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LOCAL VOLATILITIES FOR QUANTO OPTION PRICES
WITH VARIOUS TYPES OF PAYOFFS

YOUNGROK LEE

ABSTRACT. This paper is about the derivations of local volatilities for
European quanto call option prices according to various types of payoffs.
We derive the explicit formulas of local volatilities with constant foreign
and domestic interest rates by adapting the method of Derman-Kani.

1. Introduction

A quanto is a type of financial derivative whose pay-out currency differs
from the natural denomination of its underlying financial variable. A quanto
option is a cash-settled, cross-currency derivative whose underlying asset has
a payoff in one currency, but the payoff is converted to another currency when
the option is settled. For that reason, the correlation between underlying asset
and currency exchange rate plays an important role in pricing quanto option.
At exercise, the value of the option is calculated as the options intrinsic value
in foreign currency, which is then converted to the domestic currency. This
allows investors to obtain exposure to foreign assets without the corresponding
exchange rate risk.

Pricing options based on the classical Black-Scholes [1] model, on which most
of the research on quanto options has focused, has a problem of assuming a
constant volatility which leads to smiles and skews in the implied volatility for
the underlying asset price. One way to overcome such handicaps of constant
volatility is using a local volatility which treats the volatility as a deterministic
function of the underlying asset price, current time, maturity and the strike
price.

Indeed, the concept of a local volatility was introduced and developed by
Dupire [3] and Derman-Kani [2] as they found that there is a unique diffu-
sion process consistent with the risk-neutral densities derived from the market
prices of European options. The main advantage to use local volatilities is that

Received May 12, 2016; Revised November 9, 2016.

2010 Mathematics Subject Classification. 91G20, 60G20, 65C20.

Key words and phrases. local volatility, quanto option, payoff, exchange rate, exchange
option.

©2017 Korean Mathematical Society

467



468 Y. LEE

the only source of randomness is the price of underlying asset, making local
volatility easy to calibrate.

Most recently, Lee and Lee [5] provided the explicit formula of the local
volatility with constant foreign and domestic interest rates by adapting the
methods of [3] and [2]. Furthermore, they obtained the analogue of the Dupire
equation for the local volatility with stochastic interest rates.

In this paper, extending to [5], we modify and adjust the various types of
payoffs and the method of [2] to obtain the explicit formulas of local volatilities
for quanto option prices with constant foreign and domestic riskless rates.

In Section 2, we derive the risk-neutral dynamics of processes for the under-
lying asset with respect to different currencies. Then, in Section 3, under the
models specified in Section 2, we derive the explicit formulas of local volatil-
ities for the European quanto call option prices according to various types of
payoffs.

2. Risk-neutral dynamics on currencies

Let S; be the asset price on a non-dividend paying asset in foreign currency
with the local volatility og (¢, 5¢), and let V; be the foreign exchange rate in
foreign currency per unit of the domestic currency with the constant volatility
oy, which have the following risk-neutral dynamics:

{ S, = rpSydt + o (t, ) S;dB |

(1)
dVi = (ry — rq) Vidt + oy VidW{

where 7 and 74 is the constant foreign and domestic riskless rates, respectively.
Also, Btf and Wtf are two standard Brownian motions in foreign currency with
the correlation p.

Then the risk-neutral dynamics of (1) in domestic currency are given by

{ dSt = {Tf — pos (t, St) Uv} Stdt + gs (t, St) Stng,

(2) J
dVy = (rq —ry) Vidt + oy VidWE,

where B and W are two correlated standard Brownian motions in domestic
currency. It was minutely described in [5].

3. Local volatilities for various quanto payoffs

Derman-Kani [2] characterized the local volatility as a risk-neutral expecta-
tion of the instantaneous volatility, conditional on the final asset price being
equal to the strike price. The following theorems in next subsections adapt the
method of [2] to obtain the quanto option framework with constant foreign and
domestic riskless rates according to various types of payoffs listed in Chapter
3.4.7 of [4].

From now on, we will denote E [-] by the risk-neutral conditional expectation
with respect to the filtration F;.
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3.1. Type 1
The foreign equity call struck in foreign currency has a payoff given by
(3) Vr max (ST - Kf,()),
where K is the foreign strike price.
Theorem 3.1. Suppose that 0,5” is the price of a FEuropean quanto call option

at time t in domestic currency with the payoff (3). Then the local volatility is
expressed by

acV acth
1 ar— + Ky oK,
os (Sy; Ky, T) = K_f 1020V
27 9K3
Proof. We may write C’,gl) as
(4) C (S K, T) =E {e*MT*t)vT max (S7 — K, 0)} .
Differentiating (4) with respect to Ky, it gives
ac(l)
(5) L~ —E [T OV H (S7 - Kj)]
0Ky

where H (-) denotes the Heaviside function. Differentiating again (5) with
respect to Ky, it gives
o*cy)
2
0K
where ¢ (-) denotes the Dirac-delta function. Also, differentiating (4) with
respect to 7', it gives
actt
or
Applying the It6 formula to this payoff, we have

d{VT max (ST — Kf, 0)}

—E [e’”(T’t)VT(S (St — Kf)} ,

ra(T—t) O
= —raCy) + e LB [V max (7 — K7, 0)).

= i{VTmax(STfK 0)}dS +la—2
0Sr f’ T T 2052

+i{VTmax(sT—K 0)} dV; +la—2{v max (Sp — Ky,0)} (dVy)?
aVT fs T 28‘/% T T o T

{Vrmax (St — Ky,0)} (dSr)*

82
* 95rovr
= VrH (St — Ky) {(ry — posov) SrdT + o5SrdBS.}

{VT max (ST — Kf, 0)} dSTdVT

1
+5Vrd (Sr—Ky) 03S3dT+max (Sp—Ky,0) {(rg—7¢) VrdT+oy VpdWi
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+ H (ST — Kf) posoy VpSrdT
1
= Vo H (St — Ky) (rySrdT + 05 SrdBY) + 5Vrd (St — Ky) 05 SHdT
+max (St — Ky,0) {(ra — r¢) VpdT + oy VpdW§}

from (2).
Now, taking the expectation on both sides, it follows that

dE [Vp max (St — K, 0)]
1
= r/E[VpSrH (Sr — Ky)] dT + E [08VrS7:6 (ST — Ky)] dT

+ (Td — Tf) E [VT max (ST - Ky, 0)] dT
= TfE [VT (ST — Kf) H (ST — Kf)] dT + TfoE [VTH (ST — Kf)] dT

1
+ 5E [0&VrS7:6 (ST — Ky)| dT + (rg — r4) E [V max (Sp — Ky, 0)] dT,
and hence,

0
G_TE [VT max (ST — Kf, 0)]
=rsE [V max (St — Ky, 0)] + rrK¢E [VrH (St — Kf)]
1
+ §E [0eVrS3:6 (ST — Ky)] + (ra — r¢) E [Vr max (Sp — Ky, 0)]
1

= TfoE [VTH (ST — Kf)] + §E [U%VTS%(S (ST — Kf)}

+ rqE [Vr max (Sp — K,0)].

Finally, we obtain

aciH
oT

aciH
0K

= deClgl) —rKy

1
+ 5 TR [E [0§VrS7o (St — Kp)| St = Ky]] +raCjY
ac(l)
e K
"TRIK,
. acH 1 ?C
R oK, T2 oK

1
+ §K]2ce’rf(T’t)IE (02| S7 = K¢| E[Vré (St — Ky)]

E [o3| S7 = K],

which follows that

(1) W1 g2oW
90" |, 1,9 _K;a cq2
oT oK; 210K}

Regarding og (S;; K¢, T) = \/E[0%] ST = K], we get the desired result.

E [o%| Sr = K/] =0.
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As shown in [4], the option pricing formula in this type does not include the
exchange rate risk. At any time, the option price is converted from foreign cur-
rency into domestic currency using the prevailing exchange rate. Accordingly,
we could get the local volatility for the price of a European vanilla call option
in foreign currency.

3.2. Type II

The foreign equity call struck in domestic currency has a payoff given by
(6) max (Vp St — Kg4,0),
where K is the domestic strike price.

Theorem 3.2. Suppose that 052) is the price of a European quanto call option
at time t in domestic currency with the payoff (6). Then the local volatility is
expressed by

ac? ac?
2 ( ar T ralagR; >
0s (St; Kq,T) = —poy £ | (p?>—1) 0o} +

920
LS
Proof. We may write C¢§2) as
(7) CP? (S, Ka,T) = E [e*m@*” max (S*T ~ Ky, 0)} ,

where ST = VpSr. We note that the risk-neutral dynamic of 5} in domestic
currency is given by

(8) dS; = r4S.dt + 055:dBE + oy SpdWE
from (2).

Differentiating (7) with respect to Ky, it gives
o0 .

9 L= B [T H (S - Ka) |
(9) 0K, € T d
Differentiating again (9) with respect to K, it gives

o*cy) . 5
— —rq(T—t) _
A IR
Also, differentiating (7) with respect to T, it gives
acy 0 .
a% = 77"(10(52) =+ eird(Tit) G_TE [max (ST — Ky, 0):| .

Applying the It6 formula to this payoff, we have
dmax (S*T e 0)
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=H (S’T - Kd) (TdSTdT + UngdB‘% + gngdW%)
+ %5 (ST - Kd) (0% + oy + 2posov) S2dT

from (8).
Now, taking the expectation on both sides, it follows that

dE {max (ST ' o)}
= rqE [S*TH (S*T - Kd)] T + %E [(ag + 0%+ 2p050y) 826 (St — Kd)} dT
= rqE [(ST - Kd) H (S‘T - Kd)} dT + rgK4E {H (S‘T - Kd)} dT

+ %IE [ogg%a (ST - Kd)} dT + %O’%/E {5*%5 (ST - Kd)} dT

+ povE [055*%5 (ST - Kd)} dT,
and hence,

G%E [max (ST ~ Ky, 0)}
— rgE [max (S‘T ~ Ky, 0)} +r4KE [H (S*T - K)}
n %E [agﬁ%a (S‘T - Kd)} n %U%/E [5*%5 (S‘T - Kd)}
+ povE [05536 ($r — K4) .
Finally, we obtain

act?
0K

+ %e_”(T_t)IE {E {agg%a (ST - Kd) ’ Sp = Kd”

ac?

7 —raC? +1rgCP — raKy

n %U‘g/e_m(T—t)E [E [5@5 (ST - Kd) ’ Sp = Kd”
+ pa’%,e_T'i(T_t)E [E [USS%(S (ST — Kd) ’ S’T = Kd”

- 77"ng—[6;‘; + %ng*’“ﬂ*t)ﬂz [a§| Sp = Kd} E [5 (S*T - Kd)}

+ oK T B[S (31 - K]

+ pUVngfrd(Tft)E {Js| Sr = Kd} E [5 (ST — Kd)}
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ac? ,02Cd 1 ,02C?
:—Tde a[gd §Kd 0K 1 E[US‘STde} + O'VKd 8K2
2~(2)

+ vaKCQI—qE [Js| ST = Kd} )
5K§

which follows that

ar " RaK,
82 (2) - , )
7_Kd 6K2 (E [JS‘ST:Kd} +Uv+2pO'VE |:O—S|ST:Kd:|) =0.

Regarding og (St; Ka, T) =E |:0'5| S = Kd} = \/IE [a§| Sr = Kd}, we get the
desired result. O
3.3. Type III

The fixed exchange rate foreign equity call has a payoff given by
(10) Vo max (St — Ky,0),

where Vj is the some predetermined fixed exchange rate and Ky is the foreign
strike price.

Theorem 3.3. Suppose that 053) is the price of a European quanto call option
at time t in domestic currency with the payoff (10). Then the local volatility
s expressed by

os (Sy; K¢, T)
pov (C( - Ky ()F( )> + \/PZU%/ (Cm Kf DK ) {1%8123?((2) {ag;) + ’fK DK —(ry = Td)CéS)}
K355
Proof. The proof is identical to that of Theorem 3.1 in [5]. O
3.4. Type IV

The equity-linked foreign exchange call has a payoff given by
(].].) STmaX(VTfKe,O),

where K. is the strike price on the exchange rate.

Theorem 3.4. Suppose that 0,54) is the price of a European quanto call option
at time t in domestic currency with the payoff (11). Then the local volatility
s expressed by

ac® 082C{M
rg—rq “or — 20viepk:

(4)
oy oC,
p PUVKea—Ige

os (Si; Ke, T) =
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Proof. We may write C¢§4) as
(12) CWH (Sy; Ko, T) = E [e_”(T_t) max (ST ~ K.Sr, o)} ,

where Sp = VpSr. It may be rewritten the payoff (11) as an exchange option
with S; and K.S; in domestic currency.
Differentiating (12) with respect to K., it gives

acY
0K,
Differentiating again (13) with respect to K., it gives

(13)

- _E [e*’”d(T’t)STH (ST f KeST)} .

9°CyY . A
_ —ra(T—t) Q2 o
s =E [e 528 (ST KSST)] .
Also, differentiating (12) with respect to T, it gives
ocy” @) 4 g-ra(r—t) 9 S
G—T = deC’q +e a_TE [max (ST — KSST, 0):| .

Applying the It6 formula to this payoff, we have
dmax (S’T — K.St, 0)

- (ST — K,Sy, o)dS*T L1® (S*T — K.Sy, 0) (dS*T)2

St 2952,
0 N 1 02 N
+ E max (ST — K.St, O)dST + 5@ max (ST — K.St, 0) (dST)2
02 N A
+ m max (ST — KeST, 0) dSTdST

- H (S*T - KeST) (rdS*TdT + ogSrdBL + oVS*Tde)
+ %6 (S‘T - KEST) (0% + ¥ + 2pogov) S3dT
~K.H (S*T . KeST) {(r = posov) SrdT + o5SrdBE}
+ %Kfé (ST - KEST) 02S2dT
~ K8 (Sr = K.Sr) (0% + posov) SrSrdT

from (2) and (8).
Now, taking the expectation on both sides, it follows that

dE [max (S’T — K.St, 0)}

— r4E KST f KeST) H (S‘T . KGST)] AT + 4K E [STH (ST f KSST)] T
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1 i 1 .
+5E [ags%a (St — KeST)} dT + 50} E [S%é (St — KeST)} dT

+ poyE [USS% (Sr — KeST)} dT — 11 K.E [STH (S*T - KeST)} dT

+ poy K.E [USSTH (S*T - KeST)} T + %KEE [ags%a (ST - KEST)} dT

~ K.E [oggTSTa (S*TfKeST)} AT — poy K.E [USS‘TST(S (S*TfKeST)} dT

and hence,

a%E [max (S’T — K.St, O)}

= rgk [max (ST — K.Sr, 0)} +ralE [H (gT B KEST)}

+ %]E [ogé%a (S*T - KeST)} + %U‘Q/E [S%a (S*T - KeST)}

+ poyE {USS’%é (ST — KeST)} —riK.E |:STH (S'T - KeST)}

+ poy K.E {JSSTH (ST — KeST)] + %KEE [o%S%é (ST — KeST)]

~ K.E [aggTSTa (S*T - KeST)} — povK.E [JSSTSTa (S*T - KeST)} .

Finally, we obtain

ocM
or

acM
oK.

— Tdc(§4) + Tdc(§4) —rqKe.

+ e TN lE lo%g%é ( - K. ST

N | — N

U‘Q/e_Td(T_t)E

n E S*Ta( KST

+ po—Ve*Td(T*t)E

E JSST5 (ST K ST)

acM
oK,

+ TfKe

+pUVKee_”(T_t)IE E |osSTH (ST KST) 5.

+ %ng*MT*t)E lE [ogs%a (ST K. ST)

_ Kee*m(T*t)E

E 025716 (S1 — K.5r) |22
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— pUVKeefrd(Tft)E E

0587516 (ST f KeST)

S
E Ke‘|‘|

80(4)
—- _ Ke—q
"Rk,

1
+ §K§e_”(T_t)E lag

i—: - K] E [5%5 (ST - KeST)}

4 lU‘Q/KeQefm(Tft)E [S%(S (ST — KSST):|

2
+ poy K2e T T=VE | gg g_: =K. |E [5%5 (ST - KeST):|
ok, a{ng) - ]
+ poy K.e ! T-OE -os g—; = Ke- E [STH (ST - KeST)}

1
+ §K§e*w<T*t>E lag

== ] E[s%8 ($r - K.57)]

S .
_ 2,—ra(T—t) 2 | PT 2 _
K2e E|o} |5 K] E[$35($r - K.57)]
2 —rq(T—t) ST _ 2 &
— povK2e " TE |og | 2L = K, E[ST(S (ST—KSST)}
T
aoc 1 920 S 1 2cW
= —rmK 4 K2 I mlg2 |2 - K Zo2 K2 q
Tt g, Tt |78 |5, T e ovieTHK2
520(4) S« 50(4)
+pUVK628—[(qQE gs S—; :Ke +TfKeaTq
ac® Sr
_ Ke—qIE — =K.,
POV Rk, St
1,020 | |8 20208 [ |80
+ oK B ok | g = Ke | - K aKgE S5 =K
2 ~(4) &
cs Sr
—_ pUVKe a—I(gE l S_T - e‘|
octV 1, 0%tV acY
77’dKe—aKe 50'er 8}(3 +7’fKe—aKe
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acY St
— poy K., ——FE — =K,
PovVEeaK, |79 | 5p ’
which follows that
acy St acy 1, L8208
- E °T _ K| | K= - 2 e B—
o T \Ta—Trpoviios 57 oK,  a7vihe 02

Regarding og (S¢; K¢, T) =E [O‘S g—; = Ke}, we get the desired result. O
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