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SOME INTEGRAL REPRESENTATIONS AND TRANSFORMS
FOR EXTENDED GENERALIZED APPELL’S AND
LAURICELLA’S HYPERGEOMETRIC FUNCTIONS

Yonagsupr Kim

ABSTRACT. In this paper, we generalize the extended Appell’s and Lau-
ricella’s hypergeometric functions which have recently been introduced
by Liu [9] and Khan [7]. Also, we aim at establishing some (presumbly)
new integral representations and transforms for the extended generalized
Appell’s and Lauricella’s hypergeometric functions.

1. Introduction and preliminaries

For nonnegative integers p and ¢, the generalized hypergeometric function in
a variable (argument) z with p numeratorial and ¢ denominatorial parameters
is defined by (see, e.g., [2, 13, 15, 16])
ai, ..., 0p;
=, F (o, .. ap; b1, 8 5 2]

(1.1) . [51,...,5q;z
' e (@)n (o) 2"
a Z (B)n -+ (Bg)n m!’

whenever this series converges and elsewhere by analytic continuation. Here
I is the familiar Gamma function and (-),, stands for the Pochhammer(or
shifted factorial) symbol defined for any complex number o and nonnegative
integers m by (a)p =1 and («), = a(a+1)---(a+n—1). The series defining
pEy converges for all values of z when p < ¢q. If p = ¢ + 1, then the series
(1.1) converges when |z| < 1, it is absolutely convergent on the unit circle if
R(Brv+ -+ Bg—0a1 —---—p) >0 and it is convergent on the circle |z| =1
exceptat z =11 -1 <R(B1+ -+ 8g—a1— - —ap) <O0.
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A generalization of Euler’s beta function is defined by [12]

1
B@h) ::/ N DY N P My
vy (‘T’y) 0 t ( t) 1 | @ /3 t(]. 7 t) dt

(R(a) > 0,R(B) > 0,R(v) > 0,R(z) > 0,R(y) > 0).

(1.2)

For v = 0, it reduces to the well-known Euler’s beta function [13, p. 18].

Very recently, Luo et al. [10, 14] introduced the following extended general-
ized hypergeometric type function and investigated its various properties. The
extended generalized hypergeometric function is defined, for z € C, by

Tyeos

plafmp) | As-eGp 2"
(13) P~ q |: b ;bq 2% T;O@(n/paQ) n|

(min {R(r), R(p)} = 0, min{R(e), R(B), R(7)} > 0)
whose coefficient is given by
LB (a0 4 n,b; — ag4a)
B(aj1,0; — aj1)

(a1),, |

(p=q+ 1 R(b;) > R(aj1) >0; |2] <1),
1 Bff"ﬁ”{’“) (a; +n,b; — aj)
O (nlp,q) = Jl_[ B(aj,b; — a;)

p=q;R(b;) > R(a;) >0),
1 <P B’(Ya,B;mu) (a; +n,br 4 j — a;)
1 (i), i B (aj, by +j — a;)
r=q—p>0;R(by;) >R (a;) >0).

ﬂ‘

—-

K2

—~ |

o, Bk,

Here the generalized Beta function x,y) is defined by

Bgo"ﬁ*“’“)(x,y) = /0 "1 -t R (a;ﬁ; —7#{(11 t)ﬂ) dt
(min{R(z), R(y), R(a), R(B), R(7), R(x), R(n)} > 0).

For k = p = 1, it obviously reduces to the usual generalized beta function

(1.2).
Some special cases of hypergeometric functions of two variables, Fi [a, by, ba;
c;x,y] and Fy[a, b1, be; ¢1, co;2, y], as well as Lauricella’s hypergeometric

(1.4)

function of three variables F1(73) [a, b1, ba; bs; ¢;x, y, 2] are the following Ap-
pell functions (see [16, 17]):

(1.5)
e (@ (b1)m(b2)n 2™y
Fl [a,b1, b?ac,xv y] - Z (C)ern Wm

m,n=0

(Jz| < 1,]y] < 1);




APPELL’S AND LAURICELLA’S HYPERGEOMETRIC FUNCTIONS 323

(1.6)
2 (@i (b)) (b2)n 2™ Y
B [a, by, by; ; = > 1):
b i i m,n=0 (c1)m(c2)n m! n! (2] + [yl < 1);
(1.7)
. mnrbmbnbrmnr
F$) [a,by, by, by iz, y, 2] = > (@m-tntr(01)m(b2)n(bs)r ™ y™ 2"

a0 (&) mtntr m! n! 7!

(max{lzl, [yl, 2]} < 1).

In 2014, using B,(YQ’B)(z,y), Liu [9, p. 115] defined the extended Appell’s
hypergeometric functions of two variables,

F{*D Ja, b, c; dw, y; 7] and By (a, b, e d, e, y; 9],
as well as Lauricella’s hypergeometric function of three variables
FoDla, b, ¢, d; ez, y, 2].

We define the new generalized extended Appell’s hypergeometric functions,
by using (1.2),

F (0, b, ¢ s,y o], By [0b, e d, e, ys o]
and the new generalized extended Lauricella’s hypergeometric function
FEB 0, b, ¢, ds €5, y, z39] (see, e.g. [L, p. 406]),
by
(a,B;k,1) ) .

(1.8) Fy [a, b, ¢; d;x, y; 7]

_ i BP0 (a4 m+ nd — a) (0)m(c)n 2™ y"

B S~ B(a,d — a) m! n!

(Jz| < 1,ly] < 1);

(1.9)  FloAe i) 0y o d e a4

_ i (@ B H M (b4 n,d = 1) BT (e 4 mye — ) am oy
B S~ B(a,d — a) B(e,e —c¢) m! n!
(I +ly[ <1);
(1.10) ™ a, b, e, d; e, y, 7]
_ i BYP% (q 4 m +n+re—a)
o a0 B(a,e — a)
:I:m y’n/ Z”’
(b)m (C)n(d)r— ~5 —3 (max{|z], [y], [2[} < 1).

"ol nl
m: n. r
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The Mellin transform of f(x) is defined in the following way (see, e.g., [9,
p. 1993])

(1.11) M{f(x);s} = /000 flx)x*~! du,

provided the integral converges. Its inverse transform is
1 100
(1.12) (@) = MTHop(9)} = 5= xp(s) ds,
T J—ico
where the integration path in the imaginary axis starting from —¢oo and ending
at the point ¢oo.

In this paper, we generalize the extended Appell’s and Lauricella’s hyper-
geometric functions which has recently been introduced by Liu [9], Khan [7],
and Agarwal et al. [1]. Also, we aim at establishing some (presumbly) new
integral representations and transforms for the extended generalized Appell’s
and Lauricella’s hypergeometric functions.

2. Integral representations

In this section, we present three integral representations of the generalized
extended Appell’s hypergeometric functions and the generalized extended Lau-
ricella’s hypergeometric function.

Theorem 1. For the generalized extended Appell’s hypergeometric function

Fl(a,ﬁ;mu) [a,b, c;d;z, y; 7], we have
Fl(o‘ﬁ?"”"*“) [a, b, ¢;d;z, y; 7]
1 ! -1 d—a—1 b -
@) :m/ota (I-t)"* 1 —at) "L —yt)°

1F1 (04; ﬂ; f”(lﬁ) dt.

Proof. Interchanging the order of summation and integration, using the gener-
alized beta function (1.4) and binomial theorem, we have

(2.2)
1
1911 — ) 1 )1 — ) B (s B —— ) dt
| eta—nteta—a - s (s
o m ,n 1
_ SC_y_ a+m+4n—1 _ 4\d—a-—1 “R._ 2
*m;:O(b)m(c)nm! n!{/ot (1-1) 1 (075, 7t”(1—t)u>dt}
_ - o, B3k, " y"
= m;:OB,(y “)(a—l—m—l—n,d—a)(b)m(c)nmm

= B(a,d — a)F{"P"") [a,b, ¢;d; 2, y; ] .

Therefore, we obtain the desired result. [l
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Theorem 2. For the generalized extended Appell’s hypergeometric function

Féa’ﬁ’a oBl3s,v,m) [a, b, ¢; d, e;x, y; 7], we have

FQ(a,ﬁ,a’ﬁ’;mmvm) [a,b, c; d, e;, y; 7]

tb 1 d b—1 §¢— 1(1 S)efcfl
(2.3) - B(a,d — b (c,e —c¢) / / l—ztfys)

(o gy ) o (a ¥ ) s

/ / tb 1 d b—1 ¢~ 1(1 S)efcfl
1—xt—ys)
Y Y Y
F; By ————— | 1 F; B8 ————— | dtds.
X1 1(04757 tﬁ(l_t)u)l 1(0475a s”(l—s)") S

Taking into account the summation formula

=0 m,n=0

(2.4)

n

interchanging the order of summation and integration, we have
tb 1 d b—1 o 1(1 S)efcfl
(2.5) / /
1 —at —ys)®
g Y g
F 1B —————— | 1 F 18 ————— | dtd
X1 1(04757 t"””(lt)#)l 1(0475, s”(ls)’?) S
oo m ,n 1
Ty b+m—1 d—b—1 . A v
= man—— [ t 1—t BB —————— ) dt
z;(a) ol n!/O (=07 1<O‘ﬂ t”(l—t)“)

1
ctn—1 _ o\e—c—1 -V 2
X /0 s (1—13s) 1By <a 8 75”(1 - 3)77> ds.

By the generalized beta function (1.4), and Theorem 1,
tb 1 d b—1 §¢— 1(1 _ S)e—c—l
/ / 1 —at — ys)®

A 2 I.oal. v
ee <“’ﬂ’ t~<1—t>~)1F1 (o8~ s

o0

— Z (a)ernx |y B(QB”’“)(ber dfb)B(o‘ Ch ”")(chn e—c)
m!

m,n=0

= B(b,d — b)B(c,e — ¢)FSPe B 0 oo d esa, ys 7]
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Theorem 3. For the new generalized extended Lauricella’s hypergeometric
function

Fl():a’;wa,ﬁ;m#) [a, b, ¢, d; e;2, y, z;7],
we have
Fé3;$¢7ﬂ;ﬂau) [a, b, ¢, d; e;x, y, z;7]
1 1
_ b [T ha Cpyemam 1y gty (1 — ut) (1 — o)
o) B(a,ef@/o (1= (1 — at) (1 — yt) (1 — 2t)

DB v
X 1F1 (Oé,ﬂ, t”i(l — t)”) dt.

Proof. By changing the order of integration and summation which may be
verified under the conditions, and using the generalized Beta function (1.4)
and binomial theorem, we have

(2.8)

! a—1 e—a—1 — —c — - Y
/Ot (1= 1) (1 — o)1 — yt) (1 — 2t)"4 Fy (a,ﬁ, 7tﬁ(1it)#)dt

o 1
_ ta+m+n+r71 1— t e—a—1 F Q. Y dt
Z {/0 ( ) 141 a?ﬁa t'{(].*t)i“‘
m,n,r=0
:Cm yn Z”’
X (b)m(c)n(d)rmmﬁ
e oo m yn P
= Z B'(y Bt (g +m+n+re— a)(b)m(c)n(d)Tmmﬁ
m,n,r=0
= B(a,e — a)Fl(;;,Yo”ﬁm’“) [a, b, ¢, d; e;z, y, z;7].
Hence, we obtain the desired result. [l

3. Mellin transforms

In this section, we will give the Mellin transforms of

Fl(a,B;mu) [ ’F2(a7ﬂ,a/7ﬂ';mu7u,n) [

a,b, ¢;d;z, y; ] a, b, ¢; d, e;x, y; 7] and

3ia, B85k,
FPi (a, b, e, d; e, y, 279].

Recall that the Mellin transform of f(x) is defined in the following (see, e.g.,

[9])
(3.1) M{f(x);s} = /0 f(x)x*~! du,

provided the integral converges, and its inverse transform is
1 100

(3-2) fla) = M Hp(s)} = z”%p(s) ds,

21 J oo
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where the integration path in the imaginary axis starting from —¢oo and ending
at the point ¢o00.

Theorem 4. For the generalized extended Appell’s hypergeometric function
Fl(aﬁ;mu) [

(3.3)
MEFT 1 a,b, ¢ dsw, y; )55}
I'(s)B(a—s,8)B(d — a+ us,a+ ks)

= F b, ¢;d ; .
B(a,dfa)B(ﬂfs,s) 1[G+I€S, ) € +[€S+u37$ay]

a,b, ¢;d;x, y; 7], the following Mellin transform formula holds true:

Proof. In order to prove the assertion (3.3), by taking the Mellin transform of
(2.1), we obtain

MUEL ) (0 b, ¢ ds e, y; 4]5 5}

_ 1
- B(a,d—a)
> s—1 ! a—1/1 _ pyd—a—1 — —brq —c
x/o ~y {/Ot (1—1%) (1 t)7°(1 — yt)
(34) 1Py (a;ﬂ;ﬁ) dt}d’y

— 1 ! a—1 _ 4\d—a—1 —r —-b _ —c
b e el AR G (B EUR RS

> s—1 Q. v
X {/0 YT (a,B, P t)#) dv} dt.

According to [18],

(Bl (o = s)l(s)
[(a)l(8 - s)
By changing the order of integration and summation which may be verified un-

der the conditions, and using the generalized beta function (1.4) and binomial
theorem, we have

(3.5) /0 U <a;ﬁ; _t“(1+t)“> dy = t75(1 — 1)

(3.6)

M{FLSP5) (0 b e dyw, y; A5 s}

TN 9T &, ey
- Bla,d — a)T(a)T(3 — s) m;:()(b)m( Jn m! n!

1
X / taJrnerernfl(l o t)dfaJr,usfl dt
0
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_ I'(s)B(a — s, s)B( —a+ ps,a+ Ks) i (@ + £8)m+n(D)m(c)n 2™ Y™
B(a,d —a)B(8 — s, 8) (d+ ks + u8)min m! nl

m,n=0
I(s)B(a—s,s)B(d — a+ us,a+ ks)
= F b, ¢;d ;

(a,d—a)B(ﬁ—s,s) 1[a+li8, y G +K,S+[,LS,SC,y],

which is the desired result. O

Corollary 5. By Mellin inverse formula, we have the following contour integral

(CHA) [

representation for the function F} a,b, ¢;d; x, y; v]:

F{5o (a,b, ¢ ds v, y; ]
1 (" I(s)B(a —s,8)B(d — a + us,a + ks)
—100 B(a,dfa)B(ﬂfs,s)

X Fy [a+ ks, b, ¢;d+ ks + us; x, y| v~ ds.

(3.7)

T 2mi

Theorem 6. For the generalized extended Appell’s hypergeometric function

Féa,ﬁ,r,r;n,u,vm) [a, b, c; d, e;z, y; 7], we have

(3.8)
M{Fz(aﬂ,hT;mH,Vﬂ) [a, b, ¢; d, e;x, y; 7] ; s}
_ T'(s) (a)n(8)nB(b—kn,d—b—pn+rn)B(ctvs+vn,ns+nn—c—vs—vn)
B(a,d—a)B(c,e—c) . n!(=1)"(8)n

X Fyla, b—kn, c+vs+wvn;d— un,ns+nn;x, y| .

Proof. Let L be the left-hand side of (3.8). By taking the Mellin transform of
(2.3), we obtain
(3.9)

(a,d —a) B(c e—c)
tb 1 d b—1 §¢— 1(1 S)efcfl
/ / 17wt*y8)
s—1 i Y
- R Y R S )
X {/0 ¥ eXp{sV(l—s)”}l 1 (a,ﬁ, t"””(lt)“) dv}dtds

According to [18], there exists the following integral formula for the confluent
function 1 Fi:

(3.10) /OOO ot exp{fct}lFl (a; B; —t) dt = ¢ °T'(s)2 F1 (a, s; B3; %) .

Then, setting u =

W, using the above formula, we have

/OOO 7571 exp{ﬁ}ﬂﬂ (a;ﬁ; —ﬁ) dy

(1= )T (s)aF (a 5 B —%)

(3.11)
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Applying (3.11) to (3.9), we get

(3.12)
) tb 1 d b—1 c+vs 1(178)efc+77571
L= (ad—che—c// (1 —at —ys)®
_s"@ =8
X o F1 <a s; B; A=) dtds

_ I'(s) o (@)n(8)n
~ B(a,d—a)B(c, efc)nz:%n!(—l)”(ﬂ)n
/ / tb—rn— 1 t)d—b—l/n—lsc-i-us-i-l/n—l(l _ S)e—c+7]8+7]n—1

(1 —at—ys)®

dtds.

By the integral representation of Apell’s function Fy [11], we obtain
/ / tb Kn— 1 t)dfbfvnflstruervnfl(l o S)echrnernnfl
= B(b

dtd
(3.13) (1 —at —ys)® s
—kn,d—pun—b+xn)Blc+vs+vn,ns+nn —c—vs—wvn)

X Fyla, b—kn, c+vs+wvn;d— un,ns+nn;x, y|.

Then, by applying (3.13) to (3.12), we have
(3.14)
. r(s)

B(a,d —a)B(c,e — ¢)

)

o0

Z (@)n(8)n B(b—kn,d —pn—b+rn) B(c+vs+vn,ns+nn —c—vs —vn)
2 "D (8).

X Fy[a, b— kn, c+ vs +vn;d — un,ns + nn; z, yl

which leads to the right-hand side of (3.8). O

Considering the parameter b and d which are symmetric to ¢ and e , respec-

in B

tively, a, b, ¢; d, e;x, y; 7], we get:

Corollary 7. For the generalized extended Appell’s hypergeometric function
F;«ﬂ,a/,ﬂ’;muﬂ/m) [
(3.15)

M{E; P [, b, e d, s,y 7] s)
_ I'(s)

B(b,d —b)B(c,e —¢)

(@) (8)nB(c — knye — ¢ — pn + kn) B(b + vs + vn,ns + qn — b — vs — vn)

2 nl(=1)"(8).

X Fyla, c —kn, b+vs+vn;e — un,ns +nn;xz, y| .

a, b, ¢; d, e;x, y; 7], we have

Finally, we have:
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Theorem 8. For the new generalized extended Lauricella’s hypergeometric

function Fgf"ﬁm’“) [a, b, ¢, d; e;x, y, z;7], the following Mellin transform
holds:

M{ESE S 0, b ¢, ds ey, y, 2575 8}
(3.16) _ I'(s) Bla — s,5) B(e —a+ ps,a + ks)

B(a,e —a) B(8 — s,s)
XFég) [G/+I§JS, ba c, d,e‘f"‘ﬁs‘f'/w,% Y, Z]

Proof. Let L be the left-hand side of (3.16). By taking the Mellin transform
of (2.7), we obtain

— 1 1 a—1 _ pye—a-—1 — —br1 _ —c(1_ 4 —d
5_73(%67@)/& (1= )91 (1 — )21 — yt)=°(1 — 21)

> s—1 Q. Y
><{/O YT (a,ﬁ, 7t“(1t)u)d7}dt'

According to [18], there exists the following integral formula for the confluent
function 1 Fi:

(3.17)

> s—1 . Q. Y _ 4KS Vsr(ﬁ)r(a_s)r(s)
(3.18)/0 5 1F1(a,6,—m)d7—t (- e,

Then, using the above formula, we have

I'(B)T (e = s)I(s)
B(a,e — a)T'(«)T(B8 — s)

L=

(3.19) )

X / tatrs =l —gyematrs =l — at) T (1 — yt) TO(1 — 2t) "%t
0

By the binomial theorem and beta function, we get

(3.20)
- (B (o — s)L(s)
B(a,e —a)l'(a)l'(8 — s)
X Z (b)m(c)n(d)r%n:yn—r:i—:/o ta+“5+m+”+7“*1(1 B t)efaJr,usfldt
m,n,r=0 e e

~ T'(s)B(a —s,s) B(e —a+ pus,a + ks)
B(a,e —a)B(8 —s,s)

oo

y Z (@4 £S)mantr(D)m(c)n(d)r ﬂﬁi
(e + K8 + 1S)mintr m! n! r!

m,n,r=0
I(s)B(a —s,s) Ble — a+ us,a + ks)
B(a,e —a)B(5 — s, 8)

xFé)g) [a+ ks, b, ¢, d; e+ ks + ps;x, y, 2],
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which, upon using (1.10), leads to the right-hand side (3.16). O

In case kK = p = 1, the formula (3.16) reduces to the result in [9, Theorem
3.3].

Corollary 9. We have the following contour integral representation for the
function Fg’f"ﬂ;“’“) la, b, ¢, d; e;x, y, 23]
3,85k,
Fsii (o, b, e, ds e, y, 2;7)

(3.21)

1 /ioo I'(s)B(a—s,s)B(e —a+ us,a+ Kks)
B(a,e —a)B( — s, 8)

X Fg) [a+ ks, b, ¢, d; e+ ks + ps; x, y, 2]y ds.

T 2mi

—100

Upon setting x = p from (2.1) to (3.21), we arrive at the known results in

[1].

4. Concluding remarks

The integral representations and Mellin transforms used in this paper can
provide several (presumably) new transformation formulas involving multiple
variables hypergeometric functions. These results may be useful in number
theory, the theory of asymptotic expansion and computer science.
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