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LIOUVILLE TYPE THEOREMS FOR TRANSVERSALLY
HARMONIC AND BIHARMONIC MAPS

MIN JOO JUNG AND SEOUNG DAL JUNG

ABSTRACT. In this paper, we study the Liouville type theorems for trans-
versally harmonic and biharmonic maps on foliated Riemannian mani-

folds.

1. Introduction

Let (M, F) and (M’, F') be foliated Riemannian manifolds and let ¢ : M —
M’ be a smooth foliated map, i.e., ¢ is a smooth leaf-preserving map. Then
¢ is said to be transversally harmonic if the transversal tension field 7,(¢) =
trQ@trqub vanishes, where dr¢ = d¢|g and @ is the normal bundle of F (see
[7], [14], [15] for details). When F is minimal, a transversally harmonic map is
a critical point of the transversal energy Ep(¢) [7], which is given by

Bo(0) =5 [ ldrofius

where s denotes the volume form on M. If F is not minimal, a transversally
harmonic is not a critical point of Ep(¢). In fact, S. Dragomir and A. Tom-
masoli [5] called such maps as (F, F’)-harmonic maps, i.e., a critical point of
the transversal energy. Trivially, two definitions are equivalent when F is mini-
mal. The smooth map ¢ is said to be transversally biharmonic if the transversal
bitension field (72)p(¢) = J¢T(Tb(¢) vanishes, where J¢T is the generalized Jacobi
operator along ¢ (see [4], [10] for details). If F is minimal, then a trasversally
biharmonic map is a critical point of the transversal bienergy Ea(¢), where

1

Ex(¢) = 5 /M |76(0) | i -

Transversally harmonic and biharmonic maps are generalizations of harmonic
and biharmonic maps because transversally harmonic and biharmonic maps are
just harmonic and biharmonic maps on the point foliation, respectively. For
more information about transversally harmonic and biharmonic maps, see [4],
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[7], [10], [14], [15]. For harmonic maps, the classical Liouville theorem is well-
known. Namely, any bounded harmonic function defined on the whole plane
must be constant. The classical Liouville theorem has been improved in several
cases [8], [18], [20]. In this article, we study the Liouville type theorems for the
transversally harmonic and biharmonic map. Now we consider the following
conditions on (M, g, F) and (M',¢', F").

(C1) All leaves of F are compact and the mean curvature form  of F is
bounded, coclosed.

(C2) The transversal sectional curvature of F’ is nonpositive.
Then we have the following Liouville type theorem on a foliated Riemannian
manifold.

Theorem A. Let (M,g,F) be a complete foliated Riemannian manifold with
Vol(M) = oo satisfying (C1) and let (M’,g', F') be a foliated Riemannian man-
ifold satisfying (C2). Assume that the transversal Ricci curvature of F is non-
negative. Then any transversally harmonic map ¢ : M — M’ of Ep(¢) < o0
is transversally constant, i.e., the induced map between leaf spaces is constant.

Note that any transversally harmonic map is transversally biharmonic. But
the converse does not hold. In fact, S. D. Jung [10] proved that on a compact
foliated manifold, the converse holds under some condition. For transversally
biharmonic map on a complete foliated Riemannian manifold, we have the
following theorem.

Theorem B. Let (M, g, F) be a complete foliated Riemannian manifold with
Vol(M) = oo satisfying (C1) and let (M',¢g',F') be a foliated Riemannian
manifold satisfying (C2).

(1) Every transversally biharmonic map ¢ : M — M’ of FEa(¢p) < oo is
transversally harmonic.

(2) If the transversal Ricci curvature of F is nonnegative, then every trans-
versally biharmonic map ¢ : M — M’ of Eg(¢) + Ea(¢) < oo is transversally
constant.

When F is a point foliation, Theorem A and Theorem B have been found
in [18] and [2], respectively.

2. Preliminaries

Let (M, g, F) be a (p+ g)-dimensional Riemannian manifold with a foliation
F of codimension ¢ and a complete bundle-like metric g with respect to F. Let
T M be the tangent bundle of M, T'F its integrable subbundle given by F, and
@ = TM/TF the corresponding normal bundle of F. Then we have an exact
sequence of vector bundles

(2.1) 0— TF — TM_>Q — 0,

where 7 : TM — @ is a projection and ¢ : Q — TF* is a bundle map
satisfying m o o = id. Let gg be the holonomy invariant metric on ) induced
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by g, i.e., Lxgg = 0 for any vector field X € T'F, where Lx is the transverse
Lie derivative [12]. Let R?, K@ and Ric¥ be the transversal curvature tensor,
transversal sectional curvature and transversal Ricci operator of F with respect
to the transversal Levi-Civita connection V@ = V in @ [19], respectively. A
differential form w € Q"(M) is basic if i(X)w = 0 and i(X)dw = 0 for all
X € TF. Let Q5 (F) be the set of all basic r-forms on M. Then Q" (M) =
QL (F) @ QE(F)* [1]. Now, we recall the star operator % : Q7 (F) — QL (F)
given by [13], [17]

(2.2) fw= (=PI x (WA xF), Ywe QUL(F),

where xr is the characteristic form of F and # is the Hodge star operator
associated to g. For any basic forms w, 0 € Q(F), it is well-known [17] that
WA*0 = O A%w and ¥2w = (—1)"@""w. Let v be the transversal volume form,
i.e., *v = xr and (-, -) be the pointwise inner product on 2% (F), which is given
by

(2.3) (w, 0 =w A%

for any basic forms w, 8 € Q5 (F). Trivially up = v A xF is the volume form
with respect to g. Now, let the operator dp be the restriction of d to the basic
forms, i.e., dp = d|qgz (7). It is well-known that on complete foliated Riemann-
ian manifolds, dgrp = 0 [16]. Let d; = dp — kA, 6 = (—1)90+DHxdpx
and

(2.4) Spw = (1)1 DR 50 = S0 + i(k)w,

where (-)# is the gg-dual vector field of (-) and kp is the basic part of the
mean curvature form of F. Then fM(dBw, Npr = fM<w, 0p0) s for any w €
Qp (F)ord e Qgrol (F), where Qp (F) is the subspace of Q7 (F) composed of
forms with compact support. Generally, dp is not a restriction of § on Q% (F),
ie., 0p # 5|Q%(].‘)7 where ¢ is the formal adjoint of d. But dpw = dw for
any basic 1-form w. Hence AM|Q%(H = Ap [13], where AM is the positive
Laplacian on M and Ap is the basic Laplacian acting on Q' (F) which is given
by

(2.5) Ap =dpdp + dpdg.

Let V(F) be the space of all transversal infinitesimal automorphisms Y of F,
ie, [Y,Z] e TF forall Z € TF. For any Y € V(F), we define the bundle map
Ay :T(A"Q*) = T'(A"Q*) [12] by

(2.6) Ayw = Lyw — Vyw.

Then Ay preserves the basic forms and depends only on 7(Y). Moreover,
for any vector field Y € V(F), if we define Ay : T'Q — I'Q by w(Ays) =
—(Ayw)(s) for any s € I'Q and w € I'Q*, then Ays = Lys — Vys. Since
Lys = n[Y,Ys] for Yy = o(s) € TF*+ [12],

(2.7) Ays=—-Vy,n(Y).
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Let {E,}(a = 1,...,q) be a local orthonormal basic frame of @) and 0% a
go-dual 1-form to E,. We define V.V, : QL (F) = Q(F) by

(2.8) ViVe ==Y Vi.p + Ve,

where V%{,Y =VxVy— VVJ\le for any X,Y € TM and VM is the Levi-Civita
connection with respect to g. The operator Vi, Vi, is positive definite and
formally self adjoint on Q7 (F) [9]. Then the generalized Weitzenbéck type
formula on Q5 (F) is given by [9]

(2.9) Apw =V, Vyw + F(w) + AKan

for any w € Qp(F), where F' = 377, 0% A i(Ey)RP(Ey, E,). For any basic-
harmonic form w € Q% (F), i.e., Apw = 0, we have [9] that

1
(2.10) 75A3|w|2 = |Vtrw|2 + (AHqu,w> + (F(w),w).

3. Generalized maximum principle

Let (M,g,F) be a complete foliated Riemannian manifold, i.e., manifold
with a Riemannian foliation F and a complete bundle-like metric g with respect
to F. Now, we consider a smooth function p on R satisfying

H0<pu)<lonR, (ii) ut)=1 fort<1, (iii) ut)=0 fort>2.

Let xy be a point in M. For each point y € M, we denote by p(y) the distance
between leaves through xg and y. For any real number [ > 0, we define a
Lipschitz continuous function w; on M by

wi(y) = p(p(y)/1).

Trivially, w; is a basic function. Let B(l) = {y € M |p(y) < I}. Then w;
satisfies the following properties:

0<w(y) <1 for any y € M

supp w; C B(21)

wi(y) =1 for any y € B(l)
liml_mo wp = 1
|dw| < & almost everywhere on M,

where C' is a positive constant independent of I [22]. Hence wj) has compact
support for any basic form ¢ € Q% (F) and w;ip — 9 (strongly) when | — oo.

Note that for any basic function f, AMf = Apf [13]. Hence we have the
following theorems.

Theorem 3.1. Let (M, g, F) be a complete foliated Riemannian manifold. If
a basic function f is basic-subharmonic, i.e., Apf <0, with fM |df| < oo, then
f is basic-harmonic.

Proof. This follows from the result in [21, p. 660]. O
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Theorem 3.2. Let (M,g,F) be a complete foliated Riemannian manifold.
If a nonnegative basic function f is basic-subharmonic, i.e., Apf < 0, with
Jos P <00 (p>1), then f is constant.

Proof. This follows from Theorem 3 in [21, p. 663]. O
Now we prove the generalized maximum principle.

Theorem 3.3. Let (M,g,F) be a complete foliated Riemannian manifold
whose all leaves are compact. Assume that kp is bounded and coclosed. Then a
nonnegative basic function f such that (AB—HﬂB)f < 0 with [,, f? < oo (p>1)
18 constant.

Proof. Let v = fP/2. By a direct calculation, we have

(1) u(an - whu=Lr(ap - sh)s - P2 ey
By the assumption, we have

(3.2) w(Ap — kh)u < J%QWBUF.

On the other hand, we have

(3.3) / (wWiu, Apu) = 2/ (widpu, udpwy) —|—/ lwidpul?.
B(2D) B(2D) B(21)

So, from (3.2) and (3.3), we have that
(3.4)
2(p—1
M/ lwidpul? < —2/ (widpu, udpwy) Jr/ <w?u,nﬁB(u)>.
p B(2l) B(21) B(2l)

From (3.4) and the Schwarz’s inequality, we have that for any real number
€ >0,

-1
p— |wldBu|2
p B(21)
1
< / {widpu, udpw)| + 5/ (w?u,fﬁﬁB(u»
B(21) B(21)
€ 1
S I

1
—/ |wldBu|2+ / |UdBwl|2+_/ <wl2UaHﬁB(u)>
2 /B 2¢ Jp(ay 2 /By
€

C? 1
<= lwidpul® + —= u? + = / (wPu, K4 (u)).
2 /B(Zl) 2¢l? ) p(an 2 Jpany +

Hence we have

p—1 € 9 C? 5 1 / 9 ﬁ
3.5 ———)/ widpul® < — u” 4+ = Wi, ke(u)).
( ) ( p 2 B(2l)| | 2¢l? B(21) 2 B(2l)< : B( )>
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On the other hand, since (wiu, £%(u)) = {r%5(WPu?) — 2(dwi, (Wu?)kp)}, we
have that from the assumptions of kg, i.e., |kp| < 0o and dpkp = 0,

/ |(wPu, wh (w)] < / deo| (w1 5]
B(21) B(21)

< gmax(|f-@,g;|)/ wyu?.
l B(21)

Since [y, u* = [;, f? < oo, if we let | — oo, then

(3.6) / (wiu, nﬂB(u)> — 0.
B(2D)
From (3.5) and (3.6), if we let | — oo, then
p—1 ¢ 2
3.7 —_ == d <0.
(37) (=5 [ sl <

If we choose 0 < € < @, then from (3.7),

/ dpul? = 0.
M

Hence dpu = 0 and so dgf =0, i.e., f is constant. O

Remark. On a compact foliated Riemannian manifold, Theorem 3.3 was proved
in [11].

4. The proof of Theorem A

Let (M,g,F) and (M',¢', F') be two Riemannian manifolds with foliations
F and F', respectively. Let V and V' be the transverse Levi-Civita connections
on @ and @', respectively. Let ¢ : (M, g, F) — (M’, g', F') be a smooth foliated
map, i.e., ¢ is a smooth leaf-preserving map. Equivalently, dgp(TF) C TF'. We
define dr¢ : Q — Q' by

(4.1) dr¢ =1’ odpoo.

Then dr¢ is a section in Q* ® ¢~ 1Q’, where ¢~ '@’ is the pull-back bundle on
M. Let V? and V be the connections on ¢~'Q’ and Q* ® ¢~ 1Q’, respectively.
The transversal tension field of ¢ is defined by

q
(4.2) (¢) = trqVdré = Y (Ve,dré)(Ea),

a=1
where {E,}(a = 1,...,q) is a local orthonormal basic frame on Q. Trivially,

the transversal tension field 7,(¢) is a section of ¢~1Q’. A foliated map ¢ :
(M,g,F)—= (M',¢',F’) is said to be transversally harmonic if the transversal
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tension field vanishes, i.e., 7,(¢) = 0 [7]. And the transversal energy of ¢ on a
compact domain ) is defined by

(4.3) Ep(¢;9) = %/Q|dT¢|2,u]Ma

where |dré|> = Y, 9o/ (drd(E,), drd(E,)) € Q%(F) [6]. Then we have the
first variational formula [7]

d
(1.4 BB (05 o = = [ (Virs(o) = droti .

where V = %hzo is the normal variation vector field with a foliated variation
{#+} of ¢. Hence if F is minimal, then the transversal harmonic map is a
critical point of the transversal energy Ep(¢; Q) of ¢ supported in a compact
domain Q. Let Q5(E) = Q4(F) ® E, where E = ¢~'Q’. Then we define
dy : Qp(E) — Q5 (E) by

(4.5) dy(w®s) =dpw @ s+ (—=1)"w A Vis

for any w € Qp(F) and s € I'E. Let dy be the formal adjoint of dy on Q3 ,(E),
the space of the compact supports. We define the Laplacian A on Q% (E) by

(46) A =dvdv + ovdy.

The operator Ay is extended to Q5 (E) [7]. That is, for any w ® s € QL (E),
Ay (w®s) = Ayw®s. Then we have the generalized Weitzenbock type formula.

Theorem 4.1 ([7]). Let ¢ : (M,g,F) — (M', ¢, F') be a smooth foliated map.
Then

SABldr6 = (Adro,drd) — [Vudrof? — (As dré, drd) — (F(drd), dr),

where

(F(dr¢), drd) = > g (drd(Ric®(E,)), dr(E.))

(4.7) —> " 90/ (R (dr¢(Ea), drd(Ey))dr d(Ep), drd(E)).
a,b
Note that for a smooth foliated map ¢ : (M, g, F) — (M’',¢', F') [7],
(4.8) dydré =0, Ogdr = —7(9) +i(k)dre.

Hence we have the following corollary.

Corollary 4.2 ([7]). Let ¢ : (M,g,F) — (M',¢',F') be a transversally har-
monic map. Then

(9 S(Bn - w)ldrol = ~[Vudrol? — (F(dr). drg).



770 M. J. JUNG AND S. D. JUNG

The proof of Theorem A. Note that %AB|dT¢|2 = |drp|Agldro| — |dg|drd||*.
From Corollary 4.2, we have

ldrl(Ap — rp)ldrel = |dsldré|* — [Vudré|* — (F(dré), dré).
Since |Virdr¢| > |dp|drd|| (Kato’s inequality [3]), we have

|drd|(Ap — k) |drg| < —(F(dre), drd).

By the assumptions of the curvatures, (F(dr¢),dr$) > 0, which means (Apg —
nﬁB)|dT¢| < 0. Hence, by Theorem 3.3, |dr¢| is constant. Since Vol(M) is
infinite and Ep(¢) < oo, we have dr¢ = 0. Hence ¢ is transversally constant.

[l

5. The proof of Theorem B

Let ¢ : (M, g, F) = (M’,g', F') be a smooth foliated map. The transversal
bitension field (12)p(¢) of ¢ is defined by

(5.1) (72)6(0) = J5 (1(9)),

where the generalized Jacobi operator J¢T 107 'Q = ¢~ Q' along ¢ is defined
by

(5.2) I3 (s) = (VR (Vi)s = V%, s — rqRY (s, dr)drd
for any s € ¢~ 1(Q’) [10].

Definition 5.1 ([4]). Let ¢ : (M,g,F) — (M’,¢',F’) be a smooth foliated
map. Then ¢ is said to be transversally biharmonic if the transversal bitension
field vanishes, i.e., (72)p(¢) = 0.

Trivially, ¢ is a transversally biharmonic map if and only if the transversal
tension field 75(¢) is a generalized Jacobi field along ¢.

The proof of Theorem B. Note that for any s € ¢~ 1Q’, we have

(53) SABlS? = (VE) (Vh)s.) — Vsl

Since ¢ : M — M’ is transversally biharmonic, from (5.1) and (5.2),

(54) (VR (VEI(6) = Vi n(6) — 1R (1(0), dro)dré = 0.

From (5.3) and (5.4), we have

(55) (85— wh)m (@) = (xR (1(0), dro)drs, (@) ~ IVEm ()1
Since %ABf2 = fApf—|dgf|? for any basic function f, Eq. (5.5) implies that

1 (0)[(Ap — &%) | (9)] = (trqRY (1(0), dr)dr o, (0))
+ |dg|m(0)]]> — [V (4)[*.
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By assumption of the transversal sectional curvature of 7', i.e., K Q" <0 and
the Kato’s inequality [3], we have

(5.6) (Ap = r)In(@)] < 0.

Since [, |7(¢)[* < 0o, by Theorem 3.3, |73(¢)| is constant. Hence Vol(M) = oo
implies that 7,(¢) = 0, i.e., ¢ is transversally harmonic. This complete the
proof of (1). For the proof of (2), it is trivial from Theorem A and Theorem B
(1). O
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