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NOTE ON ABSTRACT STOCHASTIC SEMILINEAR
EVOLUTION EQUATIONS

TON VIET TaA

ABSTRACT. This paper is devoted to studying abstract stochastic semi-
linear evolution equations with additive noise in Hilbert spaces. First, we
prove the existence of unique local mild solutions and show their regular-
ity. Second, we show the regular dependence of the solutions on initial
data. Finally, some applications to stochastic partial differential equa-
tions are presented.

1. Introduction

Many interesting phenomena in the real world can be described by a sys-
tem of nonlinear parabolic evolution equations. These equations generally not
only generate a dynamical system but also a global attractor even a finite-
dimensional attractor. Such an attractor then suggests that the phenomena
enjoy some robustness in a certain abstract sense. Some may be the pattern
formation and others may be the specific structure creation ([9, 10, 12]). In
these cases, one of main issues is to study the robustness of the final states of
system. It is therefore quite natural in order to investigate the robustness to
consider an advanced version of stochastic parabolic evolution equations.

In this paper, we study the Cauchy problem for an abstract stochastic semi-
linear evolution equation:

gy [AXHAX = (R0 + B+ GOV (@), 0<t<T,
X(0)=¢

in a separable Hilbert space H. Here, A: D(A) C H — H is a sectorial op-
erator. The process W is a cylindrical Wiener process on a separable Hilbert
space U, and is defined on a filtered probability space (2, F, F;,P). The func-
tion Fy is measurable from (2 x H, Fr x B(H)) into (H,B(H)). Meanwhile,
F5 and G are measurable functions from ([0,77], B([0, 7)) into (H,B(H)) and
(L2(U; H), B(L2(U; H))), respectively (here, Lo(U; H) denotes the space of all
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Hilbert-Schmidt operators from U to H). The initial value £ is an H-valued
JFo-measurable random variable.

This kind of evolution equations has been investigated by several authors (see
[1, 2, 4, 5, 8, 11, 13, 14, 15, 16], and references therein). Under the Lipschitz
continuity and linear growth conditions on Fj, Ichikawa [8] and Da Prato-
Zabczyk [5] proved the existence of unique global mild solutions in L, ([0, T]; H),
Neerven-Veraar-Weis [16] showed the existence of unique strong solutions in
L,([0,T];D(A)). In Banach space setting, Brzezniak [2] (see also Ta-Yagi [13])
showed the existence of maximal local mild solutions. The space-time regularity
of solutions to (1) has, however, not been developed well for the case where
the domain of Fj is a subset of H, and Fjdoes not satisfy the linear growth
condition. Such a case occurs very often in many phenomena described by
partial differential equations (PDEs) (see e.g., Yagi [18]).

In the present paper, we study the equation (1), where F} is defined on a
subset of H and satisfies a Lipschitz condition (see (H3) in Section 3). We
prove the existence and uniqueness of local mild solutions. We also show the
space-time regularity and dependence on initial data of the solutions. Here,
the local solutions are constructed on nonrandom intervals. Note that previous
results in [2, 13] show that local solutions are defined on random intervals.

For the study, we use the semigroup approach. Let us explain this approach
in the deterministic case. Consider the Cauchy problem for a linear evolution
equation:

aX 1 AX = F(t), 0<t<T,
X(0) = Xo.
Hille [7] and Yosida [19] invented the semigroup: S(t) = e™*4, 0 < t < oo,

generated by the linear operator (—A), which directly provides a fundamental
solution to the Cauchy problem:

t
X(t)=5(t)Xo +/ S(t — s)F(s)ds.
0
Similarly, a solution to the Cauchy problem for a nonlinear evolution equation

WX | AX = F(t,X), 0<t<T,
X(O):XOa

can be obtained as a solution of an integral equation:
t
X(t)=5St)Xo+ / S(t— s)F(s, X(s))ds.
0

By these formulas, one can get important information on solutions such as
uniqueness, regularity, smoothing effect and so forth. Especially, for nonlinear
problems one can derive Lipschitz continuity of solutions with respect to the
initial values, even their Fréchet differentiability.
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The organization of this paper is as follows. Section 2 is preliminary. We
review some notions such as weighted Holder continuous function spaces, an-
alytical semigroups generated by sectorial operators, and cylindrical Wiener
processes. Section 3 presents our main results. We assume that the function Fy
is defined only on a subset of the space H, D(F;) = D(A") for some 0 < 1 < 1,
and satisfies a Lipschitz condition (see (H3)). We suppose further that the
initial value ¢ takes values in a smaller space, namely, D(A®). Theorem 3.2
gives the existence and uniqueness of local solutions as well as its temporal and
spatial regularity. Theorem 3.3 gives the regularity of the expectation of local
solutions. Theorem 3.4 shows the regular dependence of solutions on initial
data. Finally, Section 4 gives some applications to stochastic PDEs.

2. Preliminary
2.1. Weighted Hoélder continuous function spaces

Let us review the notion of weighted Holder continuous function spaces
FB2((0,T); H) for two exponents 0 < o < B < 1. This kind of spaces is
introduced by Yagi [18].

The space F27((0,T]; H) consists of H-valued continuous functions F on
(0, T] with the following three properties:

(i)
(2) t'=PF(t) has a limit as ¢t — 0.
(ii) F is Holder continuous with exponent o and weight si=B+e de.,

s' I F()—F(s)]| st ()~ F(s)

(3) sup =) = sup sup =) I < .
0<s<t<T 0<t<T 0<s<t
(iii)
(1) lim wp (£) = 0.

st F() —F(s)|
(t—s)7 ‘

where wr(t) = supg<s;

It is easily seen that F2:7((0,T]; H) is a Banach space with norm

s P F()—F(s)l|

|Fllzse = sup 8P| F@]+ sup A
0<t<T

0<s<t<T
Clearly, for F € F5°((0,T); H),
IF@N < [Flzaat?t, 0<t<T,
(5) 1F(t) = F(s)ll < wp(t)(t — )75
<||F||poe(t—s)7sP777 0<s<t<T.
Remark 2.1. (a) The space F#:7((0,T]; H) is not a trivial space. The function

F defined by F(t) = t~1f(t),0 <t < T, belongs to this space, where f is any
H-valued function such that f € C?([0,7T]; H) and f(0) = 0.
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(b) The space F#7((a,b]; H), 0 < a < b < oo, is defined in a similar way.
For more details, see [18].
2.2. Sectorial operators and analytical semigroups

A densely defined, closed linear operator A is said to be sectorial if it satisfies
two conditions:

(H1) The spectrum o(A) of A is contained in an open sectorial domain ¥ :

0(A) CEmx ={AeC:|arg)| < w}, 0<w< =,

2
(H2) The resolvent of A satisfies the estimate
_ Mz
(A= 4) IHSW, A Yo

with some constant M > 0 depending only on the angle w.

Let A be a sectorial operator. The fractional powers A%, —0o < 6 < oo, are
then defined as follows. For each complex number z such that Rez > 0, A™*
is defined by using the Dunford integral in £(H):

1
A7 = — [ XF(A = A)"ldA

211 y

Here, v = y_ U~ U4 is an integral contour surrounding the spectrum o (A)
counterclockwise in the domain C\ (—o0,0]NC \ o(A) of the complex plane:

) AL
ya A= petiw AT 2” < p < oo,
and
A—l -1
WO:A:%&‘", —w<yp<w.

It is known that A% is one to one for Rez > 0. The following definition is
thus meaningful:
A* = (A"*)"1  for Rez > 0.

In addition, it is natural to define A° = 1. In this way, for every real number
—00 < # < 00, A? has been defined. For more detail on fractional powers, see
[18].

The following lemma shows useful estimates for fractional powers and the
semigroup generated by a sectorial operator.

Lemma 2.2. Let (H1) and (H2) be satisfied. Then,

(i) (—A) generates an analytical semigroup: S(t) = e™*4, 0 < t < oo.
(ii) For 0 <6 < oo,

(6) JAPS ()| < 1ot~ 0<t< oo,
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where 1g = SUPy< o0 17| AS(t)|| < 0. In particular, there exists v > 0
such that
(7) [SE)]| < e <, 0<t< o0,
(ili) For 0 <6 <1,
(8) l1S(t) - A~ < =24, 0<t<o.
For the proof, see [18].
To end this subsection, let us recall a result presented in [17, 18].
Theorem 2.3. Let (H1) and (H2) be satisfied. Let
z € D(A?) and F e F?7((0,T); H)
for some 0 <o < p < 1. Set

1) = Stz + /0 "S(t— $)F(s)ds, 0<i<T,

where S(-) is the analytical semigroup generated by (—A). Then, I possesses
the properties:

AT ec([0,T]; H),
dl
= Al € F%2((0,T]; H)
with the estimate

Hdl
dt |l Fs.
where C' > 0 is some constant depending only on B and o.

APl + ALl oo < ClIA 2] + || F )l 5s.e],

2.3. Cylindrical Wiener process

Let us review a central notion to the theory of stochastic evolution equations,
namely, cylindrical Wiener processes on the Hilbert space U. First, we recall
the definition of @ - Wiener processes on Hilbert spaces (see [3]).

Definition 1. An U-valued stochastic process W defined on a filtered proba-
bility space (2, F, F:, P) is a Q- Wiener process if

W(0) =0 a.s.,

W has continuous sample paths,

W has independent increments,

The law of W (t) — W(s),0 < s < t, is a Gaussian measure on U with
mean 0 and covariance (t — )@, where @ is a symmetric nonnegative
nuclear operator in L(U).

Remark 2.4. (i) When U is the real line R, the operator ) is just a positive
number g. The Q- Wiener process is then a Brownian motion on R. When
U=R"(n=2,3,4,...), Q is an n x n positive definite matrix. In this case,
the @ - Wiener process is a Brownian motion in R".
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(ii) The operator @ is not only a bounded linear operator but also a nuclear
operator, i.e., its trace is finite:

o0

Tr(Q) = Y (Qei,es) < 0,

i=1

here {e;}5°, is a complete orthonormal basis in U.
Let us now fix a larger Hilbert space U; such that U is embedded con-
tinuously into U; and the embedding J: U — U; is Hilbert-Schmidt (i.e.,

>y [ Jeillr, < o0). For example (see [6]), we take Uy to be the closure of U
under the norm

o, = [z b eny r

For every u € Uy, we have

(JT em,u)u,
= (J em, S u)y

oo
er(J em, ex)u, E er(J u, ex)u)u
k=1 k=1

Mg

=

(J em, ex)u{J u, ex)u Z em, Jer)u, (u, Jer)u,
k=1

M

~
Il
—

(ems ex)v, (us ex)v, = llemlldy, (u, em)u,

I
SN

:W<uaem>U1a m:1,2,3,....

1
Therefore, JJ*ey, = —ze, for m =1,2,3,... As a consequence,

o0

Tr(JJ*) =Y (JJ em, em) = i mi

m=1

Thus, JJ* is a nuclear operator.
Based on the operator JJ*, one can define a cylindrical Wiener process. The
following definition is taken from [5, 6].

Definition 2. The U;-valued Wiener process in Definition 1 with covariance
Q = JJ* is called a cylindrical Wiener process on U.

The H-valued stochastic integrals against a cylindrical Wiener process on U
is then constructed in the same way as what is usually done in finite dimensions.

In [5], the stochastic integrals fo (s)dW(s) are constructed for integrand ®
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in N2(0,T; Lo(U; H)), the space of all Ly(U; H)-valued predictable stochastic
processes ® on [0, 7] such that

T
B[ 191, s < o

It is known that the class N2(0,T; Lo(U; H)) is independent of the space U;
chosen. Furthermore, stochastic integrals can be extended to Lo(U; H)-valued
predictable stochastic processes ® satisfying a weaker condition:

T
P{A|@@wawﬂﬂs<m}L

The set of all such processes is denoted by N (0,T; Lo(U; H)). The readers can
find properties of stochastic integrals against cylindrical Wiener processes in
[5]. Those are similar to ones of the usual stochastic integrals.

The following known result is used very often.

Theorem 2.5. Let G € N%(0,T; Lo(U; H)). Let B be a closed linear operator
on H such that

T
B [ IBG, s < .
Then,
T T
B/ G(t)dW (t) :/ BG(t)dW(t) a.s.
0 0
For the proof, see [5].

2.4. Mild solutions
Let us introduce a definition of mild solutions to (1) (see [5, 8]).

Definition 3. Let F, and G be H-valued and Lo (U; H)-valued functions sat-
isfying the conditions:

/Ot I1S(t — s)Fa(s)|lds < o0, 0<t<T,
and .
/O 1S(t = $)G(5) |2 pyds < 00, 0<t<T.
A predictable H-valued process X on [0,T] is called a mild solution of (1) if
[ 18G9l <o s,
and

X(t)=S(t)¢ +/0 S(t— s)[F1(X(s)) + Fa(s)]ds
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+/t5(t— SG(s)dW(s) as.,0<t<T.

In order to study the Holder continuity of solutions, the Kolmogorov test is
useful.

Theorem 2.6. Let ¢ be an H-valued stochastic process on [0,T]. Assume that
for some ¢ >0 ande; >0(i =1,2),

E[I¢(t) = ¢(s)[* < clt —s|'F2, 0<st<T.
Then, ¢ has a version whose P-almost all trajectories are Holder continuous
functions with an arbitrarily smaller exponent than <2.

€1

For the proof, see e.g., [5].

3. Main results

In this section, we prove the existence and uniqueness of local mild solu-
tions to (1) and show their regularity (Subsection 3.1). We then show regular
dependence of solutions on initial data (Subsection 3.2).

Let fix constants 7, 5, o such that

0<n<3,
max{0, 2y — %} < B <mn,
0<o<p.
Assume that
(H3) Fy: D(A") C H — H satisfies a Lipschitz condition of the form

[F1(z) = Fi(@)ll < cn [|A"(z —y)||  as., z,y € D(A"),

where cp, is some positive constant.
(H4) Fp € F59((0,T); H).
(H5) G € B([0,T); Lo(U; H)).
Here, B([0,T]; L2(U; H)) is the space of uniformly bounded Lo(U; H)-valued
functions on [0, 7] with the supremum norm:

Gl B0, 1);L2wim)) = sup |G()]|Lyw;m)-
0<t<T

Lemma 3.1. Let (H1), (H2), (H3), (H4) and (H5) be satisfied. Then,
(i) For0 <6 <1,

t
/ IAS(t — 5)F(s)||ds < 10l Fol|zor BB, 1 — 0)°~0, 0<t<T,
0
where B(-,-) denotes the beta function. As a consequence,

AP /Ot S(t— s)Fa(s)ds = /Ot APS(t — s)Fy(s)ds
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and A? [ S(- — s)Fa(s)ds is continuous on (0,T]. Furthermore, if 6 <
B, then A° [ S(- — s)Fa(s)ds is also continuous at t = 0.
(i) For0<6 < 1,

t Lgtk%HG”QB([o T); Lo (U H))
AS(t — $)G(3)||2 . 1. ds < et ) 0<t<T.
0 L2(UsH) 1-20

As a consequence, the stochastic convolution W defined by
t
Weal(t) = / S(t—s)G(s)dW(s), 0<t<T
0
satisfies

AW (t) = /Ot APS(t — 5)G(s)dW (s) a.s., 0<t<T.

Furthermore, AW is continuous on [0, T].

(iii) For any 0 <~ < # —n, Wg has the regularity:

A"We € C((0,T; H) a.s.

Proof. First, let us prove (i). It follows from (5) and (6) that
t t
| 148 = 9plas < [ 1A= ol1R)ds
t
< ||F2||]:B,UL9/ (t— s)fesﬁflds
0

1
- ||F2||fg,abgtﬁ—9/ w1 — )" ?du
0
= vg||F2||Fs.- B(8,1 — 9)tﬁ79, 0<t<T.

Hence, [; A9S(- — s)Fy(s)ds is continuous on (0,7]. It is also continuous at
t =0if § < 3. Since A? is closed, the statements in (i) follow.
Let us next verify (ii). Thanks to (6),

t t
/0 1APS (& — )G ()12, (s ds < / 1AS(t — )PIG ()12, iy d

t
< 63/0 (t— 5)720HGHQB((O,T];LQ(U;H))dS

2,1-20 2
1t NG 0,1 Lo m)
— ’ 3442 ) < t < T.
1-20 <o, 0sts
The process [; A?S(-—s)G(s)dW (s) is therefore well-defined. The definition of
stochastic integrals then provides that this process is a continuous martingale
on [0,7]. Since A is closed, (ii) follows.

The proof for (iii) is similar to one in [5, 11]. So, we omit it. O
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3.1. Existence and regularity of solutions

Let us first prove the existence of unique local mild solutions to (1) and show
their space-time regularity.

Theorem 3.2. Let (H1), (H2), (H3), (H4) and (H5) be satisfied. Let £ €
D(AP) such that E|APE||? < oco. Then, (1) possesses a unique local mild solu-
tion X in the function space:

(9) X € C([0, Tioe); D(AP)), A"X €CY((0,Tioc); H) a.s.

forany 0 <y < # —n. Furthermore, X satisfies the estimate:

(10)  E[APX@)) + 2" PE|ATX (@) < Cp pces 0 <t < Tioe.
Here, Tioc and Cr, F, c.¢ are non-random constants depending on the exponents

and E|Fy (0)|2, EI AP, 1 BallZs.0, 1G1 0.0 00wstry-

Proof. We use the fixed point theorem for contractions to prove the existence
and uniqueness of local solutions. For each 0 < S < T, set the underlying
space:

2(S) = {Y € ¢((0,S]; D(A")) N C([0, S]; D(AP)) such that

sup t2=PE|ATY (1)]? + sup E[AY(1)|? < oo}
0<t<S 0<t<S

Up to indistinguishability, Z(S) is then a Banach space with norm:
1
2

(11) Yz = | sup *PE[ATY (1)[* + sup EHAﬂY(t)IIQ}
0<t<S 0<t<S

Let fix a constant x > 0 such that

H?
(12) ? > (1 VO,

where two constants C; and C will be fixed below. Consider a subset YT(S) of

=(S) which consists of functions Y € Z(S5) such that

(13) max{ sup t2AE|A"Y (1)|?, sup E||ABY(t)||2} < K2
0<t<S 0<t<S

Obviously, T(S) is a nonempty closed subset of Z(.5).
For Y € Y(S), we define a function on [0, 5] :

(14) BY (1) = S()E + /0 S(t— 5)[F1 (Y () + Fo(s)]ds

+/0 S(t — s)G(s)dW (s).

Our goal is then to verify that ® is a contraction mapping from T (5) into itself,
provided that S is sufficiently small, and that the fixed point of ® is the desired
solution of (1). For this purpose, we divide the proof into four steps.
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Step 1. Let us show that @Y € Y(S) for Y € Y(S).
Let Y € T(S). Due to (H3) and (13), we observe that
E|[F1(Y ()] < Eler [|A"Y ()] + [ F1(0)]]*
< 2[ci, B[ A"Y (t)[|* + E[| F1(0)|]
(15) < 2[ck K22 L EIF(0))7], 0<t<S.
First, we verify that ®Y satisfies (13). For 8 < 6 < 1, (14) gives

t20-PE| A (@Y} (1)
2

< 32COE| A?S(1)¢ )2 + | / CAOS(t— 8)[F (Y () + Po(s))ds

+ H /Ot APS(t — s)G(s)dW(s)HQ}

t 2
< 3t2(9*ﬁ)||A9*ﬁS(t)||2E||Aﬁ§H2+6t2(9*ﬁ>EH/ APS(t — s)Fy (Y (s))ds
0

t 2
+6t2<9—B>EH/ AGS(t—s)Fg(s)dsH
0

t
1 320-9) /0 1AS(t — $)G(5) 2, an, .
On the account of (5), (6) and Lemma 3.1, we have
20| A (@Y} (1))

t 2
< 33 GBI + 670 PE[ [ (- ) IR (Y (5)]ds
0

3L§ ||G|‘2B([O,T];L2(U;H))t172ﬁ
1-—260

t
< 33 GBI + 664205 [ (6 5) BB (v () s
0

+ 63| Pol| %0 B(B,1 — 0)% +

3L§ ||GH2B([O,T];L2(U§H))t172

1-—260
The second term in the right-hand side of the latter inequality is estimated
by using (15):

+ 63| Fo||%5.. B(B,1 — 0)* +

t
6420223 [ (¢~ 5) B (Y (5)ds
0

t
< 12t1+2(9_5)b3/ (t =) "> [cg, £°s*0 7" + E|| F1(0)]|]ds
0
t 2 2
< 12L§c%1 /12151*2(07")/ (t— 5)72052(5”7)&9 + wt%km
) _
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12.2E|| F; 2
= 12:3c% w2 B(1 + 28 — 21,1 — 20)t20+5=2 —Lel I ;g))” $2(1=8)
Thus,
?OPE|| A2V }(1)|?
311G 0.1y Lot ™
1-—260
12L§E||F1(0)H2t2(1—5)
1-—260 '
We apply these estimates with § = n and 6 = . It is therefore observed
that if C7 and C5 are fixed in such a way that

C1 > 3 GBI APE|* + 603 || Fal|%0.- B(B, 1 — m)?,
Co > 33E| APE[|* + 603 F2 | %0, BB, 1 = B)?,
and if S is sufficiently small, then

2OPE| AN @Y} (1)

< 35_gE|APE)? + 603 Fa %5 B(B, 1 — 0)* +

+123c% K2B(1+ 28 — 21,1 — 20)2(HF=2) 1

(16)

3637||G||23([0,T];L2(U;H))t1_25

<G+ 1= 2n

122K Fy (0)] )2
+1205ch K2 B(1+ 28 — 21,1 — 2n)t2(1+ﬁ’2’7)+—"1 | 21( M p2a-5)
—2n

2

_k 36 llGl s 0.1 Lozt
< 7 +

1-2n

12L727E||F1(0)||2
1-2n

+ 1200 cE K B(1+ 28 — 20,1 — 2)2(1+6-20) | 20-8)

(17) < K%, 0<t<S8,
and

3L%HG|‘2B([O,T];L2(U;H))t172ﬁ
1-24
n 12%0%1 K,2B(]- +28—2n,1— 25)t2(1+ﬁ—2n)
L2EIF O o)
1-2p

3Gl B 0.1 Loyt
1-28
" 12%0%1 ,‘<;2B(1 +28—2n,1— 2ﬁ)t2(1+ﬁ—2n)
LAEEIR O,y
1-2p

(18) <K’ 0<t<S.

E[A°{2Y}(0)|* < Ca +

2
2
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We have thus shown that

max{ sup t21AE||A"®Y (t)||?, sup IE||AB<I>Y(t)|2} < K2
0<t<S 0<t<S

This means that ®Y satisfies (13).
Next, we prove that

DY € C((0,5];D(A") NC([0,S]); D(AP))  as.
Divide ®Y into two parts: ®Y (¢t) = VY () + We(t), where

(19) WY (1) = S(1)¢ + /0 St — $)[FL(Y(5)) + Fa(s)]ds,

and W¢ is the stochastic convolution defined in Lemma 3.1. Lemma 3.1-(ii)
for 8 = n provides that

We € C([0,S]; D(A) C ([0, S]; D(A%))  as.
Therefore, it suffices to verify that
(20) TY € C((0,S]; D(AM) nC([0,S]; D(A®))  as.

In order to prove (20), we use the Kolmogorov test. For 0 < s < ¢ < .S, the
semigroup property gives

WY (1)~ WY (s) = S(t — £)S(s)E + S(t — 5) / (s — DF (Y () + Fa(r)dr
+ / St —r)[Fi(Y(r)) + Fa(r)]dr — TY (s)

= [S(t—s) — IPY(s) —l—/ St —r)[FL(Y(r)) + Fy(r)]dr.

Let 2 < p <1—n. Thanks to (5), (6) and (8), we have
[AT[Y(t) — Y (s)]]|
< [S(t = 5) — TJAT?|[| AP0y (s) |
+/ [A"S (= r)I[IIEL Y () + [[F2(r)[[]dr

< Ll—P(t — S)p

p

+ Ln/ (& =) "I ()] + ([ F2(r)[[]dr

[[are[s(s)é + /0 S(s — IR () + )] I

ti—,(t — s)° _
%w*ﬁ 55(s)]1 %]

M ) mtPS(s—r r T
szl /O“A S(s = MIIFLY ()l

IN
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_pt—s)P [*
e [ rso(s (e
0

+Ln/ (t*T)*”IIFl(Y(T))IIdT+Ln/ (t =)~ Fa(r)l|dr

tpltp=s(E = 9" —pes) gog|

<
P
_ t—s)? [°
er/ (s — )" ||Fy (Y (r) | dr
P 0
4 L1—pbn+p||F2||J-‘B,o(t — )’ /s(s _ r)_"_prﬂ_ldr
P 0

¢ t
+Ln/ (t—r)*’7||F1(Y(r))||dr+L,]HFQH}-M/ (t— 7)1 Ldr

= S| A% | 5Pt — 5P
p

+ Ll*PLUJrP”FQ”]:B’”B(ﬂv 1- U p) Sﬁfnfp(t o S)p
p

t
Bl [ (€= r)y e ar

Li—plytp(t — 8)° szrfn*p r r
+ ot O /O< )P (Y ()| d

s [ (=0 IR @)

Dividing 8 —las8—1=(n+p—1)+ (8 —n—p), it follows that
t
/ (t —r) P tdr
ot
< / (t —7)""(r — s)1HPLsBn=rdr

= B(n+p,1—n)s" 170 (t — 5)".
Hence,
|A[@Y () — WY (s)]]
< SRR AP0 (1 — )

+ |:Ll—an+pB(Ba 1- n—- p)
p

U—pln+p — ) SS_T—n—p | r r
+ e >/0< )P | R (Y ()

g B+ p, 1= )| 1ol .es® 170 (1 = 5)7

by [ =D A E)]dr
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Taking the expectation of the squares of the both hand sides of the above
inequality, we obtain that

E||A[@Y (1) — 0Y(s)]®

4L%—PL727+P*K3 B el|2 g2(B—n—p) 2p
< et gy (t—s)

Ll—pb'r]-i-pB(ﬁa 1- n—- p)
p
X || Bl Fro.0 520717 (t — 5)%

+4

2
+ 1 B(n+p, 1 —n)]

v Metnsn gl [ - o R o))

+ 4L$71E{/:(t — ) B () ]

Since

[ S(s —r) TPy (Y(r))Hdr] 2
{ s

(s )55 (s 1) LAY () dr]

S— —

S

(s =0 0dr [(s =) IB e Par

IN
o S—

L Lo
= s—r (Y (r T,
IL—-n—=pJo

we arrive at

(21)  E[ATRY(t) - OV (s)][|?

43 12
< t=p ;7+P—ﬂ E||APg|2s2F—1=P) (¢ — 5)%°
p

_ B(B,1—n— 2
L1—pln+p (ﬁa n p) + L’r]B(n + p, 1— 77)
P

% ||F2||_27:5,a32(5_n_p) (t _ S)2P

+4

42 2 5
4 dzermte p_ 2’)51”7”3/ s — ) TTTPE|FL(Y ()| 2dr
pQ(l_n_p)( ) O( ) [ F1 (Y ()]

. s)/ (t = 1) "2B||Fy (Y () |2dr.

Both the integrals in (21) can be estimated by using (15):
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/05(5 — )RR () dr

<2362 [ (=) BB O [ (s r) v
0 0

(22) = 2c§71 K2B(1+26—2n,1—n— p)s”w*&?*f’
2E||F1(0)||231_77_P
+ b
l-n—p
and

/ (t =) | BL(Y (1) |Pdr

t
<2 / (t = 1) "> [ch, w7207 L B Fy(0)][)dr

2B £ ()]
1—-2n

Divide 2(8 —n) as 2(8 —n) = (8 — 3) + (3 + 3 — 27). Then
/t(t — )22 gy

t
< / (t—r)"2(r — s)'ﬁ_%t%"‘ﬂ—%dr
S

t
@) =2k [ (o) (t— 52,

1 1 1
(24) = Bl3 + 4,1 - )idn(s - s) b0
Combining (21), (22), (23) and (24), we obtain an estimate:

(25)  E|AMTY(t) — TY(s)]||?

4L%7p1,2+ _5 5 o )
< %EHA%H s (ﬁfnfp)(t, s)%

L—ply+pB(B,1 =1 —p)
p
X HFQHQfﬁ,ﬁS?(B—n—p)(t _ S)zp
L 8ty Cr B 426 — 20,1~ — p)
p*(L—n—p)
8t EIF1(O)]
p(1=n—p)?
1 ) ‘
+8upch i2B(5 + B, 1 = 2m)t> (1 — s)8-2m
1—-2n

2
+4[ +L7IB(77+p51_77):|

(t — 5)2p52(1+ﬁ—2n7p)

(t — 5)2/352(1—77—9)

(t—5)20"", 0<s<t<S
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Since this estimate holds true for any % < p<1-—mn,and since 1 < % +8-
2n < 2(1 — n), Theorem 2.6 then provides that A7UY is Holder continuous on

(0, S] with an arbitrarily smaller exponent than # — 1. As a consequence,

forany0<'y<#—n,
(26) TY € C((0,S]; D(A")) C C((0, S]; D(AP)) a.s.,
AMWY € C7((0,5]; H) a.s.

In view of (20) and (26), it remains to show that A°W¥Y is continuous at
t = 0. This function is separated into three terms:

APUY (1) = APS(D)E + AP /t S(t— 8)Fa(s)ds + AP /t S(t— 8)Fy (Y (s))ds.
0 0

Obviously, the first term A?S(-)¢ is continuous at ¢ = 0, since
i B _ ABell = 15 _ Bell —
lim [|A%5(1)¢ — A% = lim [[S() — 1]4%] = 0.

The continuity of the second term AP [ S(- — s)Fa(s)ds at ¢ = 0 is verified
in the following way. By the property of the space F2:7((0,T]; H), we may put
z = limy_,o ' 7P Fy(t). Then,

AP /t S(t — s)Fa(s)ds
0

IN

/Ot APS(t— ) [Fa(s) — Fa(0)ds|| + | /Ot APS(t — ) F(t)ds |

- /Ot APS(t — 8)[Fa(s) — Fa(t)]ds

/O 1APS(t = s)|[| Fa(t) — Fa(s)||ds

[T = SOIAPTHE TP R () — 2]+ (177N - S(0)] AT 4.
Thereby, (4), (6) and (8) give

+ H[I _ S(t)]AﬂleQ(t)H

IN

lim sup ‘ ‘Aﬁ /t S(t— s)Fg(s)ds‘ ‘
0

t—0

IN

¢
tg lim sup/0 1p(t — 8) P\ Fa(t) — Fy(s)||ds

t—0

+ 2 limsup [t PR () — 2|
1*5 t—0

+ limsup ||t~ — S(1)] A% 2|
t—0
s' P Fa(t) — Fa(s)|
(t—s)7

+ " fimsup [P Fy(t) — 2| + limsup |~ 1[I — S(£)] A%z
1-8 50 t—0

ds

t
= 15lim sup/ (t —s) P 1Hh=0o
t—0 0
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1=F+o|| Fy(t) — F:
tgB(8 — 0,1 -+ 0)limsup sup 5 I i( )U 2(s)]|
t—=0  se[0,t) (t—s)

+limsup |71 — S(£)] A%z
t—0

IN

= limsup |[tP 1[I — S(t)] A%~ 1%].
t—0

Since D(A®) is dense in H, there exists a sequence {z,}, in D(A4?) that con-
verges to z as n — oo. Hence, (8) gives

t
lim sup ‘ ‘Aﬁ / S(t — s)Fg(s)dSH < limsup [[t°~1[T — S(£)] AP~ (2 — 20)]|
t—0 0 t—0

+limsup |71 — S(£)] A1 AP 2, |

t—0

IN

IIZ — Zn|| + to limsup ¢7 | Az, |
1- t—0
= L" Iz —zal, n=1,2....

1-p

Letting n to co, we obtain that

¢
lim A / S(t — s)Fa(s)ds = 0.
0

t—0

This means that A® Jo S(- = s)Fa(s)ds is continuous at t = 0.
To see the continuity of the last term AP [ S(- — s)Fy (Y (s))ds at t = 0,
using (6) and (15), we have

EHAﬁ /OtS(ts)Fl(Y(s))ds ’

<[ [ 140t~ I o))

IN

= (¢ -5 IRV ()lds]

IN

gt [ -9 P EIRE )P

t
< 2L[23t/ (t— 8)72ﬂ[c2F1,1252(3*77) + EHFl(O)HQ]dS
0
E|| F;
(27) = QL% {CF K2B(14 28 — 21,1 —2B)20—" 4 Hl 1(25| 20—
— 0 ast — 0.

Therefore, there exists a decreasing sequence {t,,}°2 ; converging to 0 such that

tn
lim Aﬁ/ S(t, — s)F1(Y(s))ds = 0.
n—oo 0
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Since AP [ S(- — s)F1(Y (s))ds is continuous on (0, S], we conclude that

t—0

lim A? /t S(t —s)F1(Y(s))ds = 0,
0

ie., AP [ S(- — s)F1(Y (s))ds is continuous at ¢ = 0.

Step 2. Let us show that ® is a contraction mapping of Z(.5), provided that
S > 0 is sufficiently small.
Let Y1,Y2 € E(5) and 0 < 6 < 1. It follows from (14) that

20| A°[®Y (1) — BYa(1)]||?
:tQ(G*ﬁ)EH / AGS(t—s)[F1(Y1(S))—Fl(y2(3))]d5H2
0

< t2<9—B>E[/O |A?S(t = s)[l[| Py (Yi(s)) - Fl(Y2(5))||dS:|2'

Hence, (6), (H3) and (11) give
2P| A%[@Y1(t) — 2Ya(t)]]?

3| [ (= 5O (o) — Yas)) | ds]

IN

IN

t
it 2O IE [ (e s () - (o)) s
0

IN

t
&3, 3H120-9) / (t — ) 2E[| A7(Yi (s) — Ya(s))|%ds
0

IN

t
c%1L§t1+2<9‘B)/ (t = 5)"2s*CM|Y1 - Yol s)ds
0

= i1y B(1+28 = 2,1 = 20)2 "7 ||y — V|| 4.
Applying these estimates with § = 1 and 6 = 3, we conclude that
121 — Yal|Z )
= sup *"IE|AM@Y:(¢) - 2Y2(1)]
0<t<S

+ sup E|A7[@Y; (1) — @Ya (b))
0<t<S

(28)

IN

ch [2B(1+28 —2n,1—2n) + (3 B(1+ 253 — 21,1 — 2p)]
x S vy — Ya|Zs)-
Clearly, (28) shows that ® is contractive in =(S), provided that S > 0 is
sufficiently small.
Step 3. Let us prove:

e the existence of a local mild solution in the function space in (9)
e the estimate (10)
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Let S > 0 be sufficiently small in such a way that ® maps Y(S) into itself
and is contraction with respect to the norm of Z(S). Due to Step 1 and Step 2,
S = Tio. can be determined by E[F1(0)]1?, [|F2|%s.., ||G||QB([01T];L2(U;H)) and

E||A%¢||2. Thanks to the fixed point theorem, there exists a unique function
X € Y(Tjoc) such that X = ®X. This means that X is a local mild solution
of (1) in the function space:

X €C((0,Tiocl; D(A™)) N C([0, Thoc); D(A%))  aus.
In addition, thanks to Lemma 3.1-(iii) and (26), for any 0 < v < # -1,
ANX = ATOX = ATUX + AMWg € C7((0, Tioe); H)  as.
Furthermore, (10) is obtained from the definition of Y(T},.) (see (13)).

Step 4. Let us finally show the uniqueness of local mild solutions.

Let X be any other local mild solution to (1) on the interval [0, T},.], which
belongs to the space C((0, Tioc]; D(A™)) N C([0, Tioc]; D(AP)).

The formulae

(29) X(t)=St)E+ /0 S(t— s)Fa(s)ds + /0 S(t — s)G(s)dW (s)

+ /0 S(t— s)F1(X(s))ds,

and

X(t) = S(t)¢ —|—/O S(t — s)Fa(s)ds +/0 S(t — s)G(s)dW (s)

+/0 St —s)Fi(X(s))ds

imply that
X(t)—X(t) = /0 St —s)[F1(X(s)) — Fi1(X(s))]ds, 0<t<Tioec.

We can then repeat the same arguments as in Step 2 to deduce that
(30) IX = X207,
< ch [12B(1+28 —2n,1—2n) +3B(1+ 23 — 2,1 — 28)]
x T?UDX — X127
for any 0 < T < Tjoe. Let T be a positive constant such that
ch12B(1+28 —2n,1—2n) +13B(1 + 28 — 20,1 - 28)| T2 7" < 1,

Thus, (30) gives
Xt)=X(@t) as,0<t<T.
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~ We repeat the same procedure with initial time T and initial value X (T) =
X(T) to derive that
X(T+t)=X(T+t) as,0<t<T.

This means that X (t) = X(¢) a.s. on a larger interval [0, 27]. We continue this
procedure by finite times, the extended interval can cover the given interval
[0, Tioc]. Therefore, for 0 <t < Tjpe, X (t) = X(t) a.s. O

Let us next show the differentiability of the expectation of local mild solu-
tions. Put
Z(t) =EX(t), 0<t< Tig.
Theorem 3.3. Let the assumptions in Theorem 3.2 be satisfied. Assume that
c+n< % Then,
(31) Z € C((0,Tuoc; D(A)) N C([OaTIOC]?D(Aﬂ)) ﬂCl((O, Tiocl; H),
92 A7 € FP((0, Tioc); H).

Furthermore, Z satisfies the estimate

(2) 142zl + || 5|

Fh.o + HAleJ"Bv" < CF11F21§’ 0<t<Tpc

with some constant Cpy p, ¢ depending on E|Fy(0)||%, E||APE|%, || F2l|%s., and
EOC'

Proof. Throughout the proof, we use a universal constant C, which depends
on exponents and E| F1(0)||?, E||APE||%, || F2[|%s.. and Tie.

Since E fot S(t — 8)G(s)dW (s) = 0, we have an expression:

Z(t) =ES(t)¢ + /t St — s)[EF1(X(s)) + Fa(s)]ds.
First, let us show that i
(33) EF(X () € F>7((0, Trocl; H).
In view of (15),
IER(X®)I? < EIR(X@) < CEED +1], 0<t < T
Thereby,
[t PEE (X ())? < O[22 42091 50 ast — 0.

The function EF; (X (+)) therefore satisfies (2).
On the other hand, (H3), (19), (25) and (29) give

IEF (X (1) — EFy (X (s))]
< E[R(X(t) - (X ()]

crE[ATX () - X (s)]]”

C{E|A"[®X (1) — WX (s)]|* + ElA"[Wa(t) — Wa(s)]]|*}

X
X

A

IN
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< C g2(B=n=p) (t — 5)2/3 + Cg2(+B-21-p) (t— 5)2’3
+ CPU17P) (t — )% 4 Ot — 5) 3 T2 4 Ot — 5)20-7)
+ E[|A"[Wa(t) — Wa(s)]||?, 0<s<t< T

for any % < p < 1—mn. The last term in the latter inequality is evaluated by
using (6) and (8):

E|A"[We(t) — We(s)]l”

- ]EH /0 AM[S(E — 1) — S(s — 1) Gr)AW (1) + /: ATS(t — r)G(r)dW (r)

’ 2

IN

/O |ATS(s — )[S(t - 5) — A~ G2, ognydr

t
4 / JATS(t — PG 2y dr

IN

trio ISt = 8) = AT PGS 0.7 Lo (w1 /o (s —r) =21ty

t
+ L72;||G||QB([0,T];L2(U;H))/S (t—r)~>"dr
< Cs' (4 — 5)%7 4 Ot — )" 7P
Thus,
PP ER (X (1) — EFL (X (s))]]?
(t—s)2
< 0g2(-n=pto) (t — 5)2(/3—0) + O g2(2+o=2n=p) (t — 5)2(/3—0)

+ Cs2@=Bro=n=p)(p _ g)2p=0) | Og2(1=B+o) (4 _ g)+-2m—20
+ Cg2(1=F+0) (t — 5)2(1—77—0) + O3 2(+h)
+ C2A=F) (p — g)172140) ) < 5 <t < Tie.

This shows that (3) and (4) are also valid for the function EF;(X(-)). Hence,
(33) has been verified.

As a result of (H4) and (33),
EF1(X(-) + Fa(-) € F27((0, Tioc]; H).

Since ES(t)¢ = S(t)E¢ and E¢ € D(AP), Theorem 2.3 applied to the function
Z provides (31) and (32). The proof is completed. O

3.2. Regular dependence of solutions on initial data
Let B; and B2 be bounded balls:
Bi={f € F*7((0, T H)i | fll7o.r < Ra}, 0< Ry < oo,
By = {g € B([0,T]; L2(U; H)); |G| B(j0,7); Lo (vs11)) < B2}, 0 < Rg < o0,
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of the spaces F27((0,T]; H) and B([0,T]; Lo(U; H)), respectively. Let B4 be
a set of random variables:

Ba={(;¢eD(AP) as. and E|A°C|? < R%}, 0< R3 < .

According to Theorem 3.2, for every Fy € B1,G € By and £ € By, there
exists a unique local solution of (1) on some interval [0, Tj,c]. Furthermore, in

view of Step 1 and Step 2 in the proof for Theorem 3.2, we have
. there is a time T3, 8,8, > 0 such that

3

(34) [0,78,.8,,B4) C [0,T1oc| for all (Fz,G,&) € By x By x Ba.

Indeed, by (17), (18) and (28), T}, can be chosen to be any time S satisfying
the conditions:

[

w2 _ 36 lG1 5oLy S
2~ 1—2n
+122¢% K2 B(1 + 28 — 25,1 — 207)§21+5=20)
L2 ElF 0)]
1-2n

52(1—,@),

[

w2 351G b ryawin S
9 = 1-283
+1203c}, k2B(1 + 28 — 2n, 1 — 2B)§2(FA=2)
12[’%’E||Fl(0)”252(1,ﬁ)
1-23 ’
and
1> ¢t [12B(1 428 — 21,1 —2n) + 13B(1 + 28 — 2,1 — 28)]S>( =7,

where « is defined by (12) and (16). As a consequence, we can choose T}, such
that it depends continuously on E||Fy(0)|?, E|AP¢||?, 1GI B 0,71: 5 (v 1)) 20
| F2||%5... Thus, (34) follows.

We are now ready to show the continuous dependence of solutions on
(Fy, G, €) in the sense specified in the following theorem.

Theorem 3.4. Let (H1), (H2), (H3), (H4) and (H5) be satisfied. Let X and
X be the solutions of (1) for the data (Fy, G, €) and (Fy, G, €) in By x By x By,
respectively. Then, there exists a constant Cg, B, B, depending only on By, B
and B4 such that

(35)  E[ATX () - X@)]]* + B[ A[X () - X (O]
+E|X(t) = Xt < Cs, 52,54 [BIIE — E|* + 77| 2 — F2|| 750
+ |G — GHQB([O,T];LQ(U;H))]’ 0 <t <TB,BsBas
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and
(36) OO E|AT[X (1) — X(0)]|1° + B AP[X (£) — X(1)]||°]
< Cp,,5,, B4 [EI|A° (€ = O + || F> — P[50
+ G = ClBo1pra0wimyls 0 <t <Ts, 5,84

In order to prove this theorem, we use a generalized inequality of Gronwall
type.

Lemma 3.5. Let 0 < a < b,uu > 0 and v > 0 be constants. Let f be a
continuous and increasing function on [0,00) and ¢ be a nonnegative bounded
function on [a,b]. If ¢ satisfies the integral inequality

t
p(t) < f(t)+ a’“/ (t—r)""to(r)dr, a<t<b,
then there exists ¢ > 0 such that
p(t) <cf(t), a<s<t<hb

Proof. Let I' be the gamma function. By induction, we verify the estimate:

- —kp v F(V)k *#(n 1)%
(37) () < ;}a O s T N o)

¢
X / (t —s) TV =1o(s)ds, a<t<b.

Indeed, the case n = 0 is obvious. Assume that this inequality holds true for
n. Then,

(38) »(t) < kz::oa KO )

q—Hn+1) L(y)"+! ! _ )(nFDr-1
* T((n + 1)) / (t=s)
x [f(s) + a_”/ (s — )" Lo(r)dr]ds.

Since f is increasing, we observe that

/t(t — 5) ("L f(5)ds

(t _ a)(nJrl)V

< f(t)W

)t —a)" T ((n+1)v)

(39) - T(1+ (n+ 1))
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// §) DY =1(5 _ )=l () drds
// D=L (5 — ) Lo(r)drds
// s) V=15 _ )y Ldsp(r)dr

= (n+2)r—1 ' _ (D=1, v=1 00 () dp
/O(t r) /0 (1—u) dugp(r)d
= B(v,(n+1)v) / (t = )P o)
T DI [ e
(40) ) / (t—r) o(r)dr.

I'(n+2)v

Thanks to (38), (39) and (40), the estimate (37) holds true for n + 1.
Since ¢ is bounded on [a, b], the second term in the right-hand side of (37)
is estimated by:

In addition,

IN

g~ Hn+1) L)t

r((n+ 1)1/) /a (tf S)<n+1)y71@(s)ds

- a= P FIT () (¢ — a) "DV sup e, 0 @(s)
- (n+ Dy)I((n + 1)v) '

Due to the Stirling’s formula, it is known that

Pz+1)~ 27r:c(£) as r — 0o.
e

This term therefore converges to zero as n — co. As a consequence,

o0

o(t) < f(t)

k=0
It is known that (e.g., [18, Lemma 1.2])

[a= T (W)

<t<b.
T1+ky) @ “=7°

< o h ()
I'(1+kv)
2

T minges<oo I'(S)V

k=0

(1+ tla T (v)]7)elle "TMIP+1 - g < ¢ < 0.
Thus, the lemma has been proved. (|

Proof of Theorem 3.4. This theorem is proved by using analogous arguments
as in the proof of Theorem 3.2. We use a universal constant Cp, 3, ,5,, which
depends only on the exponents and By, B2 and B4.
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First, let us give an estimate for
t2TE[|| ATX(8) — X(O)* + 141X (8) — X (O]]%)-
For 0< 60 < 1 and 0 <t <1Tp, B, B4, (5), (6) and (H3) give
)| A°[X (1) = X (1)

- Htf’A"S(t)(g —&+ /0 t9A°S(t — 5)[FL(X (s)) — F1(X(s))]ds

+ /t t?A%S(t — 5)[Fa(s) — Fa(s)]ds

+ /O APS(t — $)[G(s) — Gs)dW(s)
< ol €l +uen, [ 1900~ ) IATXG) - Xollds
+ 19| Fy — Fa|| 76,0 /0 t(t — )" %P ds
w| [ a5t - 16t - aan)|
= ol €+ 16l P — Foll o BB, 1~ )18
Fuacr, [ 1= X () - X0l ds
w]| [ a5t - o6t - aiaw )|
Thus,

E[t°A°[X (t) - X (@)]II?
< 4GE|IE — &1* + 4| P2 — Fyl|%0.. B(B, 1 — 0)**

" 4L§c§1t29E[/Ot(t ) AT[X () X (s)]lds]

+ 4IEH /0 t 9498t — $)[G(s) — G(s)]dW (s)

2

< 4GE|IE — E1* + 4| 2 — Fyl|%0.. B(B, 1 — 0)**

+ 4L§c§1t29E[/Ot(t ) AT[X () — X (s)]lds]

t
+ 4/0 [t A°S(t = s)IPI1G(s) = G(5)I17, wrmyds

< 4GE|IE — E1* + 4| 2 — Byl|%0.. B(B, 1 — 0)*t*
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t
1433 201 / (t — )2 E||A"[X (s) — X (s)]||2ds
0
t
+441|G = Gl B0,10:1.0 1) /0 20(t — s)"*ds
(41) < 4GE||E - €| + 43 B(B,1 — 0)*t*F || Fy — Fy||%s.0

402t =
1 _629 ||G - G”QB([O,T];LZ(U;H))

¢
+ 4L§C§71t20+1 / (t —s) B[ A"[X (s) — X (s)]||%ds.
0

Applying these estimates with § = 8 and 6 = 1), we have
E||A[X () - X (1)
< ABE(E — &P + 43 B(B, 1~ B)*|| Fe — Fo o
4,3¢1-20 _
+ 551G -Gl
1-28 B([0,T); L2 (U; H))

t
Fadct [ (¢ 9) PEIAXG) - X(IPds, <t < T, g
0

and
IR AT[X () — X (8)]]|

< 4CE(€ — €)1 + 4 B(8,1 — )t || Fo — Fy|| %60
2

T _77277 G — GHQB([O,T];LZ(U;H))
t

+42 2 [ ) B ATX () - XIPds. 0 <1< T,
0

By putting
q(t) = "E[[|A"[X (t) = X (@)]|I” + | A°[X (8) = X @)]|°],
we then obtain an integral inequality
q(t) < ALFEEP) + JIENE - €12
+4ALEB(B.1 = B)* " + 5B (8,1 — )| Py — Fa| 500

L%t1+2”_25 2
n |12
+4[ =25 T _277]||G*G||B({0,T];L2(U;H))

+

t
+ g, 71! / (L3t — §)7% + L%(t — 8) 7257 2g(s)ds
0
(42) < Cp, B, B4 [E[E = &£|> + 77| Fo — Fo||%s.0
+ |G = Gl Bo17: Loy
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t
+ 4, 21! / (LBt —s5)"% + L (t— )7
0

x s 2q(s)ds, 0<t<Tp, Bs.Ba-

We solve the integral inequality (42) as follows. Let € > 0 denote a small
parameter. For 0 <t <,

4(t) < C, 5y, [BIIE — €I° + 1| Fo = P2l 550 + G — CllB 0,771
t
+ dcf, 27! / [L3(t— P L%(f —5)"?"s*"ds sup q(s)
0 s€[0,€]
=C [Ellg — €II° + 22| P2 — Fa|| 5.0 + ]G = G ]
B1,B2,B4 2 21l FB.o B([0,T];L2(U; H))

—i—zlc%1 [4%3(1—277, 1—2ﬁ)t2<1—5)+L%B(1—2n, 1—277)1?2(1_")] sup q(s)
s€[0,€]

< Cp, By, BAE|E = E|1* + €° || Fa — Fa| 55,0 + €llG = Gl B 0,101 (2]

+4ct, [13B(1—2n, 1—2ﬁ)e2<1—5)+L%B(1—2n, 1—-2n)e23] sup q(s).
s€[0,€]

Taking the supremum on both the hand sides of the above inequality, we observe
that

{1-4c}, [13B(1—2n,1-28) A+ 2B(1 — 25,1 — 2)e2 "]} sup q(s)
s€[0,¢€]

< Cp, 8,84 [Ell§ — &|I> + PPy — F2||2fﬂ,a +€llG - GHQB([O,T];LQ(U;H))]'
If € is taken sufficiently small so that
_ _ 1
(43) 1—dck [3B(1—2n,1—2B) ") +2B(1 — 2,1 — 2n)*1 =] > o1
then

(44) o 4(5) < Cit s B~ 7+ 1Py = Byl
s€(0,¢e

+¢€l|G - é||2B([O,T];L2(U;H))]'
AS a consequence,
(45) q(€) < C, 5,84 [Ell§ = &I + €7 || Fo — F2|| 56,0
+¢€/|G — G”QB([O,T];LQ(U;H))]

for any e satisfying (43).
In the meantime, for € <t <Tg, B,.B4,

q(t) < Cg, B, A [EE — €| + 2P| Fy — Fol|%s.0 + |G — G017 Lo ()]

+ dcf, 27! / [L5(t— 5)7% 4 1 (t—5) "2 *ds 51[1p} q(s)
0 s€(0,e

t
+ 4k, 2 / [L5(t — 5)7% ¢ L%(t — 8) 7257 2q(s)ds
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< Cp,52,BA[BlIE = EI° + || P2 — Fo|| 5.0 + t1G = Gl B0,7)s 1201
+4ct [13B(1 — 21,1 —28) 7 + 2 B(1 — 2n, 1 — 21> 7]

x sup q(s)
s€[0,€]

t
+ dcg, 2111 / [L5(t — 5)21=A) 4 w)(t — )" *e g (s)ds

< C, 5, BAEIE = &I° + 12| Fy = Fol|%6.0 + G = Gl 50,1910 1))
+ 4c, [L%B(l —2m,1—28)08 4 L%B(l — 2,1 — 2)e217)]
< s glo) 4k, THET ) 1) (1= ) 27g(s)ds.
s€[0,e .
Lemma 3.5 then provides that
q(t) < Cp, 8, BA[ENE = EI* + 12| Fa = Fol 5.0 + G — Gl B(10.17: L1y
+ 402F1 [L%B(l —2n,1— 25)62(1—5) + L,%B(l —op1— 277)62(1—77)]

x sup q(s)
s€[0,€]

< CB, 8,84 [El€ — €| + *P|| Fy — Fal|%s.0 + |G — G019 Lo m))]
+4cq, 13B(1 - 20,1 = 28)T?0~F) 4+ 2 B(1 — 2,1 — 2n)T20 =)

X sup q(S), e<t< TBlsz,BA'
s€[0,€]

Thanks to (44),
q(t) < Cpy 52,84 [ENE = &> + 22| o = F2||Fa0 + G = Gl 0,100 w:m1))]
+ Cp,.5,,84[E[§ = E|I* + || Fy — F2|%.
+ellG = GliBorpmaw:myls € <t <Ts 5,84
Hence,
(46) q(t) < Cp, 5,4 [EE = &[I° + 7| B> — B2 %00
+ UG = Gl o) Lawsmy)s € <t <Ts,5Ba-
Combining (45) and (46), we conclude that
TR AT[X (s) — X(s)]II* + | AP[X (s) = X (s)]|I°]

=q(t)
< 0311321314 [EHE - 5_”2 + t2ﬂ”F2 - F2||3’-'ﬂ,a
(47) +U1G = G0 Loy 0<t <Tp, 5,84

Second, let us give an estimate for E|| X () — X (¢)|>. Taking 6 = 0 in (41),
we have

E| X (t) — X(#)||* < 4oE||€ — &||*> + 40 B(B, 1)*t*° | Py — Py || %s.0
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t
+ 40t G = Gl B0, Lawiiny) + 4L30§«1t/0 s~ q(s)ds.

The term tfot s721q(s)ds is estimated by using (47):
¢
t/ s 2q(s)ds
0

t
< CBI,BQ,BAt/ sTENE(E = &|I? + s*° | Py — Fal| %60
0

+ )G - GHQB([O,T];LQ(U;H))]dS
< CBl,Bz,BAtQ(lfn)EH& - 5H2 + 03173273At2(1+ﬂ_77)”F2 — F2||.27-'5v"

1-2n 1+28—2n
OB, B, B4t 2"|G — G”QB([O,T];Lz(U;H)) .
2(1-n)
Therefore,
(48) E|| X (t) — X ()]

< Cpy 5., B4 [EIIE = E|* + || Fy — Fo|%s.
+t1G = GlB o1y Loyl 0 <t < Ty s Ba-

Thanks to (47) and (48), the estimate (35) has been verified.
Finally, let us prove the estimate (36). By substituting the estimate
[A?S(8)(& = &I < wo—pt”~°|| A% (£ = E)]|
with @ = 8 and 6 = n for ||A?S(t)(& — &)|| < et ™0||€ — £||, we obtain a similar
result to (41):
E|t’ X (t) = X()]|I?
< 4 gt*"mOR| AP (6 — O +4GB(B,1 - 047 Py — By %0

42t =112
+ -2 G — G”B([O,T];LZ(U;H))

t
IR EN / (t— &)~ B||A"[X (s) — X (s)]||2ds.
0

Using the same arguments as for (47), we conclude that (36) holds true. This
completes the proof of the theorem. ([l

4. Applications to stochastic PDEs

We present some applications to stochastic PDEs. These equations are con-
sidered under Neumann or Dirichlet type boundary conditions.
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4.1. Example 1
Consider the stochastic PDE:

du(z,t) = {[a(2)u ()] + 14 + P71 f(R)pr(2) }dt + g(t)pa(z)dw,
in (0,1) x (0,7,

u'(0) =u/(1) =0,

u(z,0) =up(z) 1in (0,1).

(49)

Here, w is a real-valued standard Wiener process. The functions ¢;(i = 1,2)
are real-valued and square integrable on (0,1). Meanwhile, f is a real-valued
o-Holder continuous function on [0,7] with 0 < ¢ < 8 < 1, g is a real-valued
bounded function on [0,7], and a is a real-value function on (0, 1) satisfying
the condition

acCH0,1]) and a(x)>ay, O0<z<1

with some constant ag > 0.
We handle the equation (49) in the Hilbert space L2((0,1)). Let A be the
realization of the differential operator

d d
~Da(@) L1 4+1
Tpla@) ]+
in L2((0,1)) under the Neumann type boundary conditions:
u'(0) = /(1) = 0.

According to [18, Theorem 2.12], A is a sectorial operator of Ls((0,1)) with
domain

D(A) = {u e H*((0,1));4/(0) = «/(1) = 0}.

Using A, (49) is formulated as an abstract problem of the form (1). Here,
the nonlinear operator Fj is given by

u
A=t s

and the functions Fy: (0,7] — L2((0,1)) and G: [0,T] — L2(R; L2((0,1))) are
defined by

Fy(t) =t f(t)e(x),  G(t) = g(t)p(x).
Obviously,
G € B([0,T7; La(R; L2((0,1))))
and
Fy € F?9((0,T]; L2((0,1)))  (see Remark 2.1).

Let fix i such that

0<n<s,

max{0,2n— 3} < B <.
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For u,v € D(A"), we have
u v
F - F = |lu — -
1 (u) — Fi(u)llLy0,1)) = [lu—v+ T 1+,U2HLZ((071))
(uv — 1)(u —v)
< lu— |, +H—
= leaon IR 12 oo

< Crllu = vl y0,1)) < Cal|AT(w = v) | L,y((0,1))

with some constants Cy,Cy > 0.

All the structural assumptions are therefore satisfied in L2((0,1)). By using
Theorems 3.2, 3.3 and 3.4, we have the following results.

Claim 1 (existence of unique solutions). Let ug € D(A4?) a.s. with E||APug||?
< 00. Then, (49) possesses a unique local mild solution v in the function space:

u € C([0, Tioe); D(AP)),  A"u € C7((0, Tioe); L2((0,1)))  a.s.
for any 0 < vy < %ﬁ — 7. Furthermore, u satisfies the estimate:

B[l A%u(t)|? + 2O DE[AT()|? < Crygug 0 <t < Toe.
Here, Tjoc and CFr, g4, are some constants depending on the exponents and
Bl A%uoll?, 12l %0, 1G 30,11 1m0,

Claim 2 (differentiability of expectation of solutions). Let o + 7 < % Put

z(t) = Eu(t), then
{zecaaﬂwLDm»mcqanwhpuwnmcwwﬂb¢Lme»x

9z Az € FPo((0, Tioc); L2((0,1))).

Furthermore, z satisfies the estimate:

dz
1%l + || 2 ||, + 1421175 < Cray 0t < Thoe

FB,

with some constant Cp, ., depending on E||APuq||?, || F2||%s., and Tioc.
Claim 3 (continuous dependence on initial data). Let By and By be bounded
balls:

Bi={f € F7((0,T}; L2((0,1))); | f oo < R1}, 0 < Ri < oo,

By ={g € B([0,T]; L2(U; L((0,1))));
|Gl B(j0,77:La(®: Lo ((0,1)))) < R2}, 0 < Ry < o0,
of the spaces F2:7((0,T]; L2((0,1))) and B([0, T|; L2(U; H)), respectively. Let
B4 be a set of random variable:
Ba = {¢;¢ € D(AP) as. and E|AP¢? < R%}, 0< R3 < .

Let u and @ be the solutions of (49) for the data (Fz, G, ug) and (Fy, G, 1) in
B1 x By x By, respectively. Then, there exist constants 1, 3,8, and Cg, B,.B.
depending only on By, By and B4 such that

t2TE| A u(t) — a(®)]|? + B[ A% [u(t) — a()]]|* + Ellu(t) — a(t)|®
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< CB, 8,84 [Elluo — @o||* + 7| Fa — Fal|%s.
+ |G = Gl B0 La@Laannls 0 <t <Thi5:54
and
PP B A" u(t) — a(t)]]|” + Bl A% u(t) — a(t))]|°]
< CB, 85,84 [EIl A (ug — o) > + || F> — Fal|%s.0
+ G = GllB0.10:La®:za(0))s 0 <t <Th, 5,84
4.2. Example 2

Let us consider the initial value problem

e t) = [ 3 o2 [al)g] + 0+ 97 0ot

T &Ej
(50) 4,j=
+gt)dW(t) inR"™x(0,T),
u(z,0) = up(x) in R™.
Here, W is a cylindrical Wiener process on some separable Hilbert space U; ¢
is a function in H~1(R"); f; is a real-valued function on R; f5 is a o-Hélder
continuous function on [0, 7] with 0 < o < 8 < 1; gisa Lo(U; H1(R™))-valued
bounded function on [0,T]; a;;(x),1 < 4,7 < n, are real-valued functions in R
satisfying the conditions:
o i ai(x)zizg > aollzl?, 2= (21,...,20) €RY, ae z € R”
with some constant ag > 0
® a;j € Lo(R") ae zeR”
We handle (50) in the Hilbert space H!(R"). Let A be the realization of
the differential operator

"9 0
- ”221 a—%[aij(x)a—xi] +1

in H~1(R™). Thanks to [18, Theorem 2.2], A is a sectorial operator of H~1(R")
with domain D(A) = H*(R™). As a consequence, (—A) generates an analytical
semigroup on H ~(R"). Using A, the equation (50) is formulated as an abstract
problem of the form (1), where F1,Fy; and G are defined as follows. The
nonlinear operator Fj is given by

F(u) =u+ f1(u).

Here, we assume that this function is defined on the domain of A" and satisfies
the condition:

[F1(w) = Fr(o)lg-1@ny < | A"(uw = 0)|[g-1@n),  u,v € D(A")
with ¢ > 0,0 < 7 < % and max{0,2n — 1} < 8 < n. The term Fy: (0,7] —
H~1(R") is defined by
Fy(t) = t77 o) ().
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Finally, the term G: [0,T] — Lo(U; H=Y(R")) is defined by G(t) = g(t).
As in Example 1, it is easily seen that

G e B([0,T); Ly(U; H"Y(R™)) and F, € F>7((0,T); H~Y(R™)).

Therefore, all the structural assumptions are satisfied in H~!(R™). By using
Theorems 3.2, 3.3 and 3.4, similar claims as in Example 1 are obtained.

Acknowledgements. The author heartily expresses his gratitude to the ref-
erees of this paper for making useful and constructive comments on the style
of paper.
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