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ABSTRACT. In this article the Srivastava-Owa-Ruscheweyh fractional derivative operator
L3 y is applied for defining and studying some new subclasses of analytic functions in the
unit disk E. Inclusion results, radius problem and other results related to Bernardi integral
operator are also discussed. Some applications related to conic domains are given.

1. Introduction

Let A denote the class of all normalized functions of the form
(1.1) f(z):z—i—Zajzj, z € E,
=2

which are analytic in the open unit disk E = {z : |z| < 1}.

Let 8, C, 8%, C(8) and 8* () denote the subclasses of A consisting of functions
that are univalent, convex, starlike, convex of order 8 and starlike of order 8 in F
respectively, see [10]. For the functions

f(Z):Z+Za/jZ'j and g(z):z+ijzj7zeE,
j=2

* Corresponding Author.

Received January 5, 2016; revised September 4, 2016; accepted December 6, 2016.

2010 Mathematics Subject Classification: 30C10, 30C45 .

Key words and phrases: analytic functions, convolution, subordination, Srivastava-Owa-
Ruscheweyh fractional derivative operator, multiplier linear fractional differential operator,
gamma function, incomplete beta function.

109



110 K. I. Noor, R. Murtaza and J. Sokét

the convolution (Hadamard product) is defined as
(1.2) (fxg)( —z—i-Za]sz* (gx f)(2), z€ E.

Let f and g be analytic functions in E. Then f is said to be subordinate to
g written as f < g and f(z) < g(z2), z € E, if there exits a Schwarz function w
analytic in E, with w (0) = 0 and |w(z)| < 1 for z € E, such thatf(z) = g (w(2)),
z€eE.

Recently, the theory of fractional calculus has found interesting applications in
the theory of analytic functions. The classical definitions of fractional operators and
their generalizations have fruitfully been applied in obtaining, for example, the char-
acterization properties, coefficient estimates, distortion inequalities and convolution
structures for various subclasses of analytic functions.

The fractional derivative of order «, 0 < v < 1 is defined in [23] as follows

apy_ Lo d [T f@)

where the function f(z) is analytic in a simply connected domain in the complex
plane containing the origin and the multiplicity of (z —¢)™¢ is removed by requiring
log(z —t) € R, whenever (z —t) > 0. The gamma function I' is defined as

o]
= /e*‘”xzfldx, Rez > 0.
0
Note that

DIf(z) = f(2).

Owa and Srivastava [24, 30] introduced the operator Q* : A — A as follows

Q0 f(z) = F(2— @)z DI f(2), 0 <a <1,
(1.4) - Z 1J;j+j—a)a)aﬂjvz€E,

=2

= ¢(272 - a,z) f(Z),

where the incomplete beta function ¢(a, ¢; z) is defined as follows

oL@+l
¢<“’C’Z)_;r(c+g‘)r(a)z’

where a, ¢ are complex numbers different from 0, —1, —2,.... It can be seen that

Q%f(2) = f(2).
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Mishra and Gochhayat [19] have studied some properties of the operator Q¢
and introduced new subclass of k-uniformly convex functions. In a recent paper
Ibrahim and Darus [12] introduced the fractional differential subordination based
on the operator Q. Srivastava and Mishra [29] studied the applications of fractional
calculus to the parabolic starlike and uniformly convex functions using the operator
Qe

Al-Oboudi [1, 2] defined the linear multiplier fractional differential operator of
order 1 as follows

$f() = (1=NQ%f(2) + Az (Qf(2))

F14)r(2-a)
’H; T(1+j-a)
d(2,2 —a;2) x g\ (2) * f(2), z € E,

where 0 < A <1,0<a<1and

(1.5) (14+AG - 1)a; =,

_ _ 2
il Gl A PR Y

(16) ) = 0%

Obviously
D5 f(2) = Q%[ (2),
where Q% was defined by (1.4) and

Dof(z) = Qf(2) = f(2).

Bulut [5, 6, 7, 8] used the Al-Oboudi fractional differential operator of order
n to define some new integral operators and obtain interesting results. Recently,
Noor et al [22] used fractional derivative to define some new subclasses of analytic
functions in the conic regions. Now for a > 0, let

z

(12

Lleti—1 ;
z+jz:; T G) 2, zeb.

ko(2) =

Ozkan [25] defined the convolution of f given by (1.1) and k,(z) such that

(ko 1)) =24 3 Tpd =yl €

Now extending the concept of [4] and [25, 30], we define the Srivastava-Owa-
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Ruscheweyh £\ : A — A as follows

LinI() = o+ D)

_ Z+Zf(a+j—1)F(2—a)F(j:+1)

M1 —ar@ry) AT Dia

=2

= ST x P(2,2 —a;z) xga(z) x f(2), z € E,

which is called the Srivastava-Owa-Ruscheweyh fractional derivative operator.
It can easily be seen that

(i) Fora =0, A =0.
Lo of(2) = (ko * f)(2),
see [25].
(ii) Fora=n+1>0, a=0, A=0.

L%H,of(z) = W * f(2),

see [28].
(iii) Fora=n+1>0, a=0.

z

L?ﬁ-l,of(z) = W * @gf(z),

see [26].
From the definition of £ ,, we can establish the following identity as well
(1.7) (a = 1)(Laxf(2)) + (L35 f(2)) = a(La 12 f(2)).

We assume that h is analytic, convex, univalent in F with h(0) = 1 and e h(z) > 0,
z € E. Using the operator £ ,, we define the following

Definition 1.1. Let P ) (h, ) be the class of functions f € A satisfying

2(Lgaf(2)) +02%(£5 1 f(2))"
(1= 0)(LE\f(2) +02(£5 3 f(2))

fora>0,0<6<1,0<)A<1,0<a<1landforall z€ FE.

< h(z2),

We note that the class P ; (h,6) = Pq (h, ), was studied by Ozkan in [25] and
the class P9  (h,0) = 8, (), was studied by Padmanabhan and Parvatham in [26].
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Obviously, for the special choices of function h and parameters «, a, A\, we have the

following relationship.
" 1+=2 1+2
8 ; :Pg,O <1—Z7O) = ?(1),0 (1_23 1> = G;

1+2
0
:])170(1_2:,0)

(PS.),O (1_‘_(1_25)2’0> = 8*(6)7 O§ﬁ<1,

1—-2
7o (202 0) = ot (P25 0) —eqo),

Definition 1.2. Let T¢ ) (h,7) denote the subclass of A consisting of the functions
f which satisfies the following condition

(1=l e sy < no),

forsomea >0,0<A<1, 0<a<1,0<~v<1and for all z € E. Note that
Tg,o(ha’y) :Ta(ha’y)v
see [25].

Definition 1.3. Let M{ , (h,7) be the class of functions f € A which satisfies the
following condition

(Larf(2) +72(L55f(2)" < h(2),

forsomea >0,0<A<1,0<a<1,0<y<1andforall ze€FE.

2. Preliminaries

To prove our main results, we need the following Lemmas.

Lemma 2.1.([18]) Let h be analytic, univalent, conver in E, with h(0) = 1 and
Re[B1h(2)+71] > 0, B1,71 € C, z € E. If p is analytic in E, with p(0) = h(0), then

2p'(2)

Bip(s) + M)

p(z) +
implies

p(2) < h(2).

Lemma 2.2.([11]) Let h be analytic, univalent, convex in E, with h(0) = 1. Let p
be analytic in E, with p(0) = h(0). If v2 # 0, Reyz > 0 and

/
p(z)+ZpV(Z) < h(z), 2#0, z€ E,
2
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then
p(z) < q(2) < h(z),
where

g(z) = 22 / " pe-lhat.

272 0
Lemma 2.3.([9]) If ¢ € €, g € 8 and F is analytic function with Re(F(z)) > 0

for z € E, then
W*Fo()\ .
me((1/}*g)(2))>07 €F.

Lemma 2.4.([21]) Let p(z) and q(z) be analytic in E, with p(0) = ¢(0) = 1 and
Re(q(z)) > 5 for |z| < p, (0 < p < 1). Then the image of E, = {z : |z| < p} under
p * q is a subset of closed convex hull of p(E).

3. Main Results

In this section, we will prove our main results.

Theorem 3.1. Assume thata>1,0<6<1,0<)A<1,0<a<1 and

(3.1) % {1 =0)(LE1f(2) +02(L5\f(2))"} #0 =z € E.

Then
Paria(h,0) C Py s (h,0), forall z € E.

Proof. We suppose that f € Pg,, y(h,d) and let
2(Lg 5 f(2) + 522(L37Af(z))”
(1 =0)(Lg \f(2)) +02(Lg  f(2)

Then by (3.1) the function p(z) is analytic in E, with p(0) = 1. From (1.7) and
(3.2), we obtain

(3.2) p(z) =

L) el ) 50T
B3 POt e 1) T (= 0alee, A f () T 0az(£8y )

Since f € Pg,; y(h,0), therefore by using (3.2), we have

2p'(2)
p(2) +(a—1)
Thus it follows from the Lemma 2.1 that

p(z) + < h(z) in E.

p(z) < h(z) fora>1in E.
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Hence f € Pg \(h,6) for a > 1. O
As special cases of Theorem 3.1, we have the following results.

Corollary 3.2.([25]) If (3.1) is satisfied for o =0 and X\ = 0, then P, 4(h,d) C
:Pg 0(h7 5)

Corollary 3.3. If (3.1) is satisfied for 6 =0, a =0, A=0,a =1 and h(z) = if;,
P, (1+Z 0) c P, (}j;,o) . Thatis CC 8, z € E.

1—-2z7

Theorem 3.4. Assume that
1
(3.4) {0 - LR + 0L F2))} Z€ B
If f € Pg\(h,0) for a > 1, then F, € Pg \(h,d), where F, is defined as

1+
z()

(3.5) Fe(z) =

/ tLf(t)dt, ¢ > —1, z € E.
0
Proof. Suppose that f € Pg \(h,d) and let

2(L£g 2 Fe(2)) +022(£5 1 Fe(2))”

(3.6) PUE) = 8y (@ Fu)) 02060, Fol2))

Then by (3.4) the function p(z) is analytic in F, with p(0) = 1. From (3.3), we can
write

2(Fe(2)) + cFe(z) = (1 4 ¢) f(2).
This means that
3.7) ALEAFe(2)) + (LG aFel2)) = (1+0)(L8 5 f(2)).
From (3.4) and (3.5), we have

p(z) _ 2LENS(2) +022(L5,f(2)"
p(z) e (1=0)(L5,f(2) +02(Lg \f(2))”

Since f € P§ y(h,d), therefore from (3.6), it follows that

(3.8) p(2) +

p(z) + p?f;(j—)c < h(z)in E.

This implies by using Lemma 2.1 with $; = 1 and 7 = ¢ that p(z) < h(z) in E.
Thus F. € P \(h,0) in E. O
Taking a = 1, a = 0, A = 0, h(z) = 12, z € E in Theorem 3.4, we deduce

Theorem 1 and Theorem 2 of Bernardi [3] with 6 = 0 and ¢ = 1 respectively.
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Theorem 3.5. Fora>0,0<~v<1,0< <1, 0<a<1, we have
Taria(hy) CTgA(h, 7).
Proof. Suppose that f € T¢,, (h,7) and let

(3.9) o) = (1= EESE)

V(LaAf(2)s

where p(z) is analytic in E, with p(0) = 1. Taking § = 1 in (1.7), we obtain
(3.10) HLEAF(E)) = alL21 2 F(2)) — (0 — (L2 AF(2).
Differentiating (3.8) and using (3.7), we have

(3.11) p(z) + =

zp'(2) (1 _ww +7(Lg+1))\f(z))'.

Now by applying Lemma 2.2 and from (3.9), we can write p < h in E. Thus
feTEA(h,y) in E. O

Theorem 3.6. If f € T\ (h,7), then F. € T \(h,7), where F. is defined by (3.3).
Proof. We assume that f € Ty ,(h,7). Let
(LaaFe(2)

z

(3.12) p(z) =(1=7) +(LoaFe(2))
where p(z) is analytic in F, with p(0) = 1. From (3.8) and (3.10), we obtain

(3.13) o)+ 2 _ g ) KT

+(LEN ()"

Using Lemma 2.2 with (3.11), we have p < h in E and hence F,. € T¢ \(h,v). O
For a = 0, A = 0, we have the following result, see [25].

Corollary 3.7. If f € T9 (h,~) = Ta(h,7), then F. € Ta(h, ), where F, is defined
by (3.3).

Theorem 3.8. Fora>0,0<~v<1,0<\A<1, 0<a<1, we have

Ma 1A (hy) CMG A (R, 7).

Proof. Let f € Mg, ,(h,7) and

(3.14) p(z) = (LoAf(2) +v2(L5 5 f(2))",

where p(z) is analytic in F, with p(0) = 1.
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Differentiating (3.8) and using (3.12), we obtain

(3.15) p(2) + T2 = (L8 a f(2)) 2L ()"
Since f € Mg, ,(h,7), therefore

(Larinf(2)) +72(£5 10 f(2)" < h(2) for all z € E.
By using (3.13), it follows that

2/ (2)

p(z) + < h(z) in E.

Now by using Lemma 2.2, we obtain p < h in F and hence f € WE;“,A(h7 v).
Corollary 3.9.([25]) For a =0, A = 0, we have

M2+170(ha’7) C Mg,o(hﬁ)-
Theorem 3.10.

(i) feMg \(hy) & 2f € Tg\(h,7),
(ii) Mg,x(hﬁ) - (Icoté,/\(hv’y)‘

Proof. (i) Let f € Mg ,(h,7). Now using the fact
z(L;‘“’,\f(z))’ = ( g,A(Zf/(Z))J

we can write

(316) (1 — fy)w

Since f € Mg ,(h,7), therefore
(Laxf(2) +72(L¢25f(2))" < h(2) in E.
From (3.14), it follows that

(1= +7(£eA(2f'(2)) in E.

Hence zf" € Tg \(h, 7).
(ii) Let f € Mg \(h,7) and let
Loy f(z
(3.17) p(z) =(1 —v)w +(Laf(2)s

+ (LA Ef(2)) = (Lo f(2) +72((£5 5 f(2)".

117



118 K. I. Noor, R. Murtaza and J. Sokét

where p(z) is analytic in E, with p(0) = 1. From (3.15), we obtain

p(2) +2p'(2) = (Laaf(2) +72(Lg 1 f(2))".
Thus from Lemma 2.2, we have p < h in E. Hence f € T\ (h,7). O
For @ = 0, A =0, we have some well known results due to [25].
Corollary 3.11.
(i) feMGo(h,7) & 2f €T3 0(h,7),

(ii) Mg o(h, ) € T3 0(h, 7).

Theorem 3.12. Fory>n>0,0< A <1, 0< a< 1, we have
(1) Tga(h,y) C TgA(hsm),
(i) Mg 5 (h,v) C M \(h,n).

Proof. (i). The case n = 0 is trivial. Suppose that 7 > 0. Let f € T \(h,~) and let
z1 be any arbitrary point in E. Then

Lgi)\f(zl)

Z1

(1—=9) +7(Laaf(21)) € h(E).

Since (L:lﬂ € h(E), we can write the following equality

Lo z
sig) - E e ey
= - RSO ) ETO) e ]

Now as 1 <1 and h(E) is convex. Therefore from (3.16), it follows that

(Lanf(2)

(1—n) +n(Laaf(2))" € h(E).

Thus f € Tg ,(h,n).
The proof of part (ii) is similar to (i). O

Theorem 3.13. IfV € € and f € Py \(h,0), then W« f € P§ (h,6), for a > 1.
Proof. Let W € C, G(2) = (1 — §)(Lg ,f(2)) +02(L5,f(2))" € §*(h) C 8 and
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p(z) = zg(g). Consider

z [(1 o {weega )} +o{s (us Lfi,xf(Z))/}/]
(1-9) {\Il * Lg‘Af(z)} + 0z {\Il * Lgy)\f(z)}/
¥ [0 = sl + 0 {(etega o} |

o [(1=8)£3 /() + 0263,/ ()Y |
U % zG'(2)
U * G(z)
(¥ +pG)(2)
T=G)(2)

(3.19) =

where p(z) = ZgES) =< h(z) in E. We now apply Lemma 2.3 and using (3.17), we

have U x f € P\ (h,d). O

Note that the above result also holds for the classes Ty , (h,v) and Mg , (h, 7).
Theorem 3.14. For § > 0,0< A <1,0<a< 1, we have
an(h;0) C PG (R, 0).

Proof. The case § = 0 is trivial, so we suppose that § > 0. Assume that f €
Pa A(h,6) and let

N(z) = (1-9) (Lg,\f(z)) + 5Z(Lg,>\f(z))/-

Then
ZN'(2) 2(Lg\f(2)) +022(L5 5 f(2))"

NG (1-0) (£3,0() + 02065, ()

This means that Zﬁ;S) < h(z) in E. That is N € 8*(h). Let

N
(3.20) p(z) = 7(53,/\]”(2)) ,
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where p(z) is analytic in E, with p(0) = 1. Now
ZN'(2) 2(Lgaf(2)) +02°(£5 1 f(2)"

NG (T-0)L5,f(2) + 02(L5, f(2))
2L f(2) + 62{(2(L2, f(2))} — 62(L2, f(2))
(1— 0L, f(= ) : 02(L2 \ f(2))

(L2, F(2) (L2, F(2))
(1= 0) =z 70 + 65t Z5 1)

BCFNIOMN
(1-6) + 0z

Therefore using (3.18), we obtain

aN'(z)  _ (L=0)p(z) +0(p*(2) + 2 (2))
N(2) (1 —6)+ dp(2)
— o)+ zp'(2)

p(z) +(1/6 1)

Since N((z) < h(z) in E. This implies that

2p/(2) .
2)+ ————"——<h(z)in E.
PO e s
Now by using Lemma 2.2, we have p(z) < h(z) in E. Thus f € Pg(h,0). O

4. Applications

For different choices of analytic function i, we have some applications of the
main results. For k € [0,00), Kanas [13, 14, 15] defined the conic domain Qj, as
follows

Qk:{u+iv:u>k (u—1)2+v2}.

For k£ = 0, this domain represents the whole right half plane. Also we obtain the
right branch of hyperbola for 0 < k < 1, the parabola for kK = 1 and the ellipse for
k > 1. The following functions py(z) are univalent with py (0) = 1, p}, (0) > 0 and
plays the role of extremal functions mapping E onto the conic domains €2,

e, k=0

1+ [log (H—%)} , k=1
pr(z) =

1+ 125 sinh® (2 cos™!) tanh ™' /2 0<k<l

1+,€flsin{2;(t)f0ﬁ mdx}—i—k;l, k> 1.
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Here u(z) = lz__‘/fz,t € (0,1), z € E and z is chosen such that k = cosh (T;&?) ,

R (t) is Legender’s elliptic integral of the first kind and R’ (t) is the complementary
integral of R(t). For details, we refer to [13], [14], [15] and [20]. In [16] some linear
operators associated with k-uniformly convex functions were considered. Now by
choosing h(z) = px(z) in Theorem 3.14, we can easily prove the following

Corollary 4.1. For § >0, 0< A <1, 0<a< 1, we have

Pax(r,0) C Pgx(ar,0),

= [ (o [ 2070} o]

Some of the special cases are given as follows.

where
—1

(i) Let k= 0. Then f € P2, (}jg,a) = fePe, ( L 0) . That is

1—27

2(LaxfE) 1.
Re (W) > 5 in F.

(ii) For k =1, we have

o ((sz [mg(iféﬂz,a» C P2 (01,0)

e <2(52‘,Af(2))’> .

and
£\ f(2) 2

(iii) Let k> 1 and f € Pg \(p,0) = f € Py ( . That is

(z—k)log(1-%)’ 0)

(L5, () |
e ( ENIE) ) Tk Dlog (1 1)

(iv) For the case k = 2, we note that P ,(p2,d) C P§ y(g2,0). This gives us

L2/ (2))" e
Re <W> > q2 (_1) = @ ~ (0.813.
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Now we prove a radius result for the class Mg , (h, o).

Theorem 4.2. Let f € Mg ,(h,0). Then f € Mg ,(h,0), for |z| <rs, where

(4.1) re = (1+ 02)% —o.

Proof. Let
p(z) = (£5f(2))
where p(z) is analytic in F, with p(0) = 1. Then

(4.2) P () + oz (z) = (Laaf(2)" * 9o(2),

(1-2)7 E
implies that 9”7(2) < hs(z) and Re (ho(z)) > % in |z| < r,. Now by using Lemma
2.4 and from (4.2), we obtain

_ (o) 2@\ o 1 :
where ¢,(z) = Z—3%—. It is known [17] that 9%( ) > 5 in |z| < r,. This

p'(2) + 02" (2) < ha(2) x h(2) < h(z) in |z]| < 7,.
It follows that
P'(2) + o2p"(2) = (L5 2 f(2) + 02(£5 5\ f(2))" < h(z2) in [2] <o

Thus f € M7 \(h,0) in [2| <r,, where r, is given by (4.1). O
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