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CERTAIN INTEGRAL FORMULAS ASSOCIATED WITH
ALEPH (R)-FUNCTION

PRAVEEN AGARWAL, SHILPI JAIN, ERKINJON T. KARIMOV,
AND JYOTINDRA C. PRAJAPATI

ABSTRACT. Recently many authors have investigated so-called Aleph (X)-
function and its various properties. Here, in this paper, we aim at estab-
lishing certain integral formulas involving the Aleph (X)-function. P,
cisely, integrals with product of Aleph (X)-function with Jacobi p.
mials, Bessel Maitland function, general class of polynomials we
consideration. Some interesting special cases of our main res
considered and shown to be connected with certain known

real and positive numbers, non positive and p
{0} UN. The Aleph (N)-function, which is v er transcendental
function (it was introduced by Siid . efined by means of

jk)]n+1’pk;r
i (0gs B )]

Tk Im+1,q,;r

R[z] = N7

PksqkTk;T

— 100 to v + too; The poles of Gamma function
€ N;j1 < j < n) do not coincide with those of
€ N;1 < j < m); the parameters pg,qr € N satisfy the
<pp, 1 <m < g 7 >0 (1 <k <r); The parameters
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Aj,Bj,Aji,Bjr, > 0 and a;,bj,a;,,b;, € C; the empty product in (1.2) is
(as usual) understood to be unity. The existence conditions for the defining
integral (1.1) are given below:

(1.3) ¢ >0 and |arg(z)| < ggpl (lel,r)
and
(1.4) w1 >0 and |arg(z)| < gcpl and R(g)+1<0,
where
n m Pi q
(1.5) =) Aj+> Bi-n| > A+ > Bi
Jj=1 Jj=1 j=n+1 j=m+1

m n qu P 1
(1.6) Q=ij—2aj+n Z bj1 — Z ajl | + =

j=1 j=1 j=m+1 j=n+1

Remark 1. We would like to mention that by settj
1,2,...,7) in (1.1), we get the I-function [11], wh
r =1 reduces to the familiar function (see [6,

For the present investigation, we also con

Definition 1. The Jacobi polynomials P+# defined by
(17) Pn (:7}) - TL' 2 Q; 2 )

where o F} is the classical hyperge
polynomial in (1.7) beco
have

(1.8)

Definition 2 nction is the solution of Legendre’s differential

f = (22— 1)Y/?"y, then (1.9) reduced to
22)@ 2(1/+1)zd—y+[1/( v)(p+v+1)]=0
dz? dz s s -

0= % — %z as the independent variable the above differential equation

s as following:
11) 5(1—6)@“ +1)(1—26)d—y+[( —v)(p+v+1)]=0
. 752 1 5 T —v)lptr =0.
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The solution of (1.9) in the form of Gauss hypergeometric type equation
witha=pu—v,b=pu+rv+1and c= pu+ 1, is represented as follows.
(1.12)

1 241\ 11
:P“ = — _ F — 1:1—pu:=— — = 1— 2
f u(z) F(l—/,t) (Z-l) V7V+ ? N72 22 ’| Z| < ’

where P (z) is known as the Legendre function of the first kind [3, Sec. 3.2].

Definition 3. The hypergeometric function defined for ¢ > 0 as [8]

(1.13) F(a,b;c;z)zl—i—zi—,

1) =350 = 1

Definition 4. The Bessel Maitland function (also kn
Bessel function) is defined as following [4]:

(1.15) Jh(2) = $lpv +L2) =
n=0

Definition 5. The general class of _polyno [] introduced by

Srivastava is defined and represen , Equ. (7)]
(1.16) Sy SRS

k!

are arbitrary positive integers, the
constants, real or complex.

oefficients Ay, ;,, Syt " [z] yields a number

ial cases. These includes, among other, the
e Laguerre polynomials, the Hermite polynomials, the
(Gould-Hopper polynomials, the Brafman polynomials

. 158-161].

2. Main results

te with many special functions. We note some recent works on
on of Aleph function [1], [2].
state our results as the following:

heorem 1. The following integral formulas are valid:
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(1)
1
B= [ N
. A1), (a5, A7) 16 8@k, Ak puir
=I'(\— N B+1 |: (7 s \Wyj, 5 )1,8, [05\Qjk, 5 B+1,pr;
( M) pr+1,0k+1,0k;57 z (bjaBj)l,av(,L"a )’[5j(bjk’Bjk)]a+1,ak;T
2)

Pk>Tk0k;T

I = / O e Nt [27]dx

_ (A)Na ,B+1 (1 —/\ 1) (a],A )15 [5 (ajk:7 ]k)]ﬂ+1p
pe+1,06+1,05;7 (bj, Bj)1,as (1 — X — 11,1),[6;(bjk, Bjr)]

I3 = / o lszgk Spor 2]
(/\ 1) (a]vA )1 ,87[

a,f+1
( )Npk-i-l o) +1,61;T |: (b],B )1 o”()\ 13

(4)
/ (x+B) ”N;‘;Bak spor 2]
_BT

P05 (ks Ajk )] 841, pnir ]
)v [5] (bjkv Bjk)]a+1,ak;7 ’

a+1,8+1 28
I‘( ) Pk+1 or+1,0k;T (b
5)

aj, Aj)1,8, 105 (@jks Ajk)]g+1,00:7
(_1 I )" 77)7 [5j (bﬂﬁ Bjk)]a-i-l,mcﬂ'

@G, 5 2 (14 @) de

P e

S W o

k! pr+1,06+1,6k;7

n!

[zZ" (=v = C=km), (v = k), (aj, Aj)1,p, [0 (@i, Aji)lp1,prim
(bj7 Bj)LOu (_C —V=n- /%77)7 (_1 A e kvn)v [6j(bjk7Bjk)]0t+1,Uk§T

provided that € > —1, ¢ > =1, R(v) > —1 and |arg(2)| < 37¢;
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(7)

I = /1 2°(1 — 2)$(1 + 2)” P& (z) PO ()R [2(1 + z)"dx

1 PksOk,Ok;T

(L XN ()25 (n 4+ £+ 1)
- m' n!

o0

oL+ A+ ptm), o
x Z 1 + )\ 2Ppl Z Pk+170k+175k§7

(—v—=C—km),(v—k, 77)7 (azs Aj)1,65 105 (ajn, Aji)lp+1,057

x {Zzn (0js Bj),as (=C—v =n =k, ), (=1 —v —E&—n—k,n),[0;(bjr, Bjr)la

provided that £ > —1, ¢ > —1, R(v) > —1 and |arg(z)| <

(8)
1
I = / (A= a2 PO NG [0 2
gV1(1+nn°° n)i(14+n+C+n)
=2 kz=o 2FEN1 4+ 1)
p+q ( § kp)( V7q)7(l/_k777)7(
x [22 " ( B; )1 N e ) [ ( j jk)]a+1,ak;f

C+n)k (1+§+k)Na+1ﬂ
_|_77) pr+1,0+1,0;7

D), [5 (a/JkHAjk)]B"FLPk?T
) (wa )1 a [6j(bjk’Bjk)]0¢+17Uk§T

NC under the following the conditions: R(n)
1 and |arg 2| < Lnci; R(E+ pmin(by/5;) > —1 (j

v

(14 z)" PO (z)R*P [2(1 — 2)P(1 + z)~dx

P01 OksT P

i (kL4 0+ CH 1)k a1 g4
Qkk!(l + 77)k Pe+1,06+2,0k;7

(=€ —k,p), (v — k), (aj, Aj)1,5,[0; (%kaA k)] a1, 0157
(bj7Bj)1 aa(—1—§_V_kap_Q) [ J( Jk’ )]a+1,ak;7
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The above result will converge under the following conditions:

b, b, 1
R {f—i-pmin —J} >—-1,R {1/+qmin —J] >—-1,(j=1,...,m); |argz| < 5#@;

B; B;
(11)
! - o,
Iy = /0 z* 1(1—zQ)"/QPg(z)Np;7gk,5k;T[zxp]d:z:

DM 4 Q)
- I'(l—n+Q) prt+1,05+2,0k;T
% {22,,, ’ (L =& ) (aj, Aj)rp, [0 (aji, Aji)lp+1,pnsr
(ijBj)l,az (% + % - ‘;L - %7 12_1)7 (_g - l2Z - %7 %)7 [§j(bjkaj )]
provided that |argz| < $m(; € > 0 and n € No.
(12)

Pk Tk ,0k;T

(1M /227 = 7+ Q) oo
Ti+7+0) e

1
I = / 2571 - xQ)_"/QPg(x)NO"’B [zaP|dx
0

x |:Z2_p (1 - gap)z (aj7 Aj)11 Ajks Ajk)]ﬂ+1,pk;7
(b]‘,B]‘)l,a, (% + % + % - %7 12’7)7( 'kajk)]a+1,ﬂk;T
provided that |argz| < 37(; £€>0a
(13)
o0 . ﬂ
Ly = /1 2 x = 1)1 R { ! (1- »’0)} N oy 5 (227 ]

n=Ek no+Ls
pr+1,05+1,0k;7

Wjky Ajk)] 41,157 }

ed that |arg z| < %ﬂ(l,é—up>0,p>0,0<u< 1 and
+1)>0.

(1 —2)8 (1 + 2)V=Lsmume[y(1 — 2)S (1 + z)"R®P [2(1 — 2)P(1 + z)7]dx

,
MLyl PksOk,0k3T
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_ Na+1’ﬂ+1
T U pkt+l,06+2,0k;T

(1 —=&—Cli,p), (L —v —nli, q), (az, Aj)1,6, [05(@ji: Aji)]s+1,p4:7
(b5, Bj)1,a, (1 = (£ +v) = (C+n), 0+ @), [0;(Djk, Bir)at1,01:7

The above result will converge under the following conditions:

|:221’*‘I

b b 1
R {f—i-pmin B—J} >—-1,R {1/+qmin 5—J] >—-1,(j=1,...,m); |argz| < 5#@;

J

j
the parameter (; is defined in (1.6).

Proof.
1
I = /O y A -y RS ayldy

1 —s ! —A—s+1— —p—
= O {/0 R ) S

2w J,

1
= Qs (8)z7°B(1 = A —s,A— p)ds

21 J, PksOk,0k;T

_ 1 115, D(b;+B;s) TP T(1—a;—A;s)
T om0, S R Ty B T Tagnot A
_ a,f+1 (A1), (ay
(21) =T - [z AR .

1
- -1 B
b [aa—are

1 8 _
=5 ng,akﬁkﬁ'(s)z s{

2L S,
— L QP

2L ¢
1 —a;—4;s) FA—s)T(p) —s
= om T Mo Aes) TO=s) 2 09

(1= A1), (a5, Aj)1,6, [0 (A, Ajk)] 1,005 } .
Dj, Bj)l,ow (1 A= 1y 1)7 [(sj(bjk: Bjk)]a—‘—l,ak;‘r

p—1 a,B
Nﬂk 1Ok yOk5T

pk,ak,ék;‘r(s)z_s {/ m_)‘_s(x - 1)#_1d$} ds.
1

= dzx = dt, and using the following relation:

[zx]dx

xa—l

F(Oz)F(ﬁ) = F(Oé + ﬁ) /OOO de

00 x,@—l J
-T v
(O‘+ﬂ)/0 1oy
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we get

1 oo
Iy = QP (5)27° { / 11 +t)(’\+“+s_’\)dt} ds
0

27 J, POk Ok;T

1 H?=1F(bj+Bj5)'H?:1F(1_aj_Ajs) F(;L)F()\+s—y)2_sd8
= _ E
211 Jy Tkt ORTE, Dby —Bjxs) Tk 5 DlajntAjes)  Dluts)

[e )‘71)7([147144)1 7[5(ak714k)] 1,pk;T
2.5) = I'(g)R*AHL ( 3> 43 )1,85 195 \Ajks Ajk )| +1, 0k
( ) (H’) Prt1,06+1,0k57 ‘ (bj7 Bj)l,ou (/\ — M 1)7 [5J (bjk7 Bj )]oH—l,o’;@;T

L= [0 8Nl
0

1 a,B —sp—s > A—s—1 [ &
(26) % erk,ak,ék;T(S)Z B {/O 4

Setting x = t8 = dx = Bdt, then we arrive at:

BA—;L op i oo R 1
= 2L /KQPILka,(;k;T(S)(Zﬂ) {/0 Ao (1
— BA—p / TIS_, T(b;+Bjs)T19_ T(1—a;— A;s

14

2L k=1 51«“?2".,1“(1—%—BakS)‘Hfig“

(1 - )\, 1), ((LJ‘

B a8+
@7 =T 8| o, oy

I‘(‘u) pr+1,06+1,0k;7

1
L /(1—3@)’\(1—#96)”2‘23‘;{3
-1

1 o8
(2'8) % eQPkuak,5k§

15_,T(b;+B;s)M°_ T(1—a;—A;s) D(14+A—ns)T(1+u) (z2)-*ds
TE G D(1=bji—Bjrs) TE o T(aje+Ajs) TRHA—ns+u)

{227, ’ (=), (@, 41,85 05 (ajms Ajk)g+1,ppi }
T (bjs Bi)1,a, (=1 = 1 = A1), [05 (bjk, Bjk)lat1,0057

1+ 2)" P&9) (z)R>F [2(1 + )" dx

Pk Tk ,0k;T

1
O oo (8)27° { / 21— @)1+ x)HSPS*O(x)dx} ds.

-1
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In our investigation, the following formula is useful:

(2.12) /1 M1 - 2)5(1 4 z)" P& (z)dx

-1

(—1) 25V HIP (L DT (n4£4+ )T (v+C+1)
nIT(v+C+n+1)T(v+E€+n+2)

-Av+(+1Lv+1;
v+(+n+lLv+E&+n+2;

= 3Fy 1 )
where « > —1 and 5 > —1. Also 3F3 is a special case of the generalized
hypergeometric series.

Applying the above formula (2.12), the equation (2.11) reduced to the
lowing form:

1 a,B — 28tV =nsHIp(y s+ 1) (n+€4+1) (v—n,
Is = oL Zka,akﬁk;T(S)z *(=1)" T (v—ns+Ctn+ DI (v—ns+é+

“ANv—ns+(+1,v—ns+1;
v—ns+(+n+lv—ns+&+n+2;

(1) 28" D (n4+ €+ 1) o= (—M\)e(1)F 1
- n! Z kk' L

><3F2|: 1| ds

k=0
o T(b;+ Bys) - II_ T(1
/Ek 15kHa I'(1 = bjr — Bjks) -
" I'(v—ns+(+k+1)I(
F'v—ns+(+n+k+1)T

(2.13)
(=)m25 T (n + €+ 1)

= n! Z +1,0,+1,0k;7

X [z?”

(bj7Bj) _V_g_TL—k777)7[5j(bjk7Bjk)]a+1,o'k;T

provided that £ —1 and |arg(z)| < 37(;

2)" P9 () PO ()R,

P 5T 0T 1F

[2(1 4 z)"]dx

(—m)p(L+A+p+m), [!
(1 + )‘)p2pp! /

(e )Naﬂ [2(1 + )" dz,

Pk Tk 0k;T

(1 —2)°(1+z)”

ng the formula (2.13), the equation (2.14) reduced to the following

m (=128 I (n 4 € 41)
n!
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Xi 1+A+u+mpi aﬂtl L
| pr+1l,06+1,0k;7
= (14 X)p2rp! =
% | z2m (=v = C= k), (v = kym), (g, Ajs, [0(agms Agi)lp1,pir
(b, Bi)t,as (=C = v =n—k,n), (=1 = v =& —n—k,n),[0;(bjr, Bjk)la+1,00:

provided that £ > —1, ¢ > —1, R(v) > —1 and |arg(2)| < 37¢;

1
Iz = / (1—2)5(1 +z)" PO (z )NZM;B% o[22 (14 2y
-1
1
= L Qa,ﬂ (S)Z_S (1—:)3)5 ps 1+z o qu (j
2w J, Pk Tk, 0k;T B
1 P 1
x 2 Qp;,gh(gk#(s)z_s{ (1—2)57P5(1 + )"~ gs (
-n,l+n+C+n; 1-x
25 |: 14+n; ds,
(L) $5 (L + 4
2.16
10 Z_: Qkk' 140k
1

a,B - 5 ps+k 1/ qs
X o erkm,ék;T(s)z d:z: ds,

by applying the formula (2.9), the above equa ced to the follow-
ing form:
(2.17)

Is = 2€+V+1 (1 + 77)n

ps + k)I'(1 + v —gs
E+v—ps—qs+k)
(L +104+C+ Nk a,842

K1+ )k Pr+2,05+2,0k;T

), (v =k, m), (az, Aj),p, [05(ajk, Aji)l p+1,0057
—1—=&6—v—Fkp+q),[0i(bjk, Bjk)lat1,00:7

)(2p+qz)_sds

— 2)5(1 + 2)" P19 (2)R*F [2(1 + )" P)dx

P50 S5 P

— (—n)e(1+n+{+n)
2 28EN(1 + 1)k

1
Q;fdk,ék;f(s)z_s {/ (1- x)§+k(1 + $)V+psdx} ds

-1
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applying the formula (2.9), the equation (2.17) reduced to the following form:

Iy 25+u+11+77ni 1+T]+<+7l)
P Qkk' 1+ n)k
1 @ _JLA+E+ R+ v+ ps) .
X 2_ p;fak,ék;‘r( ) T ( ) ds
Sy 2+&+v+ps+k)
_ oot (LM i ()i 4+ CH e+ E4R) ass
= n! Qk‘kl(l + 77)16 pr+1l,0+1,05;T

k=0

(aj’A ) (1 +¢, p) [ (aJIWA )]/3-‘:-17/%;7'
2+&+v+ k D) (bJ’ B, )l,m [‘5 (bﬂw Bjk)]a+1,ak;7
the above result is true under the following the conditions:

(1) R(n) > —1,R(¢) > —1 and |argz| < 37¢;

(2) R+ pmin(b;/B;)) >—-1(j=1,...,m).

(2.18) x [zw’

1
ho= [ =4y PIO@, 5 L0
1

1
a,B - _ )
271 eﬂpk,ﬂkﬁk;‘l’(s)z s{/l(l I)

L QP ( ) —s !
21/, k501,07 )7 :

% oF) [ —n,1+n+(+

1+mn;

Mn i () +n++n)
nl T 2RI+ )
W [ qas (5)2 Pl+&—ps+k)I(1+v+gs)
2my f, PeoRdkT PQ+&+v—ps+qs+k)
_ gttutl (1+n)n i (—n)r(1+n+C+n) No+LA+1
- n! 2kk!(1 + 1)k Pe+1,06+2,0k;7

(2P+9z)~5ds

k=0
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(=€ = k,p), (v = k,n), (a5, Aj)1, [05(ajr, Ajk)]p+1,ppir
(bj; Bi)t,a: (=1 =& = v —k,p— @), [0;(bjk, Bjk)la+1,005r
The above result will converge under the following conditions:

1) ® [S—l—pming—ﬂ > LR [u+qming—§] >1,(G=1,...,m);
(2) |argz| < %ﬂ'{l;

X [221’_‘1

1
(2.21) Iy = / 21— a2 RIS [saPd
0

ks Ok Ok;T

1 1
= a,pB —s E—ps—1¢q9 _ 2\n/2pn
=5 erk,akm;T(s)z {/0 > P (1 = 2®) VP ()

Now applying the following formula [3, Sec. 3.12] for £(§) > 0,
1
(2.22) /O 2671 (1 — 22)1/2 P2 (2)da

_ (=112~ ¢l 2D(OT (1 + 0+

Frl-n+QrGE+5+2-%5) -r(

the above integral (2.21) reduced to
(2.23)

T3

(~DHmP2 A4+ () 1

Ill =

=5 -4 -59).016;(bjx, Bjt)lat1onir }’

"/QPg(x)NO"’B [z2P]dx

Pk Tk 0k

1
pk,ak,(sk;r(s)z_s {A zf—ps—l(l - IZ)_U/QPCT,(ZE)CZZE} dS.

he formula (2.22) the above integral (2.24) reduced to

1)“(7‘()1/22_5—77F(1 —n+ C) i /Qa,ﬂ (S)Z_s
Fl14+n+¢) 2my f, PReoRORIT

(27Pz)"%ds

MG+5E -9 T+ +3)
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(~DH(m) 22 = 7+ Q) o

I‘(l +n+ C) prt1,0k+2,0k5T
X |22-P (1-¢&p), ( s Ai)gs [05(aje, Aji)la+1,o0r
(bjaBj)l,ou( +§+l 2 %)’( §+'L - %’ 2) [6j(bjk’Bjk)]a+lyak;T

provided that |arg z| < 7¢, £ > 0 and 5 € Ny.

(2.26)
oo
Il3 - / I_g(x - 1>”712F1 |: " . 5;7;11 e i (1 B ):| N?kﬂak Oks T[Z{L’p]dx
L 3
1 o B .
= ﬁ Qiﬂl,ﬁak,ék;r(S)Z—S {/1 ,7:‘5(1' — ]_)71—12F1 |: n+A 6;7,’” +n—=¢ (1 -~ I)

by putting x =t + 1 = dx = dt, then we get:

(2.27) Iis = Z (—1)k(>\+77(7—7)i)kk!(ﬂ+77—§)k

1 .8 I
] —S8
X 21 J, Pk,0k75k;7(3)2

k=0

FA+1n-9)
(W)k

(2.28) Lz =T(£+k) Z
k=0

g formula [11]

I'(E+1) ;i (R >-1, 0< p<),

a s L1 +£—ps)
Q lfak#sk, (3)2 — oy —
D(1+v —p — pé + pps)

{z (=&p), (1 +v —p— p&, up), (aj, A1,p, [0 (azr, A 1,00
Tk, OnsT (€ =n—Fk1),(j, Bj)1,a,10;(bjks Bji)la+1,0

at |arg z| < %ﬂ(l,f—up>0,p>0,0<u<1and3?(§+1)>0.
we establish the following integral:

hs = [ (1= 0 ap S (1= ) (14 )

vvvvv zs
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Ngfakﬁk, [ (1 - z)p(l + z)q]dz
[nl/ml] [nr/mr] T 1 5
- Z Z H ”“ly oL Qp;70k75k;7(5)z_5
k:l— T—O 1=1
1
X {/ (1 _ z)€+cli_p3_1(1 + z)”'ﬁ‘ﬂli—qs—ldx} dS
-1
[n1/ma]  [ne/me]
k?l— T—O =1
L [qas s (pta)s § T(E+CL—ps)T (vAnli—gs)
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The above result will converge unde,

(1) %{§+pming—ﬂ >—1,R ,m);
(2) |argz| < £7(; the paramet (1.6).

This ends proof of T O
Concluding Remark: resent study by remarking that the
several further c Pults can easily be derived by using some
known and ne i tween Aleph ( )-functions, which is an elegant
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