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LIOUVILLE TYPE THEOREMS FOR TRANSVERSALLY

HARMONIC AND BIHARMONIC MAPS

Min Joo Jung and Seoung Dal Jung

Abstract. In this paper, we study the Liouville type theorems for trans-
versally harmonic and biharmonic maps on foliated Riemannian mani-
folds.

1. Introduction

Let (M,F) and (M ′,F ′) be foliated Riemannian manifolds and let φ :M →
M ′ be a smooth foliated map, i.e., φ is a smooth leaf-preserving map. Then
φ is said to be transversally harmonic if the transversal tension field τb(φ) =

trQ∇̃trdTφ vanishes, where dTφ = dφ|Q and Q is the normal bundle of F (see
[7], [14], [15] for details). When F is minimal, a transversally harmonic map is
a critical point of the transversal energy EB(φ) [7], which is given by

EB(φ) =
1

2

∫

M

|dTφ|
2µM ,

where µM denotes the volume form on M . If F is not minimal, a transversally
harmonic is not a critical point of EB(φ). In fact, S. Dragomir and A. Tom-
masoli [5] called such maps as (F ,F ′)-harmonic maps, i.e., a critical point of
the transversal energy. Trivially, two definitions are equivalent when F is mini-
mal. The smooth map φ is said to be transversally biharmonic if the transversal
bitension field (τ2)b(φ) = JT

φ (τb(φ) vanishes, where J
T
φ is the generalized Jacobi

operator along φ (see [4], [10] for details). If F is minimal, then a trasversally
biharmonic map is a critical point of the transversal bienergy E2(φ), where

E2(φ) =
1

2

∫

M

|τb(φ)|
2µM .

Transversally harmonic and biharmonic maps are generalizations of harmonic
and biharmonic maps because transversally harmonic and biharmonic maps are
just harmonic and biharmonic maps on the point foliation, respectively. For
more information about transversally harmonic and biharmonic maps, see [4],

Received March 30, 2016; Revised December 10, 2016.
2010 Mathematics Subject Classification. 53C12, 57R30.
Key words and phrases. generalized maximum principle, transversally harmonic and bi-

harmonic map, Liouville type theorem.

c©2017 Korean Mathematical Society

763



764 M. J. JUNG AND S. D. JUNG

[7], [10], [14], [15]. For harmonic maps, the classical Liouville theorem is well-
known. Namely, any bounded harmonic function defined on the whole plane
must be constant. The classical Liouville theorem has been improved in several
cases [8], [18], [20]. In this article, we study the Liouville type theorems for the
transversally harmonic and biharmonic map. Now we consider the following
conditions on (M, g,F) and (M ′, g′,F ′).

(C1) All leaves of F are compact and the mean curvature form κ of F is
bounded, coclosed.

(C2) The transversal sectional curvature of F ′ is nonpositive.
Then we have the following Liouville type theorem on a foliated Riemannian
manifold.

Theorem A. Let (M, g,F) be a complete foliated Riemannian manifold with

Vol(M) = ∞ satisfying (C1) and let (M ′, g′,F ′) be a foliated Riemannian man-

ifold satisfying (C2). Assume that the transversal Ricci curvature of F is non-

negative. Then any transversally harmonic map φ : M → M ′ of EB(φ) < ∞
is transversally constant, i.e., the induced map between leaf spaces is constant.

Note that any transversally harmonic map is transversally biharmonic. But
the converse does not hold. In fact, S. D. Jung [10] proved that on a compact
foliated manifold, the converse holds under some condition. For transversally
biharmonic map on a complete foliated Riemannian manifold, we have the
following theorem.

Theorem B. Let (M, g,F) be a complete foliated Riemannian manifold with

Vol(M) = ∞ satisfying (C1) and let (M ′, g′,F ′) be a foliated Riemannian

manifold satisfying (C2).
(1) Every transversally biharmonic map φ : M → M ′ of E2(φ) < ∞ is

transversally harmonic.

(2) If the transversal Ricci curvature of F is nonnegative, then every trans-

versally biharmonic map φ : M → M ′ of EB(φ) + E2(φ) < ∞ is transversally

constant.

When F is a point foliation, Theorem A and Theorem B have been found
in [18] and [2], respectively.

2. Preliminaries

Let (M, g,F) be a (p+q)-dimensional Riemannian manifold with a foliation
F of codimension q and a complete bundle-like metric g with respect to F . Let
TM be the tangent bundle of M , TF its integrable subbundle given by F , and
Q = TM/TF the corresponding normal bundle of F . Then we have an exact
sequence of vector bundles

0 −→ TF −→ TM
π

−→
←−

σ
Q −→ 0,(2.1)

where π : TM → Q is a projection and σ : Q → TF⊥ is a bundle map
satisfying π ◦ σ = id. Let gQ be the holonomy invariant metric on Q induced
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by g, i.e., LXgQ = 0 for any vector field X ∈ TF , where LX is the transverse

Lie derivative [12]. Let RQ, KQ and RicQ be the transversal curvature tensor,
transversal sectional curvature and transversal Ricci operator of F with respect
to the transversal Levi-Civita connection ∇Q ≡ ∇ in Q [19], respectively. A
differential form ω ∈ Ωr(M) is basic if i(X)ω = 0 and i(X)dω = 0 for all
X ∈ TF . Let Ωr

B(F) be the set of all basic r-forms on M . Then Ωr(M) =

Ωr
B(F)⊕ Ωr

B(F)⊥ [1]. Now, we recall the star operator ∗̄ : Ωr
B(F) → Ωq−r

B (F)
given by [13], [17]

∗̄ω = (−1)p(q−r) ∗ (ω ∧ χF ), ∀ω ∈ Ωr
B(F),(2.2)

where χF is the characteristic form of F and ∗ is the Hodge star operator
associated to g. For any basic forms ω, θ ∈ Ωr

B(F), it is well-known [17] that

ω∧ ∗̄θ = θ∧ ∗̄ω and ∗̄2ω = (−1)r(q−r)ω. Let ν be the transversal volume form,
i.e., ∗ν = χF and 〈·, ·〉 be the pointwise inner product on Ωr

B(F), which is given
by

〈ω, θ〉ν = ω ∧ ∗̄θ(2.3)

for any basic forms ω, θ ∈ Ωr
B(F). Trivially µM = ν ∧ χF is the volume form

with respect to g. Now, let the operator dB be the restriction of d to the basic
forms, i.e., dB = d|Ω∗

B
(F). It is well-known that on complete foliated Riemann-

ian manifolds, dBκB = 0 [16]. Let dt = dB − κB∧, δt = (−1)q(r+1)+1∗̄dB ∗̄
and

δBω = (−1)q(r+1)+1∗̄dt∗̄ω = δtω + i(κ♯B)ω,(2.4)

where (·)♯ is the gQ-dual vector field of (·) and κB is the basic part of the
mean curvature form of F . Then

∫

M 〈dBω, θ〉µM =
∫

M 〈ω, δBθ〉µM for any ω ∈

Ωr
B,o(F) or θ ∈ Ωr+1

B,o (F), where Ω∗
B,o(F) is the subspace of Ω∗

B(F) composed of

forms with compact support. Generally, δB is not a restriction of δ on Ωr
B(F),

i.e., δB 6= δ|Ωr
B
(F), where δ is the formal adjoint of d. But δBω = δω for

any basic 1-form ω. Hence ∆M |Ω0

B
(F) = ∆B [13], where ∆M is the positive

Laplacian onM and ∆B is the basic Laplacian acting on Ωr
B(F) which is given

by

∆B = dBδB + δBdB.(2.5)

Let V (F) be the space of all transversal infinitesimal automorphisms Y of F ,
i.e., [Y, Z] ∈ TF for all Z ∈ TF . For any Y ∈ V (F), we define the bundle map
AY : Γ(ΛrQ∗) → Γ(ΛrQ∗) [12] by

AY ω = LY ω −∇Y ω.(2.6)

Then AY preserves the basic forms and depends only on π(Y ). Moreover,
for any vector field Y ∈ V (F), if we define AY : ΓQ → ΓQ by ω(AY s) =
−(AY ω)(s) for any s ∈ ΓQ and ω ∈ ΓQ∗, then AY s = LY s − ∇Y s. Since
LY s = π[Y, Ys] for Ys = σ(s) ∈ TF⊥ [12],

(2.7) AY s = −∇Ys
π(Y ).
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Let {Ea}(a = 1, . . . , q) be a local orthonormal basic frame of Q and θa a
gQ-dual 1-form to Ea. We define ∇∗

tr∇tr : Ω
r
B(F) → Ωr

B(F) by

∇∗
tr∇tr = −

∑

a

∇2
Ea,Ea

+∇κ♯

B

,(2.8)

where ∇2
X,Y = ∇X∇Y −∇∇M

X
Y for any X,Y ∈ TM and ∇M is the Levi-Civita

connection with respect to g. The operator ∇∗
tr∇tr is positive definite and

formally self adjoint on Ωr
B,o(F) [9]. Then the generalized Weitzenböck type

formula on Ωr
B(F) is given by [9]

∆Bω = ∇∗
tr∇trω + F (ω) +Aκ♯

B

ω(2.9)

for any ω ∈ Ωr
B(F), where F =

∑q
a,b=1 θ

a ∧ i(Eb)R
Q(Eb, Ea). For any basic-

harmonic form ω ∈ Ω∗
B(F), i.e., ∆Bω = 0, we have [9] that

(2.10) −
1

2
∆B |ω|

2 = |∇trω|
2 + 〈Aκ♯

B

ω, ω〉+ 〈F (ω), ω〉.

3. Generalized maximum principle

Let (M, g,F) be a complete foliated Riemannian manifold, i.e., manifold
with a Riemannian foliation F and a complete bundle-like metric g with respect
to F . Now, we consider a smooth function µ on R satisfying

(i) 0 ≤ µ(t) ≤ 1 on R, (ii) µ(t) = 1 for t ≤ 1, (iii) µ(t) = 0 for t ≥ 2.

Let x0 be a point in M . For each point y ∈M , we denote by ρ(y) the distance
between leaves through x0 and y. For any real number l > 0, we define a
Lipschitz continuous function ωl on M by

ωl(y) = µ(ρ(y)/l).

Trivially, ωl is a basic function. Let B(l) = {y ∈ M | ρ(y) ≤ l}. Then ωl

satisfies the following properties:

0 ≤ ωl(y) ≤ 1 for any y ∈M
supp ωl ⊂ B(2l)
ωl(y) = 1 for any y ∈ B(l)
liml→∞ ωl = 1
|dωl| ≤

C
l almost everywhere on M,

where C is a positive constant independent of l [22]. Hence ωlψ has compact
support for any basic form ψ ∈ Ω∗

B(F) and ωlψ → ψ (strongly) when l → ∞.
Note that for any basic function f , ∆Mf = ∆Bf [13]. Hence we have the

following theorems.

Theorem 3.1. Let (M, g,F) be a complete foliated Riemannian manifold. If

a basic function f is basic-subharmonic, i.e., ∆Bf ≤ 0, with
∫

M
|df | <∞, then

f is basic-harmonic.

Proof. This follows from the result in [21, p. 660]. �
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Theorem 3.2. Let (M, g,F) be a complete foliated Riemannian manifold.

If a nonnegative basic function f is basic-subharmonic, i.e., ∆Bf ≤ 0, with
∫

M fp <∞ (p > 1), then f is constant.

Proof. This follows from Theorem 3 in [21, p. 663]. �

Now we prove the generalized maximum principle.

Theorem 3.3. Let (M, g,F) be a complete foliated Riemannian manifold

whose all leaves are compact. Assume that κB is bounded and coclosed. Then a

nonnegative basic function f such that (∆B−κ♯B)f ≤ 0 with
∫

M
fp <∞ (p > 1)

is constant.

Proof. Let u = fp/2. By a direct calculation, we have

u(∆B − κ♯B)u =
p

2
fp−1(∆B − κ♯B)f −

p(p− 2)

4
fp−2|dBf |

2.(3.1)

By the assumption, we have

u(∆B − κ♯B)u ≤ −
p− 2

p
|dBu|

2.(3.2)

On the other hand, we have
∫

B(2l)

〈ω2
l u,∆Bu〉 = 2

∫

B(2l)

〈ωldBu, udBωl〉+

∫

B(2l)

|ωldBu|
2.(3.3)

So, from (3.2) and (3.3), we have that

2(p− 1)

p

∫

B(2l)

|ωldBu|
2 ≤ −2

∫

B(2l)

〈ωldBu, udBωl〉+

∫

B(2l)

〈ω2
l u, κ

♯
B(u)〉.

(3.4)

From (3.4) and the Schwarz’s inequality, we have that for any real number
ǫ > 0,

p− 1

p

∫

B(2l)

|ωldBu|
2

≤

∫

B(2l)

|〈ωldBu, udBωl〉|+
1

2

∫

B(2l)

〈ω2
l u, κ

♯
B(u)〉

≤
ǫ

2

∫

B(2l)

|ωldBu|
2 +

1

2ǫ

∫

B(2l)

|udBωl|
2 +

1

2

∫

B(2l)

〈ω2
l u, κ

♯
B(u)〉

≤
ǫ

2

∫

B(2l)

|ωldBu|
2 +

C2

2ǫl2

∫

B(2l)

u2 +
1

2

∫

B(2l)

〈ω2
l u, κ

♯
B(u)〉.

Hence we have

(
p− 1

p
−
ǫ

2
)

∫

B(2l)

|ωldBu|
2 ≤

C2

2ǫl2

∫

B(2l)

u2 +
1

2

∫

B(2l)

〈ω2
l u, κ

♯
B(u)〉.(3.5)
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On the other hand, since 〈ω2
l u, κ

♯
B(u)〉 =

1
2{κ

♯
B(ω

2
l u

2)− 2〈dωl, (ωlu
2)κB〉}, we

have that from the assumptions of κB, i.e., |κB| <∞ and δBκB = 0,
∫

B(2l)

|〈ω2
l u, κ

♯
B(u)〉| ≤

∫

B(2l)

|dωl||(ωlu
2)κB|

≤
C

l
max(|κB |)

∫

B(2l)

ωlu
2.

Since
∫

M u2 =
∫

M fp <∞, if we let l → ∞, then
∫

B(2l)

〈ω2
l u, κ

♯
B(u)〉 → 0.(3.6)

From (3.5) and (3.6), if we let l → ∞, then

(
p− 1

p
−
ǫ

2
)

∫

M

|dBu|
2 ≤ 0.(3.7)

If we choose 0 < ǫ < 2(p−1)
p , then from (3.7),

∫

M

|dBu|
2 = 0.

Hence dBu = 0 and so dBf = 0, i.e., f is constant. �

Remark. On a compact foliated Riemannian manifold, Theorem 3.3 was proved
in [11].

4. The proof of Theorem A

Let (M, g,F) and (M ′, g′,F ′) be two Riemannian manifolds with foliations
F and F ′, respectively. Let ∇ and ∇′ be the transverse Levi-Civita connections
on Q and Q′, respectively. Let φ : (M, g,F) → (M ′, g′,F ′) be a smooth foliated
map, i.e., φ is a smooth leaf-preserving map. Equivalently, dφ(TF) ⊂ TF ′. We
define dTφ : Q→ Q′ by

dTφ := π′ ◦ dφ ◦ σ.(4.1)

Then dTφ is a section in Q∗ ⊗ φ−1Q′, where φ−1Q′ is the pull-back bundle on
M . Let ∇φ and ∇̃ be the connections on φ−1Q′ and Q∗ ⊗ φ−1Q′, respectively.
The transversal tension field of φ is defined by

τb(φ) = trQ∇̃dTφ =

q
∑

a=1

(∇̃Ea
dTφ)(Ea),(4.2)

where {Ea}(a = 1, . . . , q) is a local orthonormal basic frame on Q. Trivially,
the transversal tension field τb(φ) is a section of φ−1Q′. A foliated map φ :
(M, g,F) → (M ′, g′,F ′) is said to be transversally harmonic if the transversal
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tension field vanishes, i.e., τb(φ) = 0 [7]. And the transversal energy of φ on a
compact domain Ω is defined by

EB(φ; Ω) =
1

2

∫

Ω

|dTφ|
2µM ,(4.3)

where |dTφ|
2 =

∑

a gQ′(dTφ(Ea), dTφ(Ea)) ∈ Ω0
B(F) [6]. Then we have the

first variational formula [7]

d

dt
EB(φt; Ω)|t=0 = −

∫

Ω

〈V, τb(φ) − dTφ(κ
♯
B)〉µM ,(4.4)

where V = dφt

dt |t=0 is the normal variation vector field with a foliated variation
{φt} of φ. Hence if F is minimal, then the transversal harmonic map is a
critical point of the transversal energy EB(φ; Ω) of φ supported in a compact
domain Ω. Let Ω∗

B(E) ≡ Ω∗
B(F) ⊗ E, where E ≡ φ−1Q′. Then we define

d∇ : Ωr
B(E) → Ωr+1

B (E) by

d∇(ω ⊗ s) = dBω ⊗ s+ (−1)rω ∧∇φ
trs(4.5)

for any ω ∈ Ωr
B(F) and s ∈ ΓE. Let δ∇ be the formal adjoint of d∇ on Ω∗

B,o(E),

the space of the compact supports. We define the Laplacian ∆ on Ωr
B(E) by

∆ = d∇δ∇ + δ∇d∇.(4.6)

The operator AY is extended to Ωr
B(E) [7]. That is, for any ω ⊗ s ∈ Ωr

B(E),
AY (ω⊗s) = AY ω⊗s. Then we have the generalized Weitzenböck type formula.

Theorem 4.1 ([7]). Let φ : (M, g,F) → (M ′, g′,F ′) be a smooth foliated map.

Then

1

2
∆B|dTφ|

2 = 〈∆dTφ, dTφ〉 − |∇̃trdTφ|
2 − 〈Aκ♯

B

dTφ, dTφ〉 − 〈F (dTφ), dTφ〉,

where

〈F (dTφ), dTφ〉 =
∑

a

gQ′(dTφ(Ric
Q(Ea)), dTφ(Ea))

−
∑

a,b

gQ′(R
Q′(dTφ(Ea), dTφ(Eb))dTφ(Eb), dTφ(Ea)).(4.7)

Note that for a smooth foliated map φ : (M, g,F) → (M ′, g′,F ′) [7],

d∇dTφ = 0, δ∇dTφ = −τb(φ) + i(κ♯B)dTφ.(4.8)

Hence we have the following corollary.

Corollary 4.2 ([7]). Let φ : (M, g,F) → (M ′, g′,F ′) be a transversally har-

monic map. Then

1

2
(∆B − κ♯B)|dTφ|

2 = −|∇̃trdTφ|
2 − 〈F (dTφ), dTφ〉.(4.9)
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The proof of Theorem A. Note that 1
2∆B|dTφ|

2 = |dTφ|∆B |dTφ|− |dB |dTφ||
2.

From Corollary 4.2, we have

|dTφ|(∆B − κ♯B)|dTφ| = |dB|dTφ||
2 − |∇̃trdTφ|

2 − 〈F (dTφ), dTφ〉.

Since |∇̃trdTφ| ≥ |dB|dTφ|| (Kato’s inequality [3]), we have

|dTφ|(∆B − κ♯B)|dTφ| ≤ −〈F (dTφ), dTφ〉.

By the assumptions of the curvatures, 〈F (dTφ), dTφ〉 ≥ 0, which means (∆B −

κ♯B)|dTφ| ≤ 0. Hence, by Theorem 3.3, |dTφ| is constant. Since Vol(M) is
infinite and EB(φ) < ∞, we have dTφ = 0. Hence φ is transversally constant.

�

5. The proof of Theorem B

Let φ : (M, g,F) → (M ′, g′,F ′) be a smooth foliated map. The transversal

bitension field (τ2)b(φ) of φ is defined by

(τ2)b(φ) = JT
φ (τb(φ)),(5.1)

where the generalized Jacobi operator JT
φ : φ−1Q′ → φ−1Q′ along φ is defined

by

JT
φ (s) = (∇φ

tr)
∗(∇φ

tr)s−∇φ

κ♯
B

s− trQR
Q′(s, dTφ)dTφ(5.2)

for any s ∈ φ−1(Q′) [10].

Definition 5.1 ([4]). Let φ : (M, g,F) → (M ′, g′,F ′) be a smooth foliated
map. Then φ is said to be transversally biharmonic if the transversal bitension
field vanishes, i.e., (τ2)b(φ) = 0.

Trivially, φ is a transversally biharmonic map if and only if the transversal
tension field τb(φ) is a generalized Jacobi field along φ.

The proof of Theorem B. Note that for any s ∈ φ−1Q′, we have

1

2
∆B|s|

2 = 〈(∇φ
tr)

∗(∇φ
tr)s, s〉 − |∇φ

trs|
2.(5.3)

Since φ :M →M ′ is transversally biharmonic, from (5.1) and (5.2),

(∇φ
tr)

∗(∇φ
tr)τb(φ) −∇φ

κ♯

B

τb(φ)− trQR
Q′(τb(φ), dTφ)dT φ = 0.(5.4)

From (5.3) and (5.4), we have

1

2
(∆B − κ♯B)|τb(φ)|

2 = 〈trQR
Q′(τb(φ), dT φ)dTφ, τb(φ)〉 − |∇φ

trτb(φ)|
2.(5.5)

Since 1
2∆Bf

2 = f∆Bf−|dBf |
2 for any basic function f , Eq. (5.5) implies that

|τb(φ)|(∆B − κ♯B)|τb(φ)| = 〈trQR
Q′(τb(φ), dT φ)dTφ, τb(φ)〉

+ |dB|τb(φ)||
2 − |∇φ

trτb(φ)|
2.
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By assumption of the transversal sectional curvature of F ′, i.e., KQ′ ≤ 0 and
the Kato’s inequality [3], we have

(∆B − κ♯B)|τb(φ)| ≤ 0.(5.6)

Since
∫

M |τb(φ)|
2 <∞, by Theorem 3.3, |τb(φ)| is constant. Hence Vol(M) = ∞

implies that τb(φ) = 0, i.e., φ is transversally harmonic. This complete the
proof of (1). For the proof of (2), it is trivial from Theorem A and Theorem B
(1). �
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