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Design Considerations on Large-scale Parallel Finite Element
Code in Shared Memory Architecture with Multi-Core CPU

Jeong—Rae Cho' and Keunhee Cho'’

IStructural Engineering Research Institute, Korea Institute of Civil Engineering and Building Technology, Goyang, 10223, Korea

Abstract

The computing environment has changed rapidly to enable large-scale finite element models to be analyzed at the PC or
workstation level, such as multi-core CPU, optimal math kernel library implementing BLAS and LAPACK, and popularization of
direct sparse solvers. In this paper, the design considerations on a parallel finite element code for shared memory based multi-core
CPU system are proposed; (1) the use of optimized numerical libraries, (2) the use of latest direct sparse solvers, (3) parallelism
using OpenMP for computing element stiffness matrices, and (4) assembly techniques using triplets, which is a type of sparse matrix
storage. In addition, the parallelization effect is examined on the time-consuming works through a large scale finite element model.
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FeE ZRIYE (1) 84 I DAY 35 W

A, (2) A =3} A sk WEfe] A, (3) 49 B4
e afrAl 2AIE Sl elel ARCAA A 5. (D)

I
Artd el g ol&d $A2 (3 At §8 ALt §) o=

TAHE}, (3)ol slFets Az =0 Fele] A4 (linear
system of equations) |V} Az = Az T Az =\ Mr FE9|
5] A (eigenvalue problems) & dlAsl=t] 71 B
Alzb wee7h Zesith webd "HEdo]l CPUE Zie

AAQ ZFE F4E W HAstd Fx|gelBe] B
A2 gx SwE A4 et stk (2)F oAE AR
Beled V)& P PE2A 52 1el@ A A g
829 RS Ve ARG F 92 Pl 4 9E 329
sl A5 HAste] Frksle FHE FAET o9
2o wpe gees xR Ao EdvEs ) Zv}
A7)E 744 2 9910 "rh(Cho, 2009).
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Welso] CPUS 2 84 Wwe 729 oifw 38 §
A4S, (2) H4 A4 3% £ AHE, (3) OpenMPE o83
W 8k 74 P99 AN, (4) 929E A9 9FA
triplet& o8 oJWE /1Y 5L AN lF (1)
(2% AP eoluelele NuFoms Drisaml, (3)3
() W fas =so] A wHod wr} mse B
=2 URe AR PRS AN, B2 UTE FRek
vHg F) Be ARM] 25 RIS JlEe W

FAEN 2 B 7AFE stedole] W F Py & Wk
A4 WMz s e CPUS HElZY] CPUY S7goltt.
2%7] 2394 CPUE CPUQ E&&5=9 wolv e
FAEETL 2 Aozt fldint. o] F Y]se] T wel CPU9
AL vl R Hs| e oz wepg on CPUS
v Ree] &&= atoldd o= AFAstE F57] S8 CPU
Well 74 dmixelel Eele ngo) Wrels F2siA "ot
Ho} 2ol shuke] CPUWel o2 7§e] 9] (core) 7} 2741
3= CPU7ZF S48t 9t} Fig. 12 #2< Intel CPUZ
UEh AL glem, Fig. 2 BlwA] Agde vl 7443

o

UE 2719 CPUE AAg Aol +325 Yehd
Ao|th. Fig. 13 Fig. 29 Zo] oy Zo7t TYa 2§
R dA|ish= A 2AES Aoz WYy T2 gas 403

ez 2dlS Ff vRe] 72 WH3H(parallelism
for share memory architecture)2kal 3h drbd oz ¥4
zz el APIS! OpenMP7} AHEETHCho, 2009).

74 W= 7F g2 CPUY multi-core CPUS| d5<
FHuigk o] &) Wy feide A dsstd HH F3 o
B2 (math kernel library) & 25202 d-ggof g},
o]& glolHe|g]& WElZ) gE 7ke] 7] A4ke H9)d BLAS

(basic linear algebra subprogram), 2% &#H(dense

Intel Single Core CPU Intel Dual Core CPU

| cPU || epu cru |

| L2 Clache | | S;\ared L2 Caclhe |
[ |

| Memory | | Memaory |

Intel Quad Core CPU

| eeu || cru ||| cru| | cru
| Shared L2 Caclhe | | Shared L2 Caclhe
I
| Memory |

Fig. 1 Recent CPUs with memory hierarchy
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Xeon IXeon Xeon IXeon Xeon ] Xeon | | Xeon lXeon
4MB 4MB 4MB 4MB
Shared L2 Shared L2 Shared L2 Shared L2
Y A Y _ A Y A Y _ A
| FSB | | FSB_, |
A A

10.6GB/s

213GBis(read) 4 0.6 GBistwrite)

Fully Buffered DRAM

Fig. 2 SMP machine(2 Xeon: total 8 processors)

10.6GB/s

i}

matrix) ol e AP 172 EA9 s £ T AUe
k= Fael LAPACK(Linear Algebra PACKage) %
= A ghelBH e Qe ~E A4 vl HE 50
CPU9| B5& St 4= 3= CPU AHellA 245k
glolHejg] & ofujdit}, thed dlEA HA FX|go|uy
2l& A Alo|t}.

Lo

- Intel MKL : Intel #|&. BLAS, LAPACK, PBLAS,
ScaLAPACK 5. #< F&3}
- AMD ACML : AMD Al¥. BLAS, LAPACK &. 7%

=g
O oL

- ATLAS @ & &2 FX|golBefe], 4% LAPACK
3 7N wjdoA QI2EA] HA 5}t 3

- GotoBlas2 : £& A2 Fx|go|HE g

- OpenBlas : GotoBlas& 33t 23 2QF &~

SRR

dx 7P &3] AbgEe HA FAgelEdE = Intel
MKL¥ OpenBlaselt}. ## Fxgle|Be2 5L 257 1N
Z2AME AH8shE A4 ¥ (sequential version)Zd
WE]50] CPU Solld o] 7|9 TRAAMS A}eats HE| ~
= ¥A (multi-threaded version) & #|F-ata it AlEA
Hxo] Aol Al WiRele] EAE ARSE] vl 1ieket
g Aitolg} sltlet= A7 It AR} ALt S50t wan,
HE Y= WAL F7HH S 2 OpenMPE 7|WHe 2 Y
Foje] Aes e "t B AolAE vuE Aol

= =
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Fig. 3 Finite element model of plate girder railway bridge and its stiffness matrix

s dsh] flaixle 28 AE e sadS aefst] AAF R
e Artete daelEs FHIg 54 S (sparse solver) &
ARgalof gt AE WA Ax =09 S Fobe AT WA
3]4x €4 (sparse solver for linear systems of equations)&=
Agde dugEd wet 24 34 &4 (direct sparse
solver) 9} ¥k 3|4 &4 (iterative sparse solver) 7} $A
FHIZ7MA ttE 84 Pdof g 24 9 wkE 34 S
el B2 A7 2@ e (Sadd, 20035 Davis, 2006),
PARDISO, MUMPS, CHOLMOD, UMPFACK % <&
FEAQ & EH AZESO 7|17 A 4 EWE
SAoZ A A gk 20000 Eof tiFEe] HE #3
84 Z2ado] 34 SHE EYsIon, MEAQ 27t
210l &4 (skyline solver)dl Hl3] 433] Aat&ert &
S ATHADINA, 2005: ABAQUS, 2007: ANSYS, 2007).
Lim 5(2016)& AWk-72& 524 a4 =31 KIESSI-
3Dell p-version 4 Fakaish 24 52 1<l PARDISOS
A g3she 59 NS B3l 71E vl 3.4~25.6u7k4] Ak
57t T Baska )

A3 84 & i YE T3l (factorization) S a8k
U o2 H 9 ¥E (right-hand side vector)dll 4§ 71&
sk, PH o] el (condition) 7F VT 2har T Alto] &g
He 59 e 7 v SRRt FRl(fill-in, Hzf 021
ol & Fall TFel 0] obd o= uiy= o] EAR
olaf wlme]r} Wol 28%e= Wo] Slth. Multifrontal,
supernodal methods ¢ ¥xelES AH&ste A4 g4
& = o] 2(graph theory)ll weh A4ke]s=o} Holg
FAagkel | Aated AEE 2 A7]9] B3 8 (dense
submatrices) < 23l BLASSH LAPACKS o3t 24

w2 S 7 4 dth(Davis, 2006). A% i EHe
Fig. 4%} 2o] A4 A4 &we} de] & Hasshe
4 @l (analysis phase)E X33l 3TAZ A€
o] ¥4 wl= A& W= & (band solver)H 27}0]
2Rl oA P o] AT ZRE (o] ofd o] #AHE
S A3kl E 5 (band-width minimi-
zation) A4 ¥M3 B 72 HoE FHAssh= 29 553
A gt wEpA FH4 AR g4 PE EHE A8 Ay
Hxe] A4 Mls Ee 2] sl gt 43} o] =2
83k},

e 84 EWE Jacobi, Gauss-Seidal, Symmetric
Successive Over-Relaxation(SSOR) 5 121 RHEH 3}
Krylov HEHS 283 &Mz 1 4 Qv faked
ANX = positive definite WA FEE $Igt Conjugate
Gradient Method(CG), ¥¥F #EE 943 Generalized
Minimum Residual Method(GMRES) & F% -85t
= o Krylov ¥HHo 248 Krylov ¥HF oA = BHE
35S Zol7] 93k APuFg 4o preconditionergt &
o] APHS Ft AIWHAE WFo R e T
Z=d, preconditioners mAZQ wER ZASAY
483k LU 283 22 (Incomplete LU) & AMHE3T)
(Saad, 2003). ¥t 34 & & 7T w F718A
Wze7t daglon, 53] ditte 3akd &= RddlA AH
54 EWETH WE A4l Thesith AN, Al e 2
Fd Jel7F Y2(ill-conditioned) EAINM FHE 3A
A WES]E Sofuvhe @dol SUTHADINA, 2005:
Benzi, et al., 1998; Benzi, et al., 2000; Cho, 2009).

ol#3t A1 (robustness) 2] ¥52o.2 2l B Mg f3t

d

Given Ax = y
1. Analysis phase
2. Factorization phase

3. Solution phase : LUx = Py

: Compute P from A’s sparsity for minimizing fill-in
: Compute LU = PA

Fig. 4 Solver phases of direct sparse solver
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wWelso] CPUS 21 B4 Wmel T2e) o ¥d F384 =0 gg 47 12 AP

g4 ZRIOYANE AY sla 8 HEER U 3o o weF uidY WPE B A o] WA 5&o] doid
EHE FHOE AFATHABAQUS, 2007). HHs 3l& &1 F= glovt ed 74 Pde] ¥Y AN e 738
I 2 HE HASE £ uf F8o] HolAE Aew T Ue Aol AUt
H3¥ 3 Yth(Benzi, 2002)

B AN AnAdo] 948t T SAME HA) 750 5. TripletS 0|88 0j&E 1A

e 9

U o] 7ieket St s 3 AA7L 7Fse A 84 £19

PARDISO £#E A&3t9th. PARDISOE University of 5.1 34 P38 A3 uk
BaselolA 71E3l 2™ | Intel MKLO| =% o] FE2 AR
Vst Aol S8k Aor deA] Qi) 3]4 4 &= CSR(compressed sparse row), CSC
(compressed sparse column), triplet(®:& COO,
4. OpenMPZ 0|23 B2 Q4 2IM 3Ha HAt Coordinate) 5 ZFHe 34 P2 AFTALS ARSI

Fig. b A& QdAz2 18 283 34 g4 A4S

B dFdMe T vRe 725 A3 8 zEad AAIZE Rolt}, C A2 & FHEE tE ue 05 A%
APISl OpenMPE ©]43le] BE 845 F3|5lo] 84 74 ez A &s7]E gt CSCe g2 7IFe& 0°] ofd
P2 Artele S WEstegith i 249 AlMIREe] gol| A o7 QP AS FoAg £ 7} do] AlztEs S
TS 75 0 22 24 2 gEe At A]le st Aol B wlE 4j(n+1)9 8 M55 Adshs Aol
2A=% (scheduling)©] B L3P o]+ W&} 242 -840 Ailnnz), 32 ARt A4 wWlg Az (nnz) 2 FAAECH
Z &S A Ao, ojif n o JHFolaL, nnze 0°] ohd e Tl

2 AToNE U 8& Bl tiE BEsE oA CSR2 #& 7IFor Jdgxs Fofste Wajez CSCs
O 7 sz he A2 A&t} o 5ol f3as AR Ai(m+1), Aj(nnz), Az(nnz) WE= A7shH
2 Yol 884 &ele gas 447 A 247t EAH ] e olul m-e 32 sheltt. Triplet 0°] obd <] 4, j
At 883 &= ea el uig ¥E FZ(parallel Qelzok T oz B (i, 4, )5 Ailnnz), Ajlnnz),
loop) & Ad¥ataL, o]F 444 4 a4 ¥ tigh ¥ F25 Ax(nnz) 9] W82 Fdsh= W4 olth(Davis, 2006)
Al WA oz AT sl gE Sue wE A AN T ANt 284S

o] WAL TAg P43t S A FEaie] Af an felir FEE ol gl ddxrt FEE CSC = CSR
A AE AN ARte]l sdsitte S Sl akd g2le Aggt) dF B9 Fig. 67 Zo| $EIo] dAY

1 2 3 4 s
1
] 1 * * —3 *
5 > 4 = integer Aj(n+l) = [1 4 5 7 10 11]
m -3 le * *'o integer Ai(nnz) = [1 2 4 2 2 3 1 3 4 3]
A 5b 4 real*s Ax(nnz) = [1 -1 -3 5 1 4 -3 6 7 4]
1 —35 E * '_.‘"' *
—  _

integer Ai(m+l)
integer AJj(nnz)

1
2
m (5 -/ 2] 4]
3 = % 4 5_ 4" real*8 Ax(nnz)
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|
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*
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Fig. 5 Sparse matrix storage format(fortran style 1-based index)
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e ERESS
1 2 3 4 5
1 1.]. o S Ai(5) = [1 3 7 1012
: —1J_q_1‘_ B g Aj(11) = [1 4 1|2 2|3 3 4 5 1 4]
I o= e F"-ﬁmi__ Ax(11) = [1 -3 -1 |2 3 |1 4 6 4 -3 7]
al-3% s e F T
The entry af (2,2) are duplicated.
12 3 4 5
l 1] % -F =
. E— Ai(5) = [1 3 6 6 11 ]
2 |le S 1& o AJ(I0) = [1 4|1 3 2|3 4 5 1 4)
3 0= = 4T F T4 Ax(10) = [1 -3 |-1 1 5|4 6 4 -3 7]
4 |—39 = P g _______———"___
The _c_olumn indices of 2™ row is unsorted
Fig. 6 CSC with duplicate entry and unsorted column indices
12 3 4 3
Aif11) = [1 2 3 HER!
1 1+ =+ 3 = Aj(11) = [1 1 3 4|4 ]
2| -1 5 1 = = Ax(11) = [1 -1 -3 4 702 01
3| = = 4} 4 e — -
413 = = T = The entries of (3,4) are duplicated. It is logically
summed up.
Fig. 7 Triplet with duplicate entries
A Wt AEHA e A5 AHEE S glok §h tripletS W (1) 78k wabx (Bathe, 1995)04 Wl EHu
(i, j, x) &= A7) Wizl A2 7ide] flom S53<= z7boleRel EH 55 AR W FE2 ALY Jﬂé oltt.
&83h=t 843 H o] wek(exchange)olt Y& 5ol AME- agEe] MeZoll 2vtogle] A71E5 Fol7] HsiA
"}, o & B9 Fig. 72 T8-S 2 triplets YER2 ng] A4 Wsel AHsE sk 54& 7L Sl 7 ‘?i
Atk FEFE 2t triplets CSCH CSR=E WSk A5 2= W (DI A Aol 24 W] HAHsts
THEo] Frtelo] MAEA Hrt FPste il oAdEd A4 FLo| dg) Afe MIE

5.2 TripletZ o|&% oA =4

%5\_}0/\ :“:0”7\1 QXN 3

Theat 2o A7kA A
(1) Model preprocessing TAA HH W5of
# A 3Hrenumbering) & FPstL CSC %= CSR
2] 00] obd o] AAE wlg AL & aa
FHS ol ES o 7 o] A5 A vl ke
el
Model preprocessing @ACIA CSC E= CSR
2] 00] obd o] AAE wg ALt F aa
FHS ol ES o 7 o] A5 A vl ke
WL AHE W3] HAshe ojlEE CSC == CSR
= o E 34 EH FEAA 73
FEL Tripleto] &3S 323t oAl rg.—a}m_
ol £ & CSCH CSR 2oz d& g
AHrE Wse] HAske olEd CSC &= CSR
= WdeR 34 &8 FFdA 3

63 Ao

KN
=

WJ

<)

2 fo

duE =

T

)

&

g4

der HAHsts Fiote Wlolth. CSC ®= CSRE
Abgsle 9 AP dd W HAslel wkel o] opd 3o
M7t WA et w3 A4 84 &nje 49 24
i (analysis phase)dlX A= WM5ol HA3S 2A4 2
o7 Fob, whE 3|4 SHXE Tk A |
A} "a‘ﬂﬂ% | AlQkEle] lck, whebd Wy (1) Boke W
(2)7} B f-&gt wholtt, Wb (3)2 model preprocessing
133 triplets ©]83ta CSC
Waoltt,

24 01 A‘ﬂ% 113

e

10

N
|
ol oot

rt
ol
fr o«

rE

|4

WO F triplets
H(2)¢ g7

FANE #

o

e
fo

ol

38

~—~

[‘}E

& HM30H HM25(2017.4) 131

L OX
=



=
=
td
e
do

ok

6. TX|0IH Zat

B A At
Fig. 83} %%2 =R

AEs] S8l
st A melo =
844 &Fl= 2 n,, n, M= £
slo] sjagct 7.:_‘01% 3000, 30, 3022 ”72?3}03
o} AL Table 10 A A% 2 vi4e] =7
7Ae 4744 el tigl] Faatdeh. 7P 2 s =
0 2HFES7F 20087091 it =

k=I5 ‘:H?fL 844 (No. of Elements), d84(No. of
Nodes), & AHr=4(No. of DOFs), 74% AHEE A<
a4 -’F(No. of Equations), 7@ dol4] 0o] opd e
7§5+(No. of Nonzeros) 5°] FAIE] stk M1& 3P E&
FE3Jo] gle CSCH CSRE A7e uf F a3t w2, M2+
B Aol A3 tripletS ©]88 AME WHS AL

dl o
a1-=

2do|t} &

rlr ro mlm

N e

LR TEN

QA=

Ly, ng

e
b
K

=

rot

of o

A7 e A

1
)

2.8
Wzelolet. Triplet& ol 3lel o428 ) &
27k wol 2254 43 H4 $E AT

&2 A} vme) weke 499 A8 2 4 Aok
QTN ALKRE ol e Mzele BAsIA

‘I“/\/\

fo

= 7 Jo W 2E], M3E B AFA AHe-E
&2l Intel MKL PARDISO®IAM &1& & uf &
o

Q

-
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o
34
7
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3
v

# o
25
2]

f—E'D"j}—l‘H)'ig‘:@f

T
-
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sy
AlF o

Table 114 A~ ]?l zdo] 3k =248 Intel Xeon(R)
E5-2687TW v4@3.00GHz CPU 2719+ 256 GB vﬂiﬂé
g2 Al 2l A FEE ATt Al 2Elo] A Folas 2470
o]t} Table 29} Table 3& o] 17]¢} 2] 24711—2— A8
wo] aiA A eAl7hE e Aolth. State Determination
Timee A ZHPa<S Adtets Ak 9vlst™ Direct
Sparse Solver Time< Intel MKL PARDISO £H9A &=

Taled &85 E A7t} State Determination Time2

Ly, Ly Lz : Lengths for each dir.
Ny Ny, Nz : No. Of elements for each dir.

No. of elements : nyxnyxn;

No. of nodes : (et 1)x(ny+1)%(n: +1)

No. of DOFs : 3(ne+1)*(ny+1)%(n- +1)

No. of equations : 3(my+1)x(my+1) % (n: +1)
-3(ny+1)x(n: +1)

-~

Fig. 8 Cantilever analysis model and C100x10x10 model

Table 1 Cantilever analysis model cases

Model No. of No. of No. of No. of No. of M1 M2 M3
Elements Nodes DOFs Equations non-zeros (MB) (MB) (MB)

C100x10x10 10,000 12,221 36,663 36,300 1,306,852 15 88 229
€200x20x20 80,000 88,641 265,923 264,600 10,145,512 117 703 2,519
C300x30x30 270,000 289,261 867,783 864,900 33,895,972 391 2,373 11,318
C400x40x40 640,000 674,081 2,022,243 2,017,200 79,938,232 923 5,625 36,417

*M1: Memory storing stiffness matrix in CSC/CSR storage
*M2: Peak memory assembling by triplet
*M3: Peak memory in PARDISO

132 =22 H30H M25(2017.4)
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Table 2 Timing of cantilever models - 1 core used
Model State determination time(sec) Direct sparse solver time(sec)
oae
Element Assembling Total Analysis Factorization Solution Total
C100x10x10 0.355667 0.017641 0.373308 0.332523 1.3907 0.113749 1.836972
C200x20x20 1.96513 1.10086 3.06599 3.47487 32.665 1.43983 37.5797
C300x30x30 6.58962 4.21628 10.8059 14.8158 252.147 7.0591 274.0219
C400x40x40 15.6457 12.3295 27.9752 48.4076 1128.41 22.3869 1199.205
Table 3 Timing of cantilever models - 24 core used
Model State determination time(sec) Direct sparse solver time(sec)
oae
Element Assembling Total Analysis Factorization Solution Total
C100x10x10 0.0444918 0.2290222 0.273514 0.313844 0.180964 0.0252515 0.52006
C200x20x20 0.125481 2.163509 2.28899 1.9719 2.81713 0.291406 5.080436
C300x30x30 0.36754 6.0274 6.39494 7.14851 20.8204 1.32534 29.29425
C400x40x40 0.795834 18.012766 18.8086 24.1359 113.54 3.9931 141.669
RE 245 59 o4 AP E A4ste A7 element®E State Determination TimeXth B& AJ7to] 205 &= AL
E7))3} o] AAYER o83l A7 assemblingo2 & 4 2t} State Determination Timed|AE Fo| =S 174
¥7)) o2 FA9}, Direct Sparse Solver TimeS Analysis, /‘}%%L ] = Element Time¥} Assembling Time©] H]s=5h
Factorization, Solution T3 o] Fig. 404 A3t 3 F01E 24715 A8 Wl Element Time HE3P7} 2o
AR PG Eo)A Direct Sparse Solver Time©] AAE AlZko] 7AW Assembling Time% ZH g s
300
7 | OStete Determination Time ESolver Time |
. 250
g
a
& 200
=
£
g 150
=
g 100
o
= 7
50 A A om o
/ / ﬁ ﬁ ? Fl E [ e = E m s F
I E N NN N % 7 7
| 11111 NRNIRERRRNERY
2 3 4 5 & 7 & 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
No. of Cores
Fig. 9 Analysistime of C300x30x30
12
" i | O Element Time @ Assembling Time |
m
o
o &
£ 2
. & 7 2 M A mE d A
=
2 s
% E
o, E
D E I I R B R I R
1 2 3 4 5 § 7 & 9 10 11 12 13 14 15 16 17 18 18 20 21 22 23 24
Mo. of Cores
Fig. 10 State determination time of C300x30x30
SHEMAITARZES =28 M30H H25(2017.4) 133




wWelso] CPUS 21 B4 Mmel Txo) dite ¥d &

300

- ] | DAnalysis BFactorization O Solution |
g
@
& 200
£
=
:l'ﬂ 150
£
T 100
m
o
' osp 7 =
|\ or
/ % 7z
‘BB R N
LB /L L.V PhVhoarnonenrnr2RA
1 2 3 4 5 ] 7 8 g9 0 11 13 14 15 16 17 18 13 20 21 22 23 24
Mo. of Cores
Fig. 11 Solver time of C300x30x30 in solver
gz gt dY A 5o Yoz wdspl vl T Ao WHE i S UE ftesrd]
HEo] Wol Fol4r} ZrlslE e AAAZre] 7HAER] = 3t AgAS AET ofyolm, Message Passing Interface
AL ¢ 4 At Direct Sparse Solver TimeWol|AE (MPD) & &-8-3+ 24 v =2] 7%(distributed memory archi-
Numerical Factorizationdl| 7} B2 AlZHe Had RS tecture)ol] thek f3ke A = A7)0 BAH FAE P
& g 9lom, AnkR oz Fojgrt B wf ALzl HaES o o]t
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