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COEFFICIENT ESTIMATES FOR CERTAIN SUBCLASS OF
MEROMORPHIC AND BI-UNIVALENT FUNCTIONS

SAFA SALEHIAN AND AHMAD ZIREH

ABSTRACT. In this paper, we introduce and investigate an interesting
subclass of meromorphic bi-univalent functions defined on A = {z €
C:1 < |z| < oo}. For functions belonging to this class, estimates on the
initial coefficients are obtained. The results presented in this paper would
generalize and improve some recent works of several earlier authors.

1. Introduction

Let ¥ be the family of meromorphic functions f of the form
—, 1
1.1 =z+b bn—
(L1) JE=2tbot D by

that are univalent in A = {z € C: 1 < |z| < oo}. Since f € ¥ is univalent, it
has an inverse f~! that satisfy
FHfR) =2 (z€4)
and
FUTHw) =w (M < |w| < oo, M >0).

Furthermore, the inverse function f~! has a series expansion of the form
- 1
—1 o
n=0

where M < |w| < oo. A simple calculation shows that the function f~1, is
given by

b1 by +bobi  bg+ 2boby + b3y + b3
(1.3)  FYw)=w— by — 1 2+201_ 3 + 20001 + 0501 + L
w

3
w w
A function f € ¥ is said to be meromorphic bi-univalent if f~! € ¥. The

family of all meromorphic bi-univalent functions is denoted by Xgs.

Received June 3, 2016; Revised September 8, 2016.

2010 Mathematics Subject Classification. Primary 30C45; Secondary 30C50.

Key words and phrases. meromorphic functions, meromorphic bi-univalent functions, co-
efficient estimates.

(©2017 Korean Mathematical Society

389



390 S. SALEHIAN AND A. ZIREH

Estimates on the coefficient of meromorphic univalent functions were widely
investigated in the literature; for example, Schiffer [8] obtained the estimate
|b2| < 2/3 for meromorphic univalent functions f € ¥ with by = 0 and Duren
[1] proved that |b,| <2/(n+1) for f € ¥ with b, =0,1 <k <n/2.

For the coefficients of inverses of meromorphic univalent functions, Springer
[10] proved that

1 1
|Bs| <1 and |Bs + §Bf| <3
and conjectured that
(2n — 2)!
Bop1| £ /7 =1,2,....
B2 1|_n!(n—1)! "

In 1977, Kubota [6] proved that the Springer conjecture is true for n = 3,4,5
and subsequently Schober [9] obtained a sharp bounds for the coefficients
BQn—l; 1 S n S 7.

Several researchers such as (for example) Halim et al. [4], Janani and Mu-
rugusundaramoorthy [5] and Hamidi et al. [2] introduced and investigated new
subclasses of meromorphically bi-univalent functions.

Recently T. Panigrahi [7] introduced the following two subclasses of the
meromorphic bi-univalent function and obtained non sharp estimates on the
initial coefficients |bg|, |b1| and |b2| as follows.

Definition 1.1 ([7]). A function f(z) € X given by (1.1) is said to be in the
class My, (a, ), if the following conditions are satisfied:

arg{)\széz) F (1= (1 + z;,/;iz)))} < O‘—; O<a<l,A>1z2€A)
a:ig{xw;(/g)”) +(1-N) <1 + wjg&”)} < % O<a<1,A>1weA),

where the function g is the inverse of f given by (1.3).
Theorem 1.2. Let f(z) given by (1.1) be in the class Ms,, (o, A). Then

2¢
|b0| S 7)
o 402
bl < =gyt 57

and

2a 6a% — \2(a? — 3a +2)
ba| <
1021 < 331 —2) { { 3A2

Definition 1.3 ([7]). A function f(z) € X given by (1.1) is said to be in the
class Tsy (8, A), if the following conditions are satisfied:

}+32a}

Re{AZJ{ES) F (1= (1+ Z;,/;S))} SBO<B<LA>1z2€A)
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and

m{ﬂﬁﬁ?+uM(lﬁ?&?>}>ﬂmgﬂ<LAszeA%

where the function g is the inverse of f given by (1.3).
Theorem 1.4. Let f(z) given by (1.1) be in the class Tsy (8, ). Then

|b0| S Ma
1-— 4(1 — B)2
< A=A fi AP
and
2(1-5) 401 - B)?
wﬂgs@A—m[1+ A2 }

The object of the present paper is to introduce a new subclass of the function
class Yoz and obtain estimates on the initial coefficients for functions in this
new subclass which improve Theorem 1.2 and Theorem 1.4.

2. Coefficient bounds for the function class Mg’;’()\)

In this section, we introduce and investigate the general subclass Mgi()\)
(A>1).

Definition 2.1. Let the functions h,p : A — C be analytic functions and

P1
hz) =1+ —+ S+ g+, pla) =1+

+%+%+m,
such that
min{Re (h(z)),Re(p(z))} >0, z € A.
A function f € g given by (1.1) is said to be in the class Mg’;:()\), if the
following conditions are satisfied:

2f'(z)
f(2)

2f"(2)

(2.1) feX¥s, A 702)

+a_»(1+ )EMAMAELZGA)

and

wg'(w) wy' (w) .
(22 ATEE0 M<1%ywO)GMAMA2L € A),

where the function g is the inverse of f given by (1.3).

Remark 2.2. There are many selections of the functions h(z) and p(z) which
would provide interesting subclasses of the meromorphic function class . For
example,
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1
1, z € A), it is easy to verify that the functions h(z) and p(z) satisfy
the hypotheses of Definition 2.1.

Now if f € M&P(N), then

(1) Ifweleth(z):p(z):(lt%) =1+270‘+2;L22+2;L33+--- O<a<

fe X,
2f'(z) z2f"(2) am
arg< A +(1-=A <1+ <— 0<a<l, A>1, z€e A
P e () <5 )
and
wg'(w) wg” (w) ar
arg< A +(1—=X\ (1+ <— 0<a<l, A>1, weA).
P -0 (1445 > | )
Therefore in this case, the class M;;(A) reduce to class My, (o, A) in

Definition 1.1. L as

(2) If welet h(z) =p(z) = LLL =1+ 2(1;@ + 2(;5) + 2(;[’) +o(0<
B <1, z € A), it is easy to verify that the functions h(z) and p(z)
satisfy the hypotheses of Definition 2.1.

Now if f € M&P()), then

G 2" (2) .
feXs, R {)\ e +(1 =X <1+ 02) )} >80<B<L,A>1,z€A)
and
wg'w) wy" (w) .
Re{)\ o(w) +(1 )\)(1+ g/(w))}>ﬁ(0§6<1,)\21, € A).

Therefore in this case, the class Mg;;()\) reduce to class Ty, (8, A) in
Definition 1.3.

Now, we derive the estimates of the coefficients |bg|, |b1] and |bs| for class
h,
MgP(N).

Theorem 2.3. Let the f(z) given by (1.1) is said to be in the class Mg;;()\)
Then

o [EFEIE [Tl T
2. <
(23) |bo|_mmw e

. ) |h2| + |p2] 1 \/|h2|2+|p2|2 ([Pa]? + [p1[*)?
2.4) || <
24) o] _mm{4(2)\—1)’(2)\—1) 8 T lox

and

1 Ipal® | 2(2X\ = 1)|hs| + Alps]
2, by| < .
(25) |2|_3(3)\—2)[)\2 + BA—2
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Proof. First of all, we write the argument inequalities in (2.1) and (2.2) in their
equivalent forms as follows:

G (1 2O
(2.6) N e (1+ f,(z))_h( ) (z € A)
and

wg'w) (o e
en A aon (14228 — ) we a),

respectively, where functions h(z) and p(w) satisfy the conditions of Definition
2.1.
Furthermore, the functions h(z) and p(w) have the forms:

and

respectively. Now, upon equating the coefficients of

28 ALELqoy <1 + Zf”(z))

f(2) f'(z)
Ao AR 42(1—2\)b  Abo® — 3Aboby — 3(2 — 3A)bs
=l-—+ 2 N 3 T
z z z

with those of h(z) and coefficients of

(20) AW gy <1 + wg”(w)>

g(w) 9'(w)
2 3
s %+Ab0 282 2\)by L Abo 6(1 2)\)1i)}gb1 3(2 = 3\)by N
with those of p(w), we get
(2.10) —\bg = hy,
(2.11) AbE 4 2(1 — 20)by = ha,
(2.12) —Abo® + 3Aboby + 3(2 — 3\)bg = hs,
(2.13) Abo = p1,
(2.14) AbZ —2(1 — 2\)by = po,
and
(2.15) Abo® — 6(1 — 2X)boby — 3(2 — 3\)by = ps.

From (2.10) and (2.13), we get

hi=—p1
and
(2.16) 2\%6¢ = h3 + pi.
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Adding (2.11) and (2.14), we get
(2.17) 2\b5 = ha + po.

Therefore, we find from the equations (2.16) and (2.17) that

2 o |ha|* + Ip1]?

b
ol 22
and
ha| + |po|

bo|? < L2l F 2]

lbol” < =5
respectively. So we get the desired estimate on the coefficient |bg| as asserted
in (2.3).

Next, in order to find the bound on the coefficient |b1], we subtract (2.14)
from (2.11). We thus get

By squaring and adding (2.11) and (2.14), using (2.16) in the computation
leads to

1 h2 +p2 (hQ +p2)2
91 b2 — 2 +py (i +p
(2.19) L7 2a—1)2 < 8 162
Therefore, we find from the equations (2.18) and (2.19) that
|hal + |p2|
| < ——=
bal < 42r—1)

and

1 |ha|? + Ip2|* | ([ + [p1]?)?
< .
bl = 55 1)\/ 8 HETSE

Finally, to determine the bound on |bs|, consider the sum of (2.12) and (2.15)
with hy = —p1, we have

hs + ps3
3051 —2)°

Subtracting (2.15) from (2.12) with h; = —p1, we obtain

(2.20) boby =

(2.21) 6(2 — 3\)ba = hy — p3 + 2A\b3 — 3(2 — 3\)bobs.
Using (2.16) and (2.20) in (2.21) give to

1 PP an—2 A
by = tat hs — .
2= 303y [ T2 m 2

This evidently completes the proof of Theorem 2.3. (]
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3. Corollaries and consequences

By setting

2 ?+~--(0<a§1,z€A),
in Theorem 2.3, we conclude the following result.

Corollary 3.1. Let the function f(z) given by (1.1) be in the class Mxsy, (o, A)

(0<a<1,A>1). Then
2.
WERESES

|bo| <
20 .
Za )\ >
2
Q
b] <
bl = =7
and
203 4
Iba] <

= 3(3A—2) Eaell

Remark 3.2. Corollary 3.1 is an improvement of estimates obtained in Theorem
1.2. Because

a? a? 4 « 402
&« Y 142 <2 Ja-224+ 2%
e e R iy el (I C ko g v

and
20’ 4 20 6a? — \?(a? — 3a + 2)
—— 14+ =1< 2 — 2.
3(3)\—2)[+)\2]_3(3)\—2){{ 3A? e a]
By setting
14 =28
h(z) =p(z) = ——1
2(1 — 2(1 - 2(1 —
14 ( ﬂ)+ ( 25)+ ( 3ﬂ)+...(0§5<1,zeA),
z Z z

in Theorem 2.3, we conclude the following result.

Corollary 3.3. Let the function f(z) given by (1.1) be in the class Tsy (8, )

(0<B<1,A>1). Then
VI A28 <2

2(1-8) .
0B A+28>2

1-5
22— 1

|bo| <

b1] <
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and

41— p)?

2(1 - 5) l
A2 '

bo| <
b2l < 33\ —2)

1+

Remark 3.4. Corollary 3.3 is an improvement of estimates obtained in Theorem
1.4.

By setting A = 1 in Corollary 3.3, we obtain the following result.

Corollary 3.5. Let the function f(z) given by (1.1) be meromorphic bi-starlike
of order B (0 < B <1)in A. Then

200-p);B< 5
i< { 90 55
and
|b1] < (1 = B).

Remark 3.6. The estimate for |by| given in Corollary 3.5 is an improvement of
estimates obtained by Hamidi et al. [3, Theorem 2.
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