{β1, β2, . . . , β2m} and we apply the same procedure, we define

Average2 (λi | 1 ≤ i ≤ m) = Average1 (βi | 1 ≤ i ≤ 2m)

= {ε1β1 + · · ·+ ε2mβ2m | (ε1, . . . , ε2m) ∈ D2m} .

For more details about this technique and also several related results, see [14].
Let us note that

(1) cK ‖(λ1, . . . , λm)‖lm
1

≤ ‖Average1 (λi | 1 ≤ i ≤ m)‖∞ ≤ ‖(λ1, . . . , λm)‖lm
1

(where cK = 1 in the real case and cK = 1
2 in the complex case) and further by

Khinchin’s inequality

(2)

cK√
2
‖(λ1, . . . , λm)‖lm

2

≤
1

2m
‖Average2 (λi | 1 ≤ i ≤ m)‖∞

≤ ‖(λ1, . . . , λm)‖lm
2

.

Let (αmi)1≤i≤m, m∈N
be a triangular matrix of scalars, αm = (αm1, . . . , αmm)

and α = (αm)m∈N
. The sequence of averages

Average1 (α11) , Average1 (α21, α22) , . . . , Average1 (αmi | 1 ≤ i ≤ m) , . . .

will be denoted by (Average1 (αmi | 1 ≤ i ≤ m))m∈N
. From (1), we have that

(Average1 (αmi | 1 ≤ i ≤ m))m∈N
∈ c0 if and only if |αm1| + · · · + |αmm| → 0

i.e., α ∈ c0 (l
m
1 | m ∈ N) and further we obtain

(3)
cK ‖α‖c0(lm1 |m∈N) ≤

∥

∥(Average1 (αmi | 1 ≤ i ≤ m))m∈N

∥

∥

c0

≤ ‖α‖c0(lm1 |m∈N) .

Next, the sequence of averages

Average2
(

1
2α11

)

, Average2
(

1
22α21,

1
22α22

)

, . . . , Average2
(

1
2mαmi | 1 ≤ i ≤ m

)

, . . .

will be denoted by
(

Average2
(

1
2mαmi | 1 ≤ i ≤ m

))

m∈N
. From (2), we have

that
(

Average2
(

1
2mαmi | 1 ≤ i ≤ m

))

m∈N
∈ c0 if and only if |αm1|

2
+ · · · +

|αmm|
2
→ 0, i.e., α ∈ c0 (l

m
2 | m ∈ N) and further we obtain the inequality

(4)

cK
√
2
‖α‖c0(lm2 |m∈N) ≤

∥

∥

∥

∥

(

Average2

(

1

2m
αmi | 1 ≤ i ≤ m

))

m∈N

∥

∥

∥

∥

c0

≤ ‖α‖c0(lm2 |m∈N) .

Let us recall that form ∈ N, 0 < p ≤ ∞, lmp :=
(

K
m, ‖·‖p

)

and (ek)1≤k≤m ⊂

lmp is the canonical basis of the lmp . Let us also recall the concept of the
nuclear multilinear operators, see [7, Definition 1.26]. A bounded multilinear
operator T : X1 × · · · × Xn → Y is called nuclear if there exist

(

ψ1
k

)

k∈N
⊂
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X∗
1 , . . . , (ψ

n
k )k∈N

⊂ X∗
n, (yk)k∈N

⊂ Y such that
∑∞

k=1

∥

∥ψ1
k

∥

∥ · · · ‖ψn
k ‖ ‖yk‖ < ∞

and

T (x1, . . . , xn) =

∞
∑

k=1

ψ1
k (x1) · · ·ψ

n
k (xn) yk for (x1, . . . , xn) ∈ X1 × · · · ×Xn.

Such a representation is called a nuclear representation of T . In this case
‖T ‖nuc = inf{

∑∞
k=1

∥

∥ψ1
k

∥

∥ · · · ‖ψn
k ‖ ‖yk‖}, where the infimum is taken over all

nuclear representations of T . This class, denoted by (N , ‖·‖nuc), is the smallest
Banach ideal among all other Banach ideals of multilinear operators (for the
linear case see [11, Theorem 1.7.2, page 64] and for the multilinear case, see [1,
Theorem 2]).

The first results of this section study the summing nature of the multipli-
cation operator. These results will further be used in studying the summing
nature of the operator defined by Average1 and by Average2. The next result
extends Theorem 11 in [4].

Proposition 8. Let n ∈ N, 1 ≤ s1, . . . , sn < ∞, 0 < s < ∞ be such that

vn (s1, . . . , sn) ≤ s. Let m ∈ N, α = (α1, . . . , αm) ∈ K
m. Then the multi-

plication operator Mα : lm∞ × · · · × lm∞ → lm1 , Mα (x1, . . . , xn) = αx1 · · ·xn =
(αi 〈x1, ei〉 · · · 〈xn, ei〉)1≤i≤m is (s; s1, . . . , sn)-summing and

(i) if 0 < s < 1, πs;s1,...,sn (Mα) = ‖α‖s ;
(ii) if 1 ≤ s <∞, πs;s1,...,sn (Mα) = ‖α‖1.

Proof. Let us first note that ‖Mα‖ = ‖α‖1.
(i) Let 0 < s < 1. For all (x1, . . . , xn) ∈ lm∞ × · · · × lm∞ we have

‖Mα (x1, . . . , xn)‖1 ≤ ‖Mα (x1, . . . , xn)‖s

=

(

m
∑

i=1

|αi|
s
|〈x1, ei〉|

s
· · · |〈xn, ei〉|

s

)
1

s

.

By considering the rank one functionals Ui : l
m
∞×···×lm∞ → K, Ui (x1, . . . , xn) =

αi 〈x1, ei〉 · · · 〈xn, ei〉 (1 ≤ i ≤ m), it follows that

‖Mα (x1, . . . , xn)‖
s
1 ≤

m
∑

i=1

|Ui (x1, . . . , xn)|
s
.

By Proposition 5, we deduce that Mα is (s; s1, . . . , sn)-summing and further-

more, πs;s1,...,sn (Mα) ≤

(

m
∑

i=1

[πs;s1,...,sn (Ui)]
s

)
1

s

=

(

m
∑

i=1

|αi|
s

)
1

s

= ‖α‖s. For

the reverse inequality, by the definition of the (s; s1, . . . , sn)-summing operators

and wsj

(

(ei)1≤i≤m ; lm∞

)

= 1(1 ≤ j ≤ n), it follows that

(

m
∑

i=1

‖Mα (ei, . . . , ei)‖
s

)
1

s

≤ πs;s1,...,sn (Mα) ,
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hence ‖α‖s ≤ πs;s1,...,sn (Mα).

(ii) Let 1 ≤ s < ∞. From Mα (x1, . . . , xn) =
m
∑

i=1

αi 〈x1, ei〉 ... 〈xn, ei〉 ei, we

deduce ‖Mα‖nuc ≤
m
∑

i=1

|αi| = ‖α‖1. However, since for each Banach ideal of

multilinear operators we have always ‖·‖ ≤ ‖·‖A ≤ ‖·‖nuc, see [11] and also [1],
we get ‖α‖1 = ‖Mα‖ ≤ ‖Mα‖A ≤ ‖Mα‖nuc = ‖α‖1. Since s ≥ 1, Πs;s1,...,sn is
a Banach ideal and the statement follows. �

Proposition 9. Let n, m be natural numbers, α = (α1, . . . , αm) ∈ K
m. Let

1 < p < ∞ and let Mα : lm∞ × · · · × lm∞ → lmp be the multiplication operator

Mα (x1, . . . , xn) = αx1 · · ·xn and 1 ≤ s1, . . . , sn <∞.

(i) If vn (s1, . . . , sn) ≤ p, then Mα is (s1, . . . , sn)-dominated and

∆s1,...,sn (Mα) = ‖α‖vn(s1,...,sn) .

(ii) If p < vn (s1, . . . , sn), then Mα is (s1, . . . , sn)-dominated and

∆s1,...,sn (Mα) = ‖α‖p .

Proof. Since Mα is a finite rank operator it is (s1, . . . , sn)-dominated. The
crucial point is the evaluation of ∆s1,...,sn (Mα).

(i) We have Mα (ei, . . . , ei) = αiei and since wsj

(

(ei)1≤i≤m ; lm∞

)

= 1 (1 ≤

j ≤ n) by the definition of (s1, . . . , sn)-dominated operators we deduce

‖α‖vn(s1,...,sn) ≤ ∆s1,...,sn (Mα) .

Also from vn (s1, . . . , sn) ≤ p, for all (x1, . . . , xn) ∈ lm∞ × · · · × lm∞ we have
‖Mα (x1, . . . , xn)‖p ≤ ‖Mα (x1, . . . , xn)‖vn(s1,...,sn) and then

‖Mα (x1, . . . , xn)‖
vn(s1,...,sn)
p

≤ ‖Mα (x1, . . . , xn)‖
vn(s1,...,sn)
vn(s1,...,sn)

=
m
∑

i=1

|αi|
vn(s1,...,sn) |〈x1, ei〉|

vn(s1,...,sn) · · · |〈xn, ei〉|
vn(s1,...,sn) .

From here, by Proposition 5, we deduce that

∆s1,...,sn (Mα) ≤

(

m
∑

i=1

|αi|
vn(s1,...,sn)

)
1

vn(s1,...,sn)

= ‖α‖vn(s1,...,sn) .

(ii) From p < vn (s1, . . . , sn) let us define 1 < t <∞ by 1
p = 1

vn(s1,...,sn)
+ 1

t .

Then, there exist β = (β1, . . . , βm) ∈ K
m and γ = (γ1, . . . , γm) ∈ K

m such that
α = βγ, i.e., αi = βiγi, 1 ≤ i ≤ m and ‖α‖p = ‖β‖vn(s1,...,sn) ‖γ‖t. We deduce

that Mα : lm∞ × · · · × lm∞
Mβ
→ lmvn( s1,...,sn)

Mγ

→ lmp is a factorization of Mα, that is

Mα =Mγ ◦Mβ.
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By Proposition 5,Mβ : lm∞×·· ·× lm∞ → lmvn(s1,...,sn) is (s1, . . . , sn)-dominated

and ∆s1,...,sn (Mβ) ≤ ‖β‖vn(s1,...,sn). By the ideal property of (s1, . . . , sn)-

dominated operators, Mα is (s1, . . . , sn)-dominated and

∆s1,...,sn (Mα) ≤ ∆s1,...,sn (Mβ) ‖Mγ‖ ≤ ‖β‖vn(s1,...,sn) ‖γ‖t = ‖α‖p .

Since vn (s1, . . . , sn) > 1 we always have ‖α‖p = ‖Mα‖ ≤ ∆s1,...,sn (Mα). �

The next result will be used in studying the summing nature of operators
defined by Average2.

Proposition 10. Let n ∈ N, 1 ≤ s <∞, m ∈ N, α = (α1, . . . , αm) ∈ K
m and

Mα : lm∞ × · · · × lm∞ → lm2 , Mα (x1, . . . , xn) = αx1 · · ·xn be the multiplication

operator. Then Mα is s-summing and

(i) if s ≤ 2, πs (Mα) = ‖α‖s ;
(ii) if 2 < s, πs (Mα) = ‖α‖2.

Proof. (i) Since s ≤ 2, ‖·‖2 ≤ ‖·‖s and thus

‖Mα (x1, . . . , xn)‖
s
2 ≤ ‖Mα (x1, . . . , xn)‖

s
s =

m
∑

i=1

|αi|
s
|〈x1, ei〉|

s
· · · |〈xn, ei〉|

s
.

Then, by Proposition 5,Mα is s-summing and πs (Mα) ≤

(

m
∑

i=1

|αi|
s

)
1

s

= ‖α‖s.

Now from wp

(

(ei)1≤i≤m ; lm∞

)

= 1, Mα (ei, . . . , ei) = αiei (1 ≤ i ≤ m) and the

definition of s-summing operators, we deduce ‖α‖s ≤ πs (Mα).
(ii) The case n = 1. We use that in the linear case, as is well-known and

easy to prove, π2 (Mα : lm∞ → lm2 ) = ‖α‖2; since 2 < s, by the inclusion the-
orem from the linear case, we have ‖α‖2 = ‖Mα‖ ≤ πs (Mα : lm∞ → lm2 ) ≤
π2 (Mα : lm∞ → lm2 ) = ‖α‖2.

The case n ≥ 2. We have ‖Mα‖ = ‖α‖2 and since always ‖Mα‖ ≤ πs (Mα) ,
we get ‖α‖2 ≤ πs (Mα). The following reasoning was suggested to us by
[3, Lemma 3.2]. Since n ≥ 2, for (x1, . . . , xn) ∈ lm∞ × · · · × lm∞ we have
‖Mα (x1, . . . , xn)‖ ≤ ‖αx1‖ ‖x2‖ · · · ‖xn‖. Then for every

(

x1i
)

1≤i≤k
⊂ lm∞, . . .,

(

xki
)

1≤i≤k
⊂ lm∞ we have

∥

∥Mα

(

x1i , . . . , x
n
i

)∥

∥ ≤
∥

∥αx1i
∥

∥

∥

∥x2i
∥

∥ · · · ‖xni ‖

≤
∥

∥αx1i
∥

∥ws

(

(

x2i
)

1≤i≤k

)

· · ·ws

(

(xni )1≤i≤k

)

and so
(

k
∑

i=1

∥

∥Mα

(

x1i , . . . , x
n
i

)∥

∥

s

)

1

s

≤

(

k
∑

i=1

∥

∥αx1i
∥

∥

s

)

1

s

ws

(

(

x2i
)

1≤i≤k

)

· · ·ws

(

(xni )1≤i≤k

)
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≤ πs (Mα : lm∞ → lm2 )ws

(

(

x1i
)

1≤i≤k

)

· · ·ws

(

(xni )1≤i≤k

)

= ‖α‖2 ws

(

(

x1i
)

1≤i≤k

)

· · ·ws

(

(xni )1≤i≤k

)

. �

We are now able to present two results which give a complete characteriza-
tion of the summing nature for some non-trivial operators defined by Average.

We denote by (αmi)1≤i≤m,m∈N
an infinite triangular matrix of scalars, αm =

(αm1, . . . , αmm) ∈ K
n, α = (αm)m∈N

and km = (m−1)m
2 for all natural numbers

m.

Proposition 11. Let n ∈ N and 1 ≤ s1, . . . , sn < ∞, 0 < s < ∞ be such

that vn (s1, . . . , sn) ≤ s and (αmi)1≤i≤m,m∈N
be an infinite triangular matrix

of scalars such that α ∈ l∞ (lm1 | m ∈ N). Let Av1α : c0 × · · · × c0 → c0 be the

operator defined by

Av1α (ξ1, . . . , ξn) = (Average1 (αmi 〈ξ1, ei+km
〉 · · · 〈ξn, ei+km

〉 | 1 ≤ i ≤ m))m∈N
.

Then: i) for 0 < s < 1, Av1α is (s; s1, . . . , sn)-summing if and only if α ∈
ls (l

m
s | m ∈ N).
ii) for 1 ≤ s < ∞, Av1α is (s; s1, . . . , sn)-summing if and only if α ∈

ls (l
m
1 | m ∈ N).

Proof. Let (ξ1, . . . , ξn) ∈ c0 × · · · × c0. Then, by (1), Av1α (ξ1, . . . , ξn) ∈ c0 if
and only if V 1

α (ξ1, . . . , ξn) ∈ c0 (l
m
1 | m ∈ N), where

V 1
α (ξ1, . . . , ξn) = (αm1 〈ξ1, e1+km

〉 · · · 〈ξn, e1+km
〉 , . . . ,

αmm

〈

ξ1, ekm+1

〉

· · · ·
〈

ξn, ekm+1

〉)

m∈N

and in this case, by (3), we have

(5)
cK
∥

∥V 1
α (ξ1, . . . , ξn)

∥

∥

c0(lm1 |m∈N) ≤
∥

∥Av1α (ξ1, . . . , ξn)
∥

∥

c0

≤
∥

∥V 1
α (ξ1, . . . , ξn)

∥

∥

c0(lm1 |m∈N) .

This means that Av1α is well defined if and only if the operator V 1
α : c0 × · · · ×

c0 → c0 (l
m
1 | m ∈ N) defined by

V 1
α (ξ1, . . . , ξn) = (αm1 〈ξ1, e1+km

〉 · · · 〈ξn, e1+km
〉 , . . . ,

αmm

〈

ξ1, ekm+1

〉

· · · ·
〈

ξn, ekm+1

〉)

m∈N

is a bounded multilinear operator. Further, from (5), Av1α is s-summing if and
only if V 1

α is s-summing.
Now, if we consider the identification c0 = c0 (l

m
∞ | m ∈ N), we observe that

the operator V 1
α : c0 (l

m
∞ | m ∈ N)× · · · × c0 (l

m
∞ | m ∈ N) → c0 (l

m
1 | m ∈ N) is

actually MV : c0 (l
m
∞ | m ∈ N)× · · ·× c0 (l

m
∞ | m ∈ N) → c0 (l

m
1 | m ∈ N), MV =

(Mαm
)m∈N

, where Mαm
: lm∞ × · · · × lm∞ → lm1 is the multiplication operator.

Then Av1α is (s; s1, . . . , sn)-summing if and only if MV : c0 (l
m
∞ | m ∈ N) ×

· · · × c0 (l
m
∞ | m ∈ N) → c0 (l

m
1 | m ∈ N) is (s; s1, . . . , sn)-summing, which by

Theorem 6 is equivalent to (πs;s1,...,sn (Mαm
)) ∈ ls. Now by Proposition 8,
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it follows that for 0 < s < 1, α = (αm)m∈N
∈ ls (l

m
s | m ∈ N) = ls and for

1 ≤ s <∞, α = (αm)m∈N
∈ ls (l

m
1 | m ∈ N). �

Before presenting a consequence of the above result, let us recall that a
normed (ω-normed) space X contains a copy of the normed (ω-normed) space
Y if there exist T : Y → X a linear operator and some constants c1, c2 > 0
such that c1 ‖y‖Y ≤ ‖T (y)‖X ≤ c2 ‖y‖Y for y ∈ Y . From Proposition 11, we
deduce:

Corollary 12. Let 0 < s <∞ and 1 ≤ s1, . . . , sn <∞. Then

i) for 0 < s < 1, Πs (c0, . . . , c0; c0) contains a copy of ls (l
m
s | m ∈ N) ; for

1 ≤ s <∞, Πs (c0, . . . , c0; c0) contains a copy of ls (l
m
1 | m ∈ N).

ii) for vn (s1, . . . , sn) < 1, ∆s1,...,sn (c0, . . . , c0; c0) contains a copy of

lvn(s1,...,sn)

(

lmvn(s1,...,sn) | m ∈ N

)

;

for 1 ≤ vn (s1, . . . , sn) <∞, ∆s1,...,sn (c0, . . . , c0; c0) contains a copy of

lvn(s1,...,sn) (l
m
1 | m ∈ N) .

Our next result studies the multilinear operator defined by Average2. As
consequences of this result, we will identify some other copies that Πs(c0, . . . , c0;
c0) contains.

Proposition 13. Let 1 ≤ s < ∞, 1 ≤ s1, . . . , sn < ∞ and (αmi)1≤i≤m,m∈N

be an infinite triangular matrix of scalars such that α ∈ l∞ (lm2 | m ∈ N). Let

Av2α : c0 × · · · × c0 → c0 be the operator defined by

Av2α (ξ1, . . . , ξn) =
(

Average2
(

1
2mαmi 〈ξ1, ei+km

〉 · · · 〈ξn, ei+km
〉 | 1 ≤ i ≤ m

))

m∈N
.

Then:
i) Av2α is s-summing if and only if α = (αm)m∈N

∈ ls (l
m
s | m ∈ N) = ls if

1 ≤ s ≤ 2 or α = (αm)m∈N
∈ ls (l

m
2 | m ∈ N) if s > 2.

ii) Av2α is (s1, . . . , sn)-dominated if and only if α = (αm)m∈N
∈ lvn(s1,...,sn)

if vn (s1, . . . , sn) ≤ 2, or α = (αm)m∈N
∈ lvn(s1,...,sn) (l

m
2 | m ∈ N) if 2 <

vn (s1, . . . , sn) .

Proof. Let (ξ1, . . . , ξn) ∈ c0 × · · · × c0. Then, by (2), Av2α (ξ1, . . . , ξn) ∈ c0 if
and only if V 2

α (ξ1, . . . , ξn) ∈ c0 (l
m
2 | m ∈ N), where

V 2
α (ξ1, . . . , ξn) = (αm1 〈ξ1, e1+km

〉 · · · 〈ξn, e1+km
〉 , . . . ,

αmm

〈

ξ1, ekm+1

〉

· · ·
〈

ξn, ekm+1

〉)

m∈N

and in this case, by (4), it follows that

(6)

cK
√
2

∥

∥V 2
α (ξ1, . . . , ξn)

∥

∥

c0(lm2 |m∈N) ≤
∥

∥Av2α (ξ1, . . . , ξn)
∥

∥

c0

≤
∥

∥V 2
α (ξ1, . . . , ξn)

∥

∥

c0(lm2 |m∈N) .
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This means that Av2α is well defined if and only if the operator V 2
α : c0 × · · · ×

c0 → c0 (l
m
2 | m ∈ N) defined by

V 2
α (ξ1, . . . , ξn) = (αm1 〈ξ1, e1+km

〉 · · · 〈ξn, e1+km
〉 , . . . ,

αmm

〈

ξ1, ekm+1

〉

· · ·
〈

ξn, ekm+1

〉)

m∈N

is a bounded multilinear operator. Further, from (6), Av2α is (s; s1, . . . , sn)-
summing if and only if V 2

α is (s; s1, . . . , sn)-summing.
Now, if we consider the identification c0 = c0 (l

m
∞ | m ∈ N), we observe that

the operator V 2
α : c0 (l

m
∞ | m ∈ N) × · · · × c0 (l

m
∞ | m ∈ N) → c0 (l

m
2 | m ∈ N)

is actually MV : c0 (l
m
∞ | m ∈ N) × · · · × c0 (l

m
∞ | m ∈ N) → c0 (l

m
2 | m ∈ N),

MV = (Mαm
)m∈N

, where Mαm
: lm∞ × · · · × lm∞ → lm2 is the multiplication

operator.
Let us note that the conditions stated regarding the triangular matrix assure

us that Av2α is well defined.
i) We have, Av2α is s-summing if and only if MV is s-summing, which by

Theorem 6 is equivalent to (πs (Mαm
)) ∈ ls. Further, by Proposition 10 we

have that if 1 ≤ s ≤ 2, α = (αm)m∈N
∈ ls (l

m
s | m ∈ N) or if s > 2, α =

(αm)m∈N
∈ ls (l

m
2 | m ∈ N).

ii) We have, Av2α is (s1, . . . , sn)-dominated if and only if MV is (s1, . . . , sn)-
dominated, which by Theorem 6 is equivalent to (∆s1,...,sn (Mαm

))∈ lvn(s1,...,sn).
Further, by Proposition 9, for vn (s1, . . . , sn) ≤ 2, we have α = (αm)m∈N

∈

lvn(s1,...,sn)

(

lmvn(s1,...,sn) | m ∈ N

)

= lvn(s1,...,sn) and for 2 < vn (s1, . . . , sn) ,

α = (αm)m∈N
∈ lvn(s1,...,sn) (l

m
2 | m ∈ N) . �

Hence, we deduce the following corollary:

Corollary 14. Let 1 ≤ s <∞ and 1 ≤ s1, . . . , sn <∞. Then:
(i) Πs (c0, . . . , c0; c0) contains a copy of ls if 1 ≤ s ≤ 2 or a copy of

ls (l
m
2 | m ∈ N) if s > 2.
(ii) ∆s1,...,sn (c0, . . . , c0; c0) contains a copy of lvn(s1,...,sn) if vn (s1, . . . , sn) ≤

2 or a copy of lvn(s1,...,sn) (l
m
2 | m ∈ N) if 2 < vn (s1, . . . , sn).

4. Summing bilinear operators defined by some methods of
summability

Our first result allows us to study the summing nature of some bilinear
operators which are induced by some method of summability. In particular,
we obtain the summing nature of the Cesàro operator on a cartesian product
of c0 (X ).

Proposition 15. Let V = (Vi)i∈N
, Vi : Xi × Yi → Z be a sequence of

bounded bilinear operators such that
∞
∑

i=1

Vi (xi, yi) is norm convergent for all
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x = (xi)i∈N
∈ c0 (X ), y = (yi)i∈N

∈ c0 (Y) and let SV : c0 (X ) × c0 (Y) → Z,

SV (x, y) =
∞
∑

i=1

Vi (xi, yi). Then:

(i) SV is 1-summing if and only if all Vi are 1-summing and
∞
∑

i=1

π1 (Vi) <∞.

Moreover, π1 (SV) =
∞
∑

i=1

π1 (Vi).

(ii) SV is 2-dominated if and only if all Vi are 2-dominated and
∞
∑

i=1

∆2 (Vi) <

∞. Moreover, ∆2 (SV) =
∞
∑

i=1

∆2 (Vi).

Proof. (i) Assuming that SV is 1-summing, by Theorem 3, it follows that all

SV ◦ (σi, σi) are 1-summing,
∞
∑

i=1

π1 (SV ◦ (σi, σi)) <∞ and

π1 (SV) ≤

∞
∑

i=1

π1 (SV ◦ (σi, σi)) .

Then, from SV ◦ (σi, σi) = Vi we get that all Vi are 1-summing,
∞
∑

i=1

π1 (Vi) <∞

and π1 (SV) ≤
∞
∑

i=1

π1 (Vi). Conversely, let
∞
∑

i=1

π1 (Vi) < ∞. Since SV (x, y) =

∞
∑

i=1

Vi (pi (x) , pi (y)) and π1 (Vi ◦ (pi, pi)) ≤ π1 (Vi), from Proposition 5 we get

that SV is 1-summing and π1 (SV) ≤
∞
∑

i=1

π1 (Vi).

(ii) The proof is similar to the previous case, hence we omit it. �

In order to present our next example, we will use some methods of summabil-
ity, whose definition we will further recall. An infinite matrix of scalar elements
(αij)(i,j)∈N×N

is called a method of summability if given a sequence (xi)i∈N
∈ c0,

all the series
∑∞

j=1 αijxj are convergent and the sequence (yi)i∈N
∈ c0, where

yi =
∑∞

j=1 αijxj .

Moreover, it is well known (see [8, page 75]) that (αij)(i,j)∈N×N
is a method

of summability if and only if
(i) there exists a positive constantM such that for each i ∈ N,

∑∞
j=1 |αij | ≤

M ;
(ii) limi→∞ αij = 0 for every j ∈ N.
Let us note that a method of summability is regular in the sense of [8] if and

only if limi→∞

∑∞
j=1 αij = 1.

Proposition 16. Let (λi)i∈N
⊂ (0,∞) be such that λ1 + · · · + λn ր ∞,

(an)n∈N
⊂ (0,∞) such that an ր ∞ and furthermore the sequence

(

λ1 + · · ·+ λn
an

)

n∈N

is bounded. Let V = (Vi)i∈N
, Vi : Xi×Yi → Z be a sequence of bounded bilinear
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operators such that sup
i∈N

‖Vi‖ < ∞ and the bilinear operator TV : c0 (X ) ×

c0 (Y) → c0 (Z),

TV (x, y) =

(

λ1V1 (x1, y1) + · · ·+ λnVn (xn, yn)

an

)

n∈N

.

Then:

(i) TV is 1-summing if and only if all Vi are 1-summing and
∞
∑

i=1

λiπ1(Vi)
ai

<∞.

Moreover, π1 (TV) =
∞
∑

i=1

λiπ1(Vi)
ai

.

(ii) TV is 2-dominated if and only if all Vi are 2-dominated and
∞
∑

i=1

λi∆2(Vi)
ai

<

∞. Moreover, ∆2 (TV) =
∞
∑

i=1

λi∆2(Vi)
ai

.

Proof. Since (αnk)(n,k)∈N×N
, αnk =

{

λk

an
for k ≤ n

0 for k ≥ n+ 1
is a method of summa-

bility, TV is well defined. Also, let us note the following formal decomposition

TV (x, y) =

(

λ1V1 (x1, y1)

a1
,
λ1V1 (x1, y1)

a2
, . . . ,

λ1V1 (x1, y1)

an
, . . .

)

+

(

0,
λ2V2 (x2, y2)

a2
, . . . ,

λ2V2 (x2, y2)

an
, . . .

)

+ · · ·

which suggests that

(7) TV (x, y) =

∞
∑

i=1

Si (xi, yi) ,

where

Si : Xi × Yi → c0 (Z) ,

Si (xi, yi) =

(

0, . . . , 0,
λiVi (xi, yi)

ai
,
λiVi (xi, yi)

ai+1
,
λiVi (xi, yi)

ai+2
, . . .

)

.

Indeed, let k ∈ N. For x = (xi)i∈N
∈ c0 (X ), y = (yi)i∈N

∈ c0 (Y) we denote by

Tk (x, y) =

k
∑

i=1

Si (xi, yi)

=

(

λ1V1 (x1, y1)

a1
, . . . ,

∑k
i=1 λiVi (xi, yi)

ak
,

∑k
i=1 λiVi (xi, yi)

ak+1
, . . .

)

the partial sum of the series. Then

TV (x, y)− Tk (x, y)

=
(

0, . . . , 0, λk+1Vk+1(xk+1,yk+1)
ak+1

, λk+1Vk+1(xk+1,yk+1)+λk+2Vk+2(xk+2,yk+2)
ak+2

, . . .
)

,
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hence

‖TV (x, y)− Tk (x, y)‖c0(Z) = sup
i∈N

‖λk+1Vk+1(xk+1,yk+1)+···+λk+iVk+i(xk+i,yk+i)‖
ak+i

.

Since

‖λk+1Vk+1 (xk+1, yk+1) + · · ·+ λk+iVk+i (xk+i, yk+i)‖

ak+i

≤
λk+1 ‖Vk+1‖ ‖xk+1‖ ‖yk+1‖+ · · ·+ λk+i ‖Vk+i‖ ‖xk+i‖ ‖yk+i‖

ak+i

≤

(

sup
i∈N

‖Vi‖

)

(λk+1 ‖xk+1‖ ‖yk+1‖+ · · ·+ λk+i ‖xk+i‖ ‖yk+i‖)

ak+i

≤
λk+1 + · · ·+ λk+i

ak+i

(

sup
i∈N

‖Vi‖

)(

sup
i≥k+1

‖xi‖

)(

sup
i≥k+1

‖yi‖

)

≤

(

sup
n∈N

λ1 + · · ·+ λn
an

)(

sup
i∈N

‖Vi‖

)(

sup
i≥k+1

‖xi‖

)(

sup
i≥k+1

‖yi‖

)

.

Thus

‖TV (x, y)− Tk (x, y)‖c0(Z)

≤

(

sup
n∈N

λ1 + · · ·+ λn
an

)(

sup
i∈N

‖Vi‖

)(

sup
i≥k+1

‖xi‖

)(

sup
i≥k+1

‖yi‖

)

and since x = (xi)i∈N
∈ c0 (X ), y = (yi)i∈N

∈ c0 (Y), it follows that
limk→∞ ‖TV (x, y)− Tk (x, y)‖c0(Z) = 0, hence the convergence of the series

(7) is proved.
By Proposition 15, TV is 1-summing (2-dominated) if and only if all Si are

1-summing (2-dominated) and
∞
∑

i=1

π1 (Si) < ∞ (
∞
∑

i=1

∆2 (Si) < ∞). More-

over, π1 (SV) =
∞
∑

i=1

π1 (Si) (∆2 (CV) =
∞
∑

i=1

∆2 (Vi)). In order to evaluate

π1 (Si)(∆2 (Vi)), Si : Xi × Yi → c0 (Z), for (x, y) ∈ Xi × Yi note that

‖Si (x, y)‖c0(Z) =

∥

∥

∥

∥

(

0, . . . , 0,
λiVi (x, y)

ai
,
λiVi (x, y)

ai+1
,
λiVi (x, y)

ai+2
, . . .

)∥

∥

∥

∥

c0(Z)

= sup

{

λi ‖Vi (x, y)‖

ai
,
λi ‖Vi (x, y)‖

ai+1
, . . .

}

= ‖Vi (x, y)‖ sup

{

λi
ai
,
λi
ai+1

, . . .

}

=
λi ‖Vi (x, y)‖

ai
.

Hence, Si : Xi×Yi → c0 (Z) is 1-summing (2-dominated) if and only if Vi : Xi×

Yi → Z is 1-summing (2-dominated). Moreover, π1 (Si) =
λiπ1(Vi)

ai
(∆2 (Si) =

λi∆2(Vi)
ai

). �
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By considering, for instance, λi = 1, ai = i, i ∈ N, we obtain the conditions
for the bilinear Cesàro operator on c0 (X ) × c0 (Y) to be 1-summing or 2-
dominated. Hence we are adding a new result related to [2, Corollary 1] which
studies the summing nature of the Cesàro operator on c0 (X )× c0 (Y).

Corollary 17. Let V = (Vi)i∈N
, Vi : Xi × Yi → Z be a sequence of bounded

bilinear operators such that sup
i∈N

‖Vi‖ <∞.

(a) Let CV : c0 (X )×c0 (Y) → c0 (Z), CV (x, y)=
(

V1(x1,y1)+···+Vn(xn,yn)
n

)

n∈N

be the bilinear Cesàro operator. Then:

(i) CV is 1-summing if and only if all Vi are 1-summing and
∞
∑

i=1

π1(Vi)
i <∞.

Moreover, π1 (CV) =
∞
∑

i=1

π1(Vi)
i .

(ii) CV is 2-dominated if and only if all Vi are 2-dominated and
∞
∑

i=1

∆2(Vi)
i <

∞. Moreover, ∆2 (CV) =
∞
∑

i=1

∆2(Vi)
i .

(b) Let HV : c0 (X )× c0 (Y) → c0 (Z),

HV (x, y) =

(

V1 (x1, y1) +
1
2V2 (x2, y2) + · · ·+ 1

nVn (xn, yn)

ln (n+ 1)

)

n∈N

.

Then:

(i) HV is 1-summing if and only if all Vi are 1-summing and
∞
∑

i=1

π1(Vi)
i ln(i+1) <

∞. Moreover, π1 (HV) =
∞
∑

i=1

π1(Vi)
i ln(i+1) .

(ii) HV is 2-dominated if and only if all Vi are 2-dominated and
∞
∑

i=1

∆2(Vi)
i ln(i+1) <

∞. Moreover, ∆2 (HV) =
∞
∑

i=1

∆2(Vi)
i ln(i+1) .
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