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THE EXISTENCE OF S-ASYMPTOTICALLY ω-PERIODIC

MILD SOLUTIONS FOR SOME DIFFERENTIAL EQUATION

WITH NONLOCAL CONDITIONS

Hyun Ho Jang and Hyun Mork Lee

Abstract. We study the existence and uniqueness of S-asymptotically
ω-periodic mild solutions for some partial functional integrodifferential
equations with infinite delay and nonlocal conditions.

1. Introduction

The aim of this paper is to study the existence of S-asymptotically ω-periodic
mild solutions of the following partial functional integrodifferential equation
with infinite delay and nonlocal conditions,

u′(t) = Au(t) +

∫ t

0

B(t− s)u(s)ds+ f(t, ut), t ≥ 0,(1)

u0 = g(u) + φ, φ ∈ B,

where A : D(A) ⊂ X → X is the infinitesimal generator of a C0-semigroup on
a Banach space X . For t ≥ 0, B(t) is a closed linear operator with domain
D(A) ⊂ D(B(t)). The history ut is given by ut : (−∞, 0] → X,ut(θ) =
u(t + θ), θ ∈ (−∞, 0]. f and g satisfy the hypotheses (H1)-(H3). Here (H1)-
(H3) and g defined by g(t1, . . . , tp, ut1 , . . . , utp) = Σp

i=1ciuti will be introduced
later.

Caicedo et al. [4] studied the existence of S-asymptotically ω-periodic mild
solutions for a class of the equation

u′(t) = Au(t) +

∫ t

0

B(t− s)u(s)ds+ f̂(t, u(t)), t ≥ 0,(2)

u(0) = u0 ∈ X,

where f̂ is a suitable function for any given conditions.
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Caicedo and Cuevas [3] investigated the existence and uniqueness of S-
asymptotically ω-periodic mild solutions to the abstract partial integrodiffer-
ential equation with infinite delay

d

dt
D(t, ut) = AD(t, ut) +

∫ t

0

B(t− s)D(s, us)ds+ f(t, ut), t ≥ 0,

u0 = φ ∈ B,

where D(t, φ) = φ(0)+ f(t, φ) and ut belongs to an abstract phase space B by
Hale and Kato [11].

Eq. (2) has received much attention in recent years. Properties of the solu-
tion of Eq. (2) have been studied from different points of view. Eq. (2) with a
nonlocal initial condition has been of great interest for many researchers. The
existence of mild solutions for various forms of Eq. (2) on a finite interval has
been investigated in many papers. The existence of almost periodic, asymptot-
ically almost periodic, almost automorphic, pseudo almost periodic and pseudo
almost automorhic solutions to differential equations is among the most attrac-
tive topics in mathematical analysis due to their possible applications in areas
such as physics, economics, mathematical biology, engineering, etc [9].

Hui-Sheng Ding et al. [10] investigated the existence of asymptotically al-
most automorphic solutions for some integrodifferential equations with nonlocal
initial conditions

u′(t) = Au(t) +

∫ t

0

B(t− s)u(s)ds+ f(t, u(t)), t ≥ 0,

u(0) = u0 + g(u).

Consider the following partial functional integrodifferential equation with
delay

u′(t) = Au(t) +

∫ t

0

B(t− s)u(s)ds+ f(t, ut), t ≥ 0,(3)

u0 = φ,

where φ is delay.
Recently, Choi et al. [5] investigated the existence and uniqueness of an

S-asymptotically ω-periodic mild solution to Eq. (3).
Stimulated by the above study, additionally with nonlocal initial conditions

and infinite delay, we prove the existence and uniqueness of an S-asymptotically
ω-periodic mild solution to Eq. (1). The Cauchy problems with nonlocal con-
ditions have been investigated in many papers ([1, 2, 10, 15]).

It is demonstrated there that nonlocal Cauchy problems have better effects
in applications than the traditional Cauchy problems with initial datum u(t0) =
ut0 . In many studies of nonlocal Cauchy problems, the function g is given by
g(t1, . . . , tp, u(t1), . . . , u(tp)). For example ([1, 2]),

g(t1, . . . , tp, u(t1), . . . , u(tp)) = Σp
i=1ciu(ti)
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(for some given constants ci) is used to describe the diffusion phenomenon
of a small amount of a gas in a transparent tube. In these cases, u(t0) +
g(t1, . . . tp, u(t1), . . . , u(tp)) allows the measurement at t = t0, t1, . . . , tp rather
than just such a g is completely determinded on [t0 + δ, t0 + T ] for some small
δ > 0, i.e., such a g ignores t = t0.

2. Preliminaries

To define S-asymptotically ω-periodic functions, it is very convenient to
introduce the following notations: For a Banach space X ,

C(R+, X) = {x : R+ → X : x is continuous},

Cb(R+, X) = {x ∈ C(R+, X) : sup
t≥0

||x(t)|| <∞},

C0(R+, X) = {x ∈ Cb(R+, X) : lim
t→∞

||x(t)|| = 0},

Cω(R+, X) = {x ∈ Cb(R+, X) : x is ω-periodic},

endowed with the norm of the uniform convergence.
We consider Eq. (2). In the following Y denotes the Banach space D(A)

equipped with the graph norm defined by ||y||Y = ||Ay||+ ||y||, y ∈ Y .

Definition 2.1 ([8]). A family {R(t) : t ≥ 0} of continuous linear operators
on X is called a resolvent operator for Eq. (1) if the following conditions are
fulfilled.

(1) For each x ∈ X , R(0)x = x and R(·)x ∈ C(R+, X).
(2) The map R : R+ → L(D(A)) is strongly continuous.
(3) For each y ∈ D(A), the function t → R(t)y is continuously differen-

tiable and

d

dt
R(t)y = AR(t)y+

∫ t

0

B(t−s)R(s)yds = R(t)Ay+

∫ t

0

R(t−s)B(s)yds, t ≥ 0.

We assume that there exists a unique resolvent operator for Eq. (2).
In this system, we employ the axiomatic definition of the phase space B

which plays a fundamental role in the study of qualitative theory of such equa-
tions. Specifically, B will be a linear space of functions mapping (−∞, 0] into
X , endowed with a seminorm || · ||B and verifying the following axioms.

(HA) x : (−∞, σ + a) → X, a > 0, σ ∈ R, is continuous on [σ, σ + a] and
xσ ∈ B, then for every t ∈ [σ, σ + a) the following hold:

(1) xt ∈ B;
(2) ||x(t)|| ≤ H ||xt||B;
(3) ||xt||B ≤ K(t− σ) sup{||x(s)|||σ ≤ s ≤ t}+M(t− σ)||xσ ||B,

where H > 0 is a constant, K, M : [0,∞) → [1,∞), K is continuous,
M is locally bounded and H,K,M are independent of x(·).

(A1) For the function x(·) in (HA), the function t → xt is continuous from
[σ, σ + a) into B.



460 H. H. JANG AND H. M. LEE

(B) The space B is complete.
(C2) If (ψn)n∈N is a uniformly bounded sequence of continuous functions

with compact support and ψn → ψ for n → ∞ in the compact-open topology,
then ψ ∈ B and ||ψn − ψ||B → 0 as n→ ∞.

We introduce the space B0 = {ψ ∈ B|ψ(0) = 0} and the operator S(t) :
B → B given by

[S(t)ψ](θ) =

{

T (t+ θ)ψ(0), −t ≤ θ ≤ 0,
ψ(t+ θ), −∞ < θ ≤ −t.

It is well known that (S(t))t≤0 is a C0-semigroup [14]. The phase space B is
said to be a fading memory space if ||S(t)ψ||B → 0 as t→ ∞ for every ψ ∈ B0.

Remark. Since B verifies axiom (C2), the space Cb((−∞, 0], X) consisting of
continuous and bounded functions ψ : (−∞, 0] → X is continuously included
in B. Thus there exists a constant Q ≥ 0 such that ||ψ||B ≤ Q||ψ||∞ for every
ψ ∈ Cb((−∞, 0], X) [14]. Moreover, B is a fading memory space, then K,M
are bounded functions (see [13, Proposition 7.1.5]).

Additionally, the following hypothesis needs.
(H) There are positive constants M , µ such that ||R(t)|| ≤ Me−µt for all

t ≥ 0.
We introduce some definitions well known from our references.

Definition 2.2. A function f ∈ C(R, X) is called almost periodic if for every
ǫ > 0, if there exists a relatively dense subset of R, denoted by H(ǫ, f), such
that

||f(t+ τ)− f(t)|| < ǫ for every t ∈ R, and all τ ∈ H(ǫ, f).

Many authors have furthermore generalized the notion of almost periodicity
in different directions.

Definition 2.3. A function f ∈ C(R+, X) is said to be S-asymptotically ω-
periodic if there exists an ω > 0 such that

lim
t→∞

||f(t+ ω)− f(t)|| = 0.

In this case, we say that ω is an asymptotic period of f and f is S-
asymptotically ω-periodic. Denote by SAPω(X) the set of such functions. It
is clear that SAPω(X) is a Banach space.

Definition 2.4. A function f ∈ Cb(R+, X) is called asymptotically almost

periodic if there exist g ∈ AP (R, X) and φ ∈ C0(R+, X) such that f = g + φ.
Also, f is said to be a asymptotically ω-periodic when g ∈ Cω(R+, X).

Let W be a Banach space.

Definition 2.5. A function F ∈ C(R+ ×W,X) is called uniformly S-asymp-

totically ω-periodic on bounded sets if F (·, x) are bounded for each x ∈W , and
for every ǫ > 0 and all bounded set K ⊂W there exists LK,ǫ ≥ 0 such that

||F (t+ ω, x)− F (t, x)||W ≤ ǫ, t ≤ LK,ǫ, x ∈ K.
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Definition 2.6. A function F ∈ C(R+ ×W,X) is called asymptotically uni-

formly continuous on bounded sets if for every ǫ > 0 and all bounded set
K ⊂W there exist constants LK,ǫ ≥ 0 and δK,ǫ > 0 such that

||F (t, x)− F (t, y)||W ≤ ǫ, t ≥ LK,ǫ,

when ||x− y||W ≤ δK,ǫ, x, y ∈ K.

3. Existence results for S-asymptotically ω-periodic mild solution

First, we introduce some Lemmas and Theorems.

Lemma 3.1 ([12]). Assume that f ∈ C(R+×W,X) is uniformly S-asymptoti-

cally ω-periodic on bounded sets and asymptotically uniformly continuous on

bounded sets. If u ∈ SAPω(W ), then the function t → f(t, u(t)) belongs to

SAPω(X).

Lemma 3.2 ([4]). If u ∈ SAPω(W ), then v(t) =
∫ t

0
R(t− s)u(s)ds belongs to

SAPω(X).

Definition 3.3. A function u ∈ C(R+, X) is called a mild solution of Eq. (2)
if u satisfies

u(t) = R(t)u0 +

∫ t

0

R(t− s)f̂(s, u(s))ds, t ≥ 0,

u(0) = u0 ∈ X.

Theorem 3.4 ([4]). Assume that f̂ : R+ ×X → X is uniformly S-asymptoti-

cally ω-periodic on bounded sets. Also, f satisfies the Lipschitz condition

||f̂(t, x) − f̂(t, y)|| ≤ L||x− y|| for all x, y ∈ X, t ≥ 0.

If LM
µ

< 1, then the Eq. (2) has a unique S-asymptotically ω-periodic mild

solution.

The following lemma is immediately obtained from our definitions.

Lemma 3.5 ([4]). Let u : [−r,∞) → X be a continuous function. If u|R+
∈

SAPω(X), then the function t→ ut belongs to SAPω(X).

Definition 3.6. A function u ∈ C([−r,∞);X) is called a mild solution of
Eq. (3) if u satisfies

u(t) = R(t)φ(0) +

∫ t

0

R(t− s)f(s, us)ds, t ≥ 0,

u0 = φ.

The following result is an immediate consequence of Theorem 3.4 and Lemma
3.5.
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Theorem 3.7 ([4]). Assume that f : R+ × C([−r, 0], X) → X is uniformly

S-asymptotically ω-periodic on bounded sets and asymptotically uniformly con-

tinuous on bounded sets. Also, f satisfies the Lipschitz condition:

||f(t, φ1)− f(t, φ2)|| ≤ L||φ1 − φ2||∞ for all φ1, φ2 ∈ C([−r, 0], X), t ≥ 0.

If u ∈ SAPω(X) and LM
µ

< 1, then Eq. (3) has a unique S-asymptotically

ω-periodic mild solution.

For a fading memory space, the following property holds.

Lemma 3.8 ([12]). Assume that B is a fading memory space. Let u : R → X
be a continuous function with u0 ∈ B and u|R+

∈ SAPω(X). Then the function

t→ ut belongs to SAPω(B).

Next, we assume that φ ∈ B and f : R+ ×B → X is a continuous function.

Definition 3.9. A function u ∈ C(R, X) is called a mild solution of Eq. (3) if
u satisfies

u(t) = R(t)φ(0) +

∫ t

0

R(t− s)f(s, us)ds, t ≥ 0,

u0 = φ ∈ B.

The following result was obtained by Caicedo et al. [4] without a nonlocal
initial condition. For completeness, we give a proof in detail by using Theorem
3.4 and Lemma 3.8.

Theorem 3.10. Assume that f : R+ ×B → X is uniformly S-asymptotically

ω-periodic on bounded sets and asymptotically uniformly continuous on bounded

sets and also, satisfies the Lipschitz condition:

||f(t, φ1)− f(t, φ2)|| ≤ L||φ1 − φ2||B.

If u ∈ SAPω(X) and LMQ
µ

< 1, then Eq. (3) has a unique S-asymptotically

ω-periodic mild solution.

Proof. Define the operator Γ : SAPω(X) → SAPω(X) given by

Γu(t) = R(t)φ(0) +

∫ t

0

B(t− s)f(s, us)ds, t ≥ 0.

Then

v(t) =

∫ t

0

R(t− s)f(s, us)ds

belongs to SAPω(X) by Lemma 3.8. By the similar calculation of the proof in
Theorem 3.5, for x, y ∈ SAPω(X), we have

||Γx(t)− Γy(t)|| ≤

∫ t

0

B(t− s)[f(s, xs)− f(s, ys)]ds

≤ LM

∫ t

0

e−µ(t−s)||xs − ys||Bds
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≤ LMQ

∫ t

0

e−µ(t−s)||x− y||∞ds

≤
LMQ

µ
||x− y||∞.

Therefore Γ is a contraction and there exists a unique fixed point u ∈ SAPω(X).
This function u is an S-asymptotically ω-periodic mild solution of Eq. (3). �

Finally, for additionally nonlocal condition, we are in a position to state and
prove our main result which proves the existence of S-asymptotically ω-periodic
mild solution with infinite delay and nonlocal initial condition.

Definition 3.11. A function u ∈ C(R, X) is called a mild solution of Eq. (1)
if u satisfies

u(t) = R(t)[u0 + g(u)] +

∫ t

0

R(t− s)f(s, us)ds, t ≥ 0,

u0 = g(u) + φ, φ ∈ B.

For the proof of our main theorem, we need the following hypotheses:
(H1) The function f : R+×B → X is uniformly S-asymptotically ω-periodic

on bounded sets and there exists a function Lf : R+ → R+ such that for each
r ≥ 0 small enough and ||u||, ||v|| ≤ r,

||f(t, u)− f(t, v)|| ≤ Lf (r)||u − v||B, (t, u), (t, v) ∈ R+ ×B.

(H2) The function g : C(R+, X) → X satisfies that there exists a function
Lg : R+ → R+ such that for each r ≥ 0

||g(u)− g(v)|| ≤ Lg(r)||u − v||, ||u||, ||v|| ≤ r.

(H3) There exists a positive constant K̂ such that

K̂ := sup
r>0

[
ωr

MQ
− ωrLg(r)− rLf (r)] > ω(||u0||+ ||g(0)||) + sup

s∈R
||f(s, 0)||.

Theorem 3.12. Assume that f : R+ ×B → X is uniformly S-asymptotically

ω-periodic on bounded sets and asymptotically uniformly continuous on bounded

sets. Also, f satisfies the Lipschitz condition:

||f(t, φ1)− f(t, φ2)|| ≤ L||φ1 − φ2||B for all φ1, φ2 ∈ B, t ≥ 0.

If u ∈ SAPω(X) and LM
µ

< 1, then Eq. (1) has a unique S-asymptotically

ω-periodic mild solution.

Proof. By (H3), there exists a constant r > 0 such that

ωr

MQ
− ωrLg(r) − rLf (r) > ω(||u0||+ ||g(0)||) + sup

s∈R
||f(s, 0)||.
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Let E = {u ∈ SAPω(X) : ||u|| ≤ r}, Then E is a closed subspace of
SAPω(X). We define an operator Ψ on E by

(Ψu)(t) = R(t)[u(0) + g(u)] +

∫ t

0

R(t− s)f(s, us)ds, t ≥ 0.

From the same calculation of the proof in Theorem 3.7,
Let

F (t) =

∫ t

0

R(t− s)f(s, us)ds,

then F (t) belongs to SAPω(X).
On the other hand, since R(·) is exponentially stable, limt→∞R(t)[u0 +

g(u)] = 0.
Thus, Ψu ∈ SAPω(X).
Next, for any given u ∈ E, let us show that Ψu ∈ E. It suffices to prove

that ||Ψu|| ≤ r. We can deduce as follows

||(Ψu)(t)|| ≤M ||u0 + g(u)||+

∫ t

0

Me−ω(t−s)[||f(s, 0)||+||f(s, us)− f(s, 0)||]ds

≤M [||u0||+||g(0)||+||g(u)− g(0)||]+
M

ω
[sup
s∈R

||f(s, 0)||+ Lf(r) · r]

≤M [||u0||+ ||g(0)||+ Lg(r) · r] +
M

ω
[sup
s∈R

||f(s, 0)||+ Lf(r) · r]

< r

for all t ≥ 0. Thus ||Ψu|| ≤ r.
From given condition, we know ωr

MQ
− ωrLg(r) − rLf (r) > 0, i.e., ωr

MQ
>

ωrLg(r) + rLf (r). Therefore M · Lg(r) +
MQ
ω
Lf (r) < 1.

For u, v ∈ E and t ≥ 0, we have

||(Ψu)(t)− (Ψv)(t)|| ≤ ||R(t)[g(u)− g(v)||

+

∫ t

0

||R(t− s)||||[f(s, us)− f(s, vs)]||ds

≤ M · Lg(r)||u − v||∞

+

∫ t

0

Me−ω(t−s)Lf (r)||us − vs||Bds

≤ M · Lg(r)||u − v||∞ +
MQ

ω
· Lf(r)||u − v||∞

= [M · Lg(r) +
MQ

ω
· Lf(r)]||u − v||∞.

Hence,

||(Ψu)(t)− (Ψv)(t)|| ≤ [M · Lg(r) +
MQ

ω
· Lf (r)]||u − v||∞.
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By the given condition, Ψ is a contraction from E to E. So Ψ has a unique
fixed point in E, which means there exists an S-asymptotically ω-periodic mild
solution to Eq. (1). �

With similar calculation of the proof in Theorem 3.12, we can also obtain
the following result.

Consider the following system

u(t) = R(t)[u0 + g(u)] +

∫ t

0

R(t− s)f(s, us)ds, t ≥ 0,(4)

u0 = g(u) + φ, φ ∈ C([−r, 0], X).

We define the mild solution of equation with finite delay and nonlocal con-
ditions as follows.

Definition 3.13. A function u ∈ C([−r,∞), X) is called a mild solution of
Eq. (4) if u satisfies

u(t) = R(t)[u0 + g(u)] +

∫ t

0

R(t− s)f(s, us)ds, t ≥ 0,

u0 = g(u) + φ.

Corollary 3.14. Assume that f : R+ × C([−r, 0], X) → X is uniformly S-
asymptotically ω-periodic on bounded sets and asymptotically uniformly con-

tinuous on bounded sets. Also, f satisfies the Lipschitz condition:

||f(t, φ1)− f(t, φ2)|| ≤ L||φ1 − φ2||∞ for all φ1, φ2 ∈ C([−r, 0], X), t ≥ 0.

If u ∈ SAPω(X) and LM
µ

< 1, then Eq. (4) has a unique S-asymptotically

ω-periodic mild solution.

Acknowledgement. The authors are deeply grateful to the referees for the
careful reading of this paper and helpful comments, which have been very useful
for improving the quality of this paper.

References

[1] L. Byszewski, Theorems about the existence and uniqueness of solutions of a semilinear

evolution nonlocal Cauchy problem, J. Math. Anal. Appl. 162 (1991), no. 2, 494–505.
[2] L. Byszewski and V. Lakshmikantham, Theorems about the existence and uniqueness

of a solution of a nonlocal abstract Cauchy problem in a Banach space, Appl. Anal. 40
(1990), no. 1, 11–19.

[3] A. Caicedo and C. Cuevas, S-asymtotically ω-periodic solutions of abstact partial neutral

integro-differential equations, Funct. Diff. Equ. 17 (2010), no. 1-2, 59–77.
[4] A. Caicedo, C. Cuevas, and H. R. Henriquez, Asymtotic periodicity for a class of partial

integrodifferential equations, ISRN Math. Anal, 2011 (2011), Article ID 537890, 18
pages.

[5] S. K. Choi, Y. H. Kim, and N. Koo, Almost Periodicity in Differential Equations, J.
Chungcheong Math. Soc. 29 (2016), no. 1, 49–58.

[6] C. Cuevas and C. Lizama, S-asymtotically ω-periodic solutions for semilinear Volterra

equations, Math. Meth. Appl. Sci. 33 (2010), 1628–1636.



466 H. H. JANG AND H. M. LEE

[7] K. Deng, Exponential decay of solutions of semilinear parabolic equations with nonlocal

initial conditions, J. Math. Anal. Appl. 179 (1993), no. 2, 630–637.
[8] W. Desch, R. Grimmer, and W. Schappacher, Some consideration for linear integro-

differential equations, J. Math. Anal. Appl. 104 (1984), no. 1, 219–234.
[9] T. Diagana, Almost Automorphic Type and Almost Periodic Type Functions in Abstract

Spaces, Springer International Publishing Switzerland, 2013.
[10] H.-S. Ding, T.-J. Xiao, and J. Liang, Asymptotically almost automorphic solutions for

some integrodifferential equations with nonlocal initial conditions, J. Math. Anal. Appl.
338 (2008), no. 1, 141–151.

[11] J. K. Hale and J. Kato, Phase space for retarded equations with inifinite delay, Funkcial.
Elvac. 21 (1978), no. 1, 11–41.

[12] H. R. Henriquez, M. Pierri, and P. Taboas, Existence of S-asymptotically ω-periodic

solutions for abstract neutral equations, Bull. Aust. Math. Soc. 78 (2008), no. 3, 365–
382.

[13] H. R. Henriquez, M. Pierri, and P. Taboas, On S-asymtotically ω-periodic function on

Banach spaces and applications, J. Math. Anal. Appl. 343 (2008), no. 2, 1119–1130.
[14] Y. Hino, S. Murakami, and T. Naito, Equations with Infinite Delay, Lecture Notes in

Math. 1473, Functional Dierential, Springer-Verlag, Berlin, 1991.
[15] J. Liang, J. Liu, and T.-J. Xiao, Nonlocal Cauchy problems governed by compact operator

families, Nonlinear Anal. 57 (2004), no. 2, 183–189.
[16] A. Pazy, Semigroups of linear operators and applications to partial differential equations,

Appl. Math. Sci., Springer-Verlag, New York, 1983.
[17] G. Da Prato and E. Sinestrari, Differential operators with nondense domains, Ann.

Scuola Norm. Sup. Pisa Cl. Sci. 14 (1987), no. 2, 285–344.

Hyun Ho Jang

Center for Innovative Engineering Education

Chungnam National University

Daejeon 305-764, Korea

E-mail address: hhchang@cnu.ac.kr

Hyun Mork Lee

Department of Mathematics

Chungnam National University

Daejon 305-764, Korea

E-mail address: hmleigh@naver.com


