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INCOMPLETE EXTENDED HURWITZ-LERCH ZETA

FUNCTIONS AND ASSOCIATED PROPERTIES

Rakesh K. Parmar and Ram K. Saxena

Abstract. Motivated mainly by certain interesting recent extensions
of the generalized hypergeometric function [Integral Transforms Spec.

Funct. 23 (2012), 659–683] by means of the incomplete Pochhammer
symbols (λ;κ)

ν
and [λ;κ]

ν
, we first introduce incomplete Fox-Wright

function. We then define the families of incomplete extended Hurwitz-
Lerch Zeta function. We then systematically investigate several interest-
ing properties of these incomplete extended Hurwitz-Lerch Zeta function
which include various integral representations, summation formula, frac-

tional derivative formula. We also consider an application to probability
distributions and some special cases of our main results.

1. Introduction, definitions and preliminaries

The familiar incomplete Gamma functions γ(s, x) and Γ(s, x) defined by

(1.1) γ(s, x) :=

∫ x

0

ts−1 e−t dt
(

ℜ(s) > 0; x ≧ 0
)

and

(1.2) Γ(s, x) :=

∫ ∞

x

ts−1 e−t dt
(

x ≧ 0; ℜ(s) > 0 when x = 0
)

,

respectively, satisfy the following decomposition formula:

(1.3) γ(s, x) + Γ(s, x) := Γ(s)
(

ℜ(s) > 0
)

.

Throughout this paper, N, Z− and C denote the sets of positive integers, neg-
ative integers and complex numbers, respectively,

N0 := N ∪ {0} and Z
−
0 := Z

− ∪ {0} .
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Moreover, the parameter x ≧ 0 used above in (1.1) and (1.2) and elsewhere in
this paper is independent of ℜ(z) of the complex number z ∈ C.

Recently, Srivastava et al. [22] introduced and studied in a rather systematic
manner the following two families of generalized incomplete hypergeometric
functions:

pγq

[

(α1, x), α2, . . . , αp;
β1, . . . , βq;

z

]

=
∞
∑

n=0

(α1;x)n(α2)n · · · (αp)n
(β1)n · · · (βq)n

zn

n!
(1.4)

and

pΓq

[

(α1, x), α2, . . . , αp;
β1, . . . , βq;

z

]

=

∞
∑

n=0

[α1;x]n(α2)n · · · (αp)n
(β1)n · · · (βq)n

zn

n!
,(1.5)

where, in terms of the incomplete gamma functions γ(s, x) and Γ(s, x) defined
by (1.1) and (1.2), respectively, the incomplete Pochhammer symbols (λ;x)ν
and [λ;x]ν (λ; ν ∈ C; x ≧ 0) are defined as follows:

(1.6) (λ;x)ν :=
γ(λ+ ν, x)

Γ(λ)
(λ, ν ∈ C; x ≧ 0)

and

(1.7) [λ;x]ν :=
Γ(λ+ ν, x)

Γ(λ)
(λ, ν ∈ C; x ≧ 0),

so that, obviously, these incomplete Pochhammer symbols (λ;x)ν and [λ;x]ν
satisfy the following decomposition relation:

(1.8) (λ;x)ν + [λ;x]ν := (λ)ν (λ; ν ∈ C; x ≧ 0).

Here, and in what follows, (λ)ν (λ, ν ∈ C) denotes the Pochhammer symbol
(or the shifted factorial) which is defined (in general) by

(1.9) (λ)ν :=
Γ(λ+ ν)

Γ(λ)
=







1 (ν = 0; λ ∈ C \ {0})

λ(λ+ 1) · · · (λ+ n− 1) (ν = n ∈ N; λ ∈ C),

it being understood conventionally that (0)0 := 1 and assumed tacitly that the
Γ-quotient exists (see, for details, [26, p. 21 et seq.]).

It is observed that the definitions (1.4) and (1.5) readily yield the following
decomposition formula:

pγq

[

(α1, x), α2, . . . , αp;
β1, . . . , βq;

z

]

+ pΓq

[

(α1, x), α2, . . . , αp;
β1, . . . , βq;

z

]

= pFq

[

α1, α2, . . . , αp;
β1, . . . , βq;

z

]

(1.10)

for the familiar generalized hypergeometric function pFq.
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The Hurwitz-Lerch Zeta function Φ(z, s, a) is defined by (see, e.g., [9, p. 27,
Eq. 1.11(1)]; see also [23, p. 121] and [24, p. 194]):

(1.11) Φ(z, s, a) :=

∞
∑

n=0

zn

(n+ a)s

(

a ∈ C \ Z−
0 ; s ∈ C when |z| < 1; ℜ(s) > 1 when |z| = 1

)

.

The Hurwitz-Lerch Zeta function has the well-known integral representation
(see, e.g., [9, p. 27, Eq. 1.11(3)]; see also [24, p. 194, Eq. 2.5(4)]):

(1.12) Φ(z, s, a) =
1

Γ(s)

∫ ∞

0

ts−1e−at

1− ze−t
dt =

1

Γ(s)

∫ ∞

0

ts−1e−(a−1)t

et − z
dt

(

ℜ(a) > 0; ℜ(s) > 0 when |z| ≦ 1 (z 6= 1); ℜ(s) > 1 when z = 1
)

.

Various generalizations of the Hurwitz-Lerch Zeta function Φ(z, s, a) have been
investigated by several authors (see, e.g., [1, 4, 5, 9, 12, 21, 25, 27, 29]). In
particular, Goyal and Laddha [11, p. 100, Eq. (1.5)], Lin and Srivastava [14, p.
727, Eq. (8)] and Garg et al. [10, p. 313, Eq. (1.7)] studied certain functions
which are, respectively, defined by

(1.13) Φ∗
µ(z, s, a) :=

∞
∑

n=0

(µ)n
n!

zn

(n+ a)s

(

µ ∈ C; a ∈ C \ Z−
0 ; s ∈ C when |z| < 1;ℜ(s− µ) > 1 when |z| = 1

)

,

(1.14) Φ(ρ,κ)
µ;ν (z, s, a) :=

∞
∑

n=0

(µ)ρn
(ν)κn

zn

(n+ a)s

(

µ ∈ C; a, ν ∈ C \ Z−
0 ; ρ, σ,∈ R

+; ρ < σ when s, z ∈ C; ρ = σ and s ∈ C

when |z| < δ := ρ−ρσ−σ; ρ = σ and ℜ(s+ ν − µ) > 1 when |z| = δ
)

and

(1.15) Φλ,µ;ν(z, s, a) :=
∞
∑

n=0

(λ)n(µ)n
(ν)nn!

zn

(n+ a)s

(

λ, µ ∈ C; ν, a ∈ C\Z−
0 ; s ∈ C when |z| < 1; ℜ(s+ν−λ−µ) > 1 when |z| = 1

)

,

or, equivalently, by means of an integral representations of (1.13), (1.14) and
(1.15) which are given, respectively, by

(1.16) Φ∗
µ(z, s, a) =

1

Γ(s)

∫ ∞

0

ts−1e−at

(1− ze−t)µ
dt =

1

Γ(s)

∫ ∞

0

ts−1e−(a−1)t

(et − z)µ
dt

(

ℜ(a) > 0; ℜ(s) > 0 when |z| ≦ 1 (z 6= 1); ℜ(s) > 1 when z = 1
)

,

(1.17) Φ
(ρ,κ)

(µ;ν)
(z, s, a) :=

1

Γ(s)

∫ ∞

0

ts−1e−at
2Ψ

∗
1

[

(1, 1), (µ, ρ);
(ν, κ);

ze−t

]

dt

(

min{ℜ(s), ℜ(a)} > 0, κ > ρ > 0 when z ∈ C;κ ≧ ρ > 0 when |z| < ρ−ρκκ
)
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and

(1.18) Φλ,µ;ν(z, s, a) :=
1

Γ(s)

∫ ∞

0

ts−1e−at
2F1(λ, µ; ν; ze

−t) dt

(

ℜ(a) > 0; ℜ(s) > 0 when |z| ≦ 1 (z 6= 1); ℜ(s) > 1 when z = 1
)

.

Motivated essentially by the demonstrated potential for applications of these
incomplete hypergeometric functions pγq and pΓq in many diverse areas of
mathematical, physical, engineering and statistical sciences (see, for details,
[2, 6, 7, 8, 16, 30, 31, 32, 33, 34] and the references cited therein), here, we
aim here at systematically investigating the family of the incomplete extended
Hurwitz-Lerch Zeta function. We, first introduce incomplete Fox-Wright Psi
function. We then systematically investigate several interesting properties of
incomplete extended Hurwitz-Lerch Zeta function which include other families
of incomplete generalized Hurwitz-Lerch Zeta function, various integral repre-
sentations, sum-integral formula, summation formula and fractional derivative
formula. We also consider an application to probability distributions and some
special cases of our main results.

2. The incomplete Fox-Wright function

In this section, we introduce a family of the incomplete Fox-Wright function

pψq(z) and pψq(z), which is a further generalization of incomplete hypergeomet-
ric functions pγq and pΓq defined by (1.4) and (1.5), with p numerator and
q denominator parameters, such that α1, . . . , αp ∈ C, and β1, . . . , βq ∈ C \Z−

0

are defined by

pψq

[

(α1, A1, x), (α2, A2), . . . , (αp, Ap);
(β1, B1), . . . , (βq, Bq);

z

]

=

∞
∑

n=0

γ(α1 +A1n, x)Γ(α2 +A2n) · · ·Γ(αp +Apn)

Γ(β1 +B1n) · · ·Γ(βq +Bqn)

zn

n!
(2.1)

and

pψq

[

(α1, A1, x), (α2, A2), . . . , (αp, Ap);
(β1, B1), . . . , (βq, Bq);

z

]

=
∞
∑

n=0

Γ(α1 +A1n, x)Γ(α2 +A2n) · · ·Γ(αp +Apn)

Γ(β1 +B1n) · · ·Γ(βq +Bqn)

zn

n!
(2.2)

or its normalization pψ
∗
q and pψ

∗
q , respectively, are defined by

pψ
∗
q

[

(α1, A1, x), (α2, A2), . . . , (αp, Ap);
(β1, B1), . . . , (βq, Bq);

z

]

=

∞
∑

n=0

(α1;x)A1n(α2)A2n · · · (αp)Apn

(β1)B1n · · · (βq)Bqn

zn

n!
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=
Γ(β1) · · ·Γ(βq)

Γ(α1) · · ·Γ(αp)
pψq

[

(α1, A1, x), (α2, A2), . . . , (αp, Ap);
(β1, B1), . . . , (βq, Bq);

z

]

(2.3)

and

pψ
∗

q

[

(α1, A1, x), (α2, A2), . . . , (αp, Ap);
(β1, B1), . . . , (βq, Bq);

z

]

=
∞
∑

n=0

[α1;x]A1n(α2)A2n · · · (αp)Apn

(β1)B1n · · · (βq)Bqn

zn

n!

=
Γ(β1) · · ·Γ(βq)

Γ(α1) · · ·Γ(αp)
pψq

[

(α1, A1, x), (α2, A2), . . . , (αp, Ap);
(β1, B1), . . . , (βq, Bq);

z

]

.(2.4)

Remark 1. Since it is easily seen that

|(λ;x)ρn| ≦ |(λ)ρn| and |[λ;x]ρn| ≦ |(λ)ρn| (λ ∈ C; n ∈ N0, ρ > 0; x ≧ 0),

the precise sufficient conditions under which the infinite series in definitions
(2.3) and (2.4) would converge absolutely can be derived from those in the case
of the Fox-Wright function pΨq(z) or pΨ

∗
q(z) (p, q ∈ N0) (see [15, 26, 28]).

Indeed, in their special case when x = 0, both pψ
∗
q (z) (p, q ∈ N0) and pψ

∗

q (z)
(p, q ∈ N0) would reduce immediately to the Fox-Wright Psi function pΨq(z)
or pΨ

∗
q(z) (p, q ∈ N0). In view of (1.8), these families of incomplete Fox-

Wright generalized hypergeometric function satisfy the following decomposition
formula:

pψq

[

(α1, A1, x), (α2, A2), . . . , (αp, Ap);
(β1, B1), . . . , (βq, Bq);

z

]

+ pψq

[

(α1, A1, x), (α2, A2), . . . , (αp, Ap);
(β1, B1), . . . , (βq, Bq);

z

]

= pΨq

[

(α1, A1), . . . , (αp, Ap);
(β1, B1), . . . , (βq, Bq);

z

]

,(2.5)

where pΨq(z) or pΨ
∗
q(z) is the Fox-Wright generalized hypergeometric function

[15, 26, 28].

Remark 2. The special case when

Aj = Bk = 1 (j = 1, . . . , p; k = 1, . . . , q)

in (2.3) and (2.4) immediately reduces to (1.4) and (1.5), respectively.

Remark 3. It is interesting to note that if we set

p 7→ p+ 1, αp+1 = Ap+1 = 1, q 7→ q + 1, βq+1 = β, Bp+1 = α

and Aj = Bk = 1 (j = 1, . . . , p; k = 1, . . . , q)

in (2.3) and (2.4), we obtain the following family of incomplete generalized
M-series:

(2.6) p

α,β
γq

[

(α1, x), α2, . . . , αp;
β1, . . . , βq;

z

]

=

∞
∑

n=0

(α1;x)n(α2)n · · · (αp)n
(β1)n · · · (βq)n

zn

Γ(αn+ β)
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and

(2.7) p

α,β

Γq

[

(α1, x), α2, . . . , αp;
β1, . . . , βq;

z

]

=

∞
∑

n=0

[α1;x]n(α2)n · · · (αp)n
(β1)n · · · (βq)n

zn

Γ(αn+ β)
,

respectively. So that it satisfy the decomposition formula:

p

α,β
γq + p

α,β

Γq = p

α,β

Mq,

where p

α,β

Mq is so-called generalized M-series introduced by Sharma and Jain
[20] (see also, [18, 19]).

3. The incomplete extended Hurwitz-Lerch zeta function

In this section, we introduce the families of the incomplete extended Hurwitz-

Lerch Zeta function φ
(ρ,σ;κ)

λ,µ;ν (z, s, a) and ϕ
(ρ,σ;κ)

λ,µ;ν (z, s, a) as follows:

(3.1) φ
(ρ,σ;κ)

λ,µ;ν (z, s, a) :=
∞
∑

n=0

(λ;x)ρn(µ)σn
(ν)κnn!

zn

(n+ a)s

(

x ≧ 0;λ, µ ∈ C; a, ν ∈ C \ Z−
0 ; ρ, σ, κ ∈ R

+; κ− ρ− σ > −1 when s, z ∈ C;

κ− ρ− σ = −1 and s ∈ C when |z| < δ∗ := ρ−ρσ−σκκ;

κ− ρ− σ = −1 and ℜ(s+ ν − λ− µ) > 1 when |z| = δ∗
)

and

(3.2) ϕ
(ρ,σ;κ)

λ,µ;ν (z, s, a) :=

∞
∑

n=0

[λ;x]ρn(µ)σn
(ν)κnn!

zn

(n+ a)s

(

x ≧ 0;λ, µ ∈ C; a, ν ∈ C \ Z−
0 ; ρ, σ, κ ∈ R

+; κ− ρ− σ > −1 when s, z ∈ C;

κ− ρ− σ = −1 and s ∈ C when |z| < δ∗ := ρ−ρσ−σκκ;

κ− ρ− σ = −1 and ℜ(s+ ν − λ− µ) > 1 when |z| = δ∗
)

.

In view of (1.8), these families of incomplete extended Hurwitz-Lerch Zeta
function satisfy the following decomposition formula:

(3.3) φ
(ρ,σ,κ)

λ,µ;ν (z, s, a) + ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a) = Φ
(ρ,σ,κ)

λ,µ;ν (z, s, a),

where Φ
(ρ,σ,κ)

λ,µ;ν (z, s, a) is the extended Hurwitz-Lerch Zeta function [29, p. 491,

Eq. (1.20)]:

(3.4) Φ
(ρ,σ;κ)

λ,µ;ν (z, s, a) :=

∞
∑

n=0

(λ)ρn(µ)σn
(ν)κnn!

zn

(n+ a)s

(

λ, µ ∈ C; a, ν ∈ C \ Z−
0 ; ρ, σ, κ ∈ R

+; κ− ρ− σ > −1 when s, z ∈ C;

κ− ρ− σ = −1 and s ∈ C when |z| < δ∗ := ρ−ρσ−σκκ;

κ− ρ− σ = −1 and ℜ(s+ ν − λ− µ) > 1 when |z| = δ∗
)

.
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Remark 4. The following special or limit cases of the incomplete extended

Hurwitz-Lerch Zeta function φ
(ρ,σ,κ)

λ,µ;ν (z, s, a) and ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a) defined by (3.1)

and (3.2) are useful in present investigation:

Case 1. If we set µ = 1 = σ in (3.1) and (3.2), we obtain another family of
incomplete generalized Hurwitz-Lerch Zeta function studied earlier by Lin and
Srivastava [14, p. 727, Eq. (8)]:

(3.5) φ
(ρ,κ)

λ;ν (z, s, a) := φ
(ρ,1,κ)

λ,1;ν (z, s, a) :=

∞
∑

n=0

(λ;x)ρn
(ν)κn

zn

(n+ a)s

and

(3.6) ϕ
(ρ,κ)

λ;ν (z, s, a) := ϕ
(ρ,1,κ)

λ,1;ν (z, s, a) :=

∞
∑

n=0

[λ;x]ρn
(ν)κn

zn

(n+ a)s

(

x ≧ 0; µ ∈ C; ν, a ∈ C\Z−
0 ; s ∈ C when |z|<1; ℜ(s+ν−µ) > 1 when |z| = 1

)

.

Case 2. If we set ρ = σ = κ = 1 in (3.1) and (3.2), we obtain incomplete
generalized Hurwitz-Lerch Zeta function introduced by Garg et al. [10, p. 313,
Eq. (1.7)]:

(3.7) φ
(1,1,1)

λ,µ;ν (z, s, a) := φλ,µ;ν(z, s, a) :=

∞
∑

n=0

(λ;x)n(µ)n
(ν)nn!

zn

(n+ a)s

and

(3.8) ϕ
(1,1,1)

λ,µ;ν (z, s, a) := ϕλ,µ;ν(z, s, a) :=

∞
∑

n=0

[λ;x]n(µ)n
(ν)nn!

zn

(n+ a)s

(

x ≧ 0;λ, µ ∈ C; ν, a ∈ C \ Z−
0 ; s ∈ C when |z| < 1;

ℜ(s+ ν − λ− µ) > 1 when |z| = 1
)

.

Case 3. Upon setting ρ = σ = κ = 1 and µ = ν in (3.1) and (3.2), we
obtain incomplete Hurwitz-Lerch Zeta function of Goyal and Laddha [11, p.
100, Eq. (1.5)]:

(3.9) φ
(1,1,1)

λ,µ;µ (z, s, a) := φ∗λ(z, s, a) :=
∞
∑

n=0

(λ;x)n
n!

zn

(n+ a)s

and

(3.10) ϕ
(1,1,1)

λ,µ;µ (z, s, a) := ϕ∗
λ(z, s, a) :=

∞
∑

n=0

[λ;x]n
n!

zn

(n+ a)s

(

x ≧ 0;λ ∈ C; a ∈ C \ Z−
0 ; s ∈ C when |z| < 1;ℜ(s− λ) > 1 when |z| = 1

)

.

Case 4. If we take limit |µ| → ∞ and replacing z
µ
in (3.1) and (3.2), we

have the limiting case

(3.11) φ
∗ (ρ,κ)

λ;ν (z, s, a) := lim
|µ|→∞

φ
(ρ,σ,κ)

λ,µ;ν

(

z

µσ
, s, a

)

:=

∞
∑

n=0

(λ;x)ρn
(ν)κnn!

zn

(n+ a)s
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and
(3.12)

ϕ
∗ (ρ,κ)

λ;ν (z, s, a) := lim
|µ|→∞

{

ϕ
(ρ,σ,κ)

λ,µ;ν

(

z

µσ
, s, a

)}

:=

∞
∑

n=0

[λ;x]ρn
(ν)κnn!

zn

(n+ a)s

(

x ≧ 0; λ ∈ C; ν, a ∈ C\Z−
0 ; s ∈ C when |z|<1; ℜ(s+ν−λ) > 1 when |z| = 1

)

.

Case 5. Another limit cases of (3.1) and (3.2) are given by
(3.13)

φ
∗ (ρ)

λ (z, s, a) := lim
min |µ|,|ν|→∞

{

φ
(ρ,σ,κ)

λ,µ;ν

(

zνκ

µσ
, s, a

)}

:=
∞
∑

n=0

(λ;x)ρn
n!

zn

(n+ a)s

and
(3.14)

ϕ
∗ (ρ)

λ (z, s, a) := lim
min |µ|,|ν|→∞

{

ϕ
(ρ,σ,κ)

λ,µ;ν

(

zνκ

µσ
, s, a

)}

:=

∞
∑

n=0

[λ;x]ρn
n!

zn

(n+ a)s

(

x ≧ 0; λ ∈ C; ν, a ∈ C\Z−
0 ; s ∈ C when |z|<1; ℜ(s+ν−λ) > 1 when |z| = 1

)

.

It is noted in passing that, in view of the decomposition formula (3.3), we had
better discuss the properties and characteristics of the incomplete extended

Hurwitz-Lerch Zeta function ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a).

4. Integral representations and summation formula

In this section, we present various integral representations of the incomplete

extended Hurwitz-Lerch Zeta function ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a) defined by (3.2) including
their certain special cases. A summation formula is also evaluated.

Theorem 1. The following integral representation for ϕ
(ρ,σ;κ)

λ,µ;ν (z, s, a) in (3.2)
holds:

(4.1) ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a) :=
1

Γ(s)

∫ ∞

0

ts−1e−at
2ψ

∗
1

[

(λ, ρ, x), (µ, σ);
(ν, κ);

ze−t

]

dt

(

ℜ(x) ≧ 0, min{ℜ(s), ℜ(a)} > 0, ρ, σ, κ ∈ R
+ and κ− ρ− σ ≧ −1

when |z| < δ∗ := ρ−ρσ−σκκ
)

.

Proof. Using the following Eulerian integral:

(4.2)
1

(n+ a)s
:=

1

Γ(s)

∫ ∞

0

ts−1e−(n+a)tdt (min{ℜ(s), ℜ(a)} > 0; n ∈ N0)

in (3.2) and interchanging the order of summation and integration under the
condition stated in Theorem 1, we get

ϕ
(ρ,σ;κ))

λ,µ;ν (z, s, a) :=
1

Γ(s)

∫ ∞

0

ts−1e−at

(

∞
∑

n=0

[λ;x]ρn(µ)σn
(ν)κn

(ze−t)n

n!

)

dt.

Using the definition (2.4), we obtain the desired result. �
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The special cases of the integral representation (4.1) for certain incomplete
families of generalized Hurwitz-Lerch Zeta functions in (3.6), (3.8) and (3.10)
are asserted by Corollary 1 below. We state here the resulting integral repre-
sentations without proof.

Corollary 1. Each of the following integral representations for

ϕ
(ρ,κ)

(λ;ν)
(z, s, a), ϕλ,µ;ν(z, s, a) and ϕ

∗
λ(z, s, a)

defined by (3.6), (3.8) and (3.10) holds:

(4.3) ϕ
(ρ,κ)

(λ;ν)
(z, s, a) :=

1

Γ(s)

∫ ∞

0

ts−1e−at
2ψ

∗

1

[

(λ, ρ, x), (1, 1);
(ν, κ);

ze−t

]

dt

(

ℜ(x) ≧ 0, min{ℜ(s), ℜ(a)} > 0, κ > ρ > 0 when z ∈ C;

κ ≧ ρ > 0 when |z| < ρ−ρκκ
)

,

(4.4) ϕλ,µ;ν(z, s, a) :=
1

Γ(s)

∫ ∞

0

ts−1e−at
2Γ1((λ, x), µ; ν; ze

−t)dt

(

ℜ(x) ≧ 0, ℜ(a) > 0; ℜ(s) > 0 when |z| ≦ 1 (z 6= 1); ℜ(s) > 1 when z = 1
)

and

(4.5) ϕ∗
λ(z, s, a) :=

1

Γ(s)

∫ ∞

0

ts−1e−at
1Γ0

[

(λ, x) ; ; ze−t
]

dt

(

ℜ(x) ≧ 0, ℜ(a) > 0; ℜ(s) > 0 when |z| ≦ 1 (z 6= 1); ℜ(s) > 1 when z = 1
)

.

Theorem 2. Each of the following integral representations for ϕ
(ρ,σ;κ)

λ,µ;ν (z, s, a)

in (3.2) holds:
(4.6)

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a) =
Γ(ν)

Γ(µ)Γ(ν − µ)

∫ ∞

0

yµ−1

(1 + y)ν
ϕ
∗(ρ,κ−σ)

λ;ν−µ

(

zyσ

(1 + y)κ
, s, a

)

dy

(

ℜ(x) ≧ 0, ℜ(ν) > ℜ(µ) > 0;κ ≧ σ > 0;σ > 0
)

and

(4.7)

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a) =
Γ(ν)

Γ(s)Γ(µ)Γ(ν − µ)

×

∫ ∞

0

∫ ∞

0

ts−1e−atyµ−1

(1 + y)ν
1ψ

∗

1

[

(λ, ρ, x);
(ν − µ, κ− σ);

zyσe−t

(1 + y)κ

]

dt dy

(

ℜ(x) ≧ 0, ℜ(ν) > ℜ(µ) > 0;κ ≧ σ > 0;σ > 0, min{ℜ(s), ℜ(a)} > 0
)

.

Proof. Setting α = µ + σn and β = ν + κn in the Eulerian Beta-function
formula:

(4.8) B(α, β − α) =
Γ(α)Γ(β − α)

Γ(β)

∫ ∞

0

yα−1

(1 + y)β
dy (ℜ(β) > ℜ(α) > 0),
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we find that

(4.9)
(µ)σn
(ν)κn

=
Γ(ν)

Γ(µ)Γ(ν − µ)

1

(ν − µ)(κ−σ)n

∫ ∞

0

yµ+σn−1

(1 + y)ν+κn
dy

(ℜ(ν) > ℜ(µ) > 0; κ ≧ σ n ∈ N0),

which by appealing to the definition (3.14) immediately yields the first assertion
(4.6) of Theorem 2. Moreover, by (4.1) and (4.9), we also obtain

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a)

:= 1

Γ(s)

∫ ∞

0

ts−1e−at

∞
∑

n=0

[λ;x]ρn(µ)σn

(ν)κn

(ze−t)n

n!
dt

= Γ(ν)

Γ(s)Γ(µ)Γ(ν−µ)

∫ ∞

0

∫ ∞

0

ts−1e−atyµ−1

(1+y)ν

∞
∑

n=0

[λ;x]ρn
(ν−µ)(κ−σ)nn!

(

zyσe−t

(1+y)ν

)n

dt dy,

which in view of (2.4) leads us to the second assertion (4.7) of Theorem 2. �

The case when κ = σ in the integral representation (4.6) and (4.7), im-
mediately reduce to following integral representations asserted by Corollary 2
below.

Corollary 2. Each of the following integral representations holds:

(4.10) ϕ
(ρ,σ,σ)

λ,µ;ν (z, s, a) =
Γ(ν)

Γ(µ)Γ(ν − µ)

∫ ∞

0

yµ−1

(1 + y)ν
ϕ
∗(ρ)
λ

(

zyσ

(1 + y)σ
, s, a

)

dy

(

ℜ(x) ≧ 0, ℜ(ν) > ℜ(µ) > 0; ρ > 0
)

and

(4.11)

ϕ
(ρ,σ,σ)

λ,µ;ν (z, s, a) =
Γ(ν)

Γ(s)Γ(µ)Γ(ν − µ)

×

∫ ∞

0

∫ ∞

0

ts−1e−atyµ−1

(1 + y)ν
1ψ

∗
0

[

(λ, ρ, x);
−;

zyσe−t

(1 + y)σ

]

dt dy

(

ℜ(x) ≧ 0, ℜ(ν) > ℜ(µ) > 0
)

.

Further, the special case of (4.10) and (4.11) when ρ = 1 = σ reduces to the
integral representations asserted by Corollary 3 below.

Corollary 3. Each of the following integral representation for ϕλ,µ;ν(z, s, a)
in (3.8) holds:

(4.12) ϕλ,µ;ν(z, s, a) =
Γ(ν)

Γ(µ)Γ(ν − µ)

∫ ∞

0

yµ−1

(1 + y)ν
ϕ∗
λ

(

zy

1 + y
, s, a

)

dy

(

ℜ(x) ≧ 0, ℜ(ν) > ℜ(µ) > 0
)
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and

(4.13)

ϕλ,µ;ν(z, s, a) =
Γ(ν)

Γ(s)Γ(µ)Γ(ν − µ)

×

∫ ∞

0

∫ ∞

0

ts−1e−atyµ−1

(1 + y)ν
1Γ0

[

(λ, x) ; ;
zye−t

1 + y

]

dt dy

(

ℜ(x) ≧ 0, ℜ(ν) > ℜ(µ) > 0, min{ℜ(s), ℜ(a)} > 0
)

.

Theorem 3. The following summation formula for ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a) in (3.2)
holds:

∞
∑

k=0

(s)k
k!

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s+ k, a) tn = ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a− t)(4.14)

(x ≧ 0, λ ∈ C and |t| < |a|; s 6= 1).

Proof. Using the definition (3.2) in right-hand side of the assertion (4.14), we
have

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a− t) =

∞
∑

n=0

[λ;x]ρn(µ)σn
(ν)κn

zn

n!(n+ a− t)s

=

∞
∑

n=0

[λ;x]ρn(µ)σn
(ν)κn

zn

n!(n+ a)s

(

1−
t

n+ a

)−s

=

∞
∑

n=0

[λ;x]ρn(µ)σn
(ν)κn

zn

n!(n+ a)s

{

∞
∑

k=0

(s)k
k!

tk

(n+ a)k

}

=

∞
∑

k=0

(s)k
k!

{

∞
∑

n=0

[λ;x]ρn(µ)σn
(ν)κn

zn

n!(n+ a)s+k

}

tk.(4.15)

Using the series over n from (3.1), we obtain the formula (4.14) of Theorem
3. �

5. Fractional derivative formulas

We begin by recalling the Riemann-Liouville fractional derivative operator

Dµ
z defined by (see, e.g. [13] and [17, p. 70 et seq.]):

(5.1)

Dµ
z {f (z)} :=



















1

Γ (−µ)

∫ z

0

(z − t)−µ−1 f (t) dt
(

ℜ (µ) < 0
)

dm

dzm

{

Dµ−m
z {f (z)}

}

(

m− 1 ≦ ℜ (µ) < m (m ∈ N)
)

.

We also recall the following known formula:

(5.2) Dµ
z

{

zλ
}

=
Γ (λ+ 1)

Γ (λ− µ+ 1)
zλ−µ

(

ℜ (λ) > −1
)

.
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Theorem 4. The following fractional derivative formula for ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a) in

(3.2) holds:
(5.3)

Dµ−τ
z

{

zµ−1ϕ
(ρ,σ,κ)

λ,µ;ν (zκ, s, a)
}

=
Γ(ν)

Γ(τ)
zτ−1ϕ

(ρ,σ,κ)

λ,µ;τ (zκ, s, a) (ℜ(ν) > 0;κ > 0).

Proof. By virtue of the definition (3.2) of ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a) and the formula (5.2),

the assertion (5.3) of Theorem 4 follows easily. �

Further, upon setting ρ = σ = κ = 1 and µ = σ = 1 in (5.3), we obtain
the following fractional derivative formulas for incomplete families of Hurwitz-
Lerch Zeta functions in (3.6) and (3.8), given in Corollary 4.

Corollary 4. Each of the following fractional derivative formula for

ϕλ,µ;ν(z, s, a) and ϕ
(ρ,κ)

λ;ν (z, s, a)

in (3.6) and (3.8) holds:

(5.4) Dµ−τ
z

{

zµ−1ϕλ,µ;ν(z, s, a)
}

=
Γ(ν)

Γ(τ)
zτ−1ϕλ,µ;τ (z, s, a) (ℜ(ν) > 0)

and

(5.5)

Dµ−τ
z

{

zµ−1ϕ
(ρ,κ)

λ;ν (zκ, s, a)
}

=
Γ(ν)

Γ(τ)
zτ−1ϕ

(ρ,κ)

λ;τ (zκ, s, a) (ℜ(ν) > 0;κ > 0).

Theorem 5. The following fractional derivative formula for ϕλ,µ;ν(z, s, a)
holds:

(5.6) ϕλ,µ;ν(z, s, a) =
Γ (ν)

Γ (µ)
z1−νDµ−ν

z

{

zµ−1ϕ∗
λ(z, s, a)

}

.

Proof. In view of the definition (3.10) and formula (5.2), we obtain the desired
fractional derivative formula (5.6) for the function ϕλ,µ;ν(z, s, a) in (3.8). �

6. Application to probability distributions

In this concluding section, we consider a general probability distribution
involving the incomplete extended Hurwitz-Lerch Zeta function (3.2) defined
as follow:

Definition 1. A random variable ξ is said to be the incomplete extended
Hurwitz distributed if its probability density function is given by

(6.1) fξ(a) =:



















sϕ
(ρ,σ,κ)

λ,µ;ν (z, s+ 1, a)

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, 1)
, a ≧ 1

0 otherwise,
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where it is tacitly assumed that the arguments z, s and the parameters λ, µ and
ν are fixed and suitably constrained so that the probability density function
fξ(a) remains nonnegative.

Theorem 6. Let ξ be a continuous random variable with its probability density

function defined by (6.1). Then, the moment generating function M(t) of the

random variable ξ is given by

(6.2) M(t) = Es[e
ξt] =

∞
∑

n=0

Es[ξ
n]
tn

n!
,

where the moments Es[ξ
n] of order n are given by

(6.3) Es[ξ
n] =

n
∑

k=0

n!

(n− k)!

Γ(s− k)

Γ(s)

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s− k, 1)

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, 1)
.

Proof. The assertion in (6.2) can be derived easily by using the series expansion
of eξt. To establish (6.3), we observe that

(6.4)
d

da

{

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a)
}

= −sϕ
(ρ,σ,κ)

λ,µ;ν (z, s+ 1, a),

which follows readily from (3.2), and thus from the definition of Es[ξ
n], we

have

Es[ξ
n] =

∫ ∞

1

anfξ(a)da

=
s

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, 1)

∫ ∞

1

anϕ
(ρ,σ,κ)

λ,µ;ν (z, s+ 1, a)da

= −
1

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, 1)

∫ ∞

1

an
d

da

{

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a)
}

da

=

[

−
anϕ

(ρ,σ,κ)

λ,µ;ν
(z,s,a)

ϕ
(ρ,σ,κ)

λ,µ;ν
(z,s,1)

]∞

a=1

+ n

ϕ
(ρ,σ,κ)

λ,µ;ν
(z,s,1)

∫ ∞

1

an−1ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a)da

= 1− lim
a→∞

{

anϕ
(ρ,σ,κ)

λ,µ;ν
(z,s,a)

ϕ
(ρ,σ,κ)

λ,µ;ν
(z,s,1)

}

+ n

ϕ
(ρ,σ,κ)

λ,µ;ν
(z,s,1)

∫ ∞

1

an−1ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a)da

= 1 + n

ϕ
(ρ,σ,κ)

λ,µ;ν
(z,s,1)

∫ ∞

1

an−1ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a) da,(6.5)

where, in addition to the derivative property (6.4), we have used the following
limit formula:

lim
a→∞

{

anϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a)
}

(6.6)

= lim
a→∞

{

an

Γ(s)

∫ ∞

0

ts−1e−at
2ψ

∗
1

[

(λ, ρ, x), (µ, σ);
(ν, κ);

ze−t

]

dt

}

=
1

Γ(s)

∫ ∞

0

ts−1 lim
a→∞

{

ane−at
}

2ψ
∗
1

[

(λ, ρ, x), (µ, σ);
(ν, κ);

ze−t

]

dt = 0.
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Consequently, we have the following reduction formula for Es[ξ
n]:

(6.7) Es[ξ
n] = 1 +

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s− 1, 1)

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, 1)

n

s− 1
Es−1[ξ

n−1],

and by iterating the recurrence (6.5), we arrive at the desired result (6.3). �

7. Multi-parametric extension of ϕ
(ρ,σ,κ)
λ,µ;ν (z, s, a)

In this section, we further extend incomplete family of extended Hurwitz-
Zeta function (3.2) by introducing p numerator and q denominator parameters
in the definition (4.12):

(7.1) φ
ρ1,...,ρp;σ1,...,σq

λ1,...,λp;µ1,...,µq
(z, s, a) :=

∞
∑

n=0

(λ1;x)nρ1
(λ2)nρ2

· · · (λp)nρp

(µ1)nσ1
· · · (µq)nσq

zn

n!(n+ a)s

and

(7.2) ϕ
ρ1,...,ρp;σ1,...,σq

λ1,...,λp;µ1,...,µq
(z, s, a) :=

∞
∑

n=0

[λ1;x]nρ1
(λ2)nρ2

· · · (λp)nρp

(µ1)nσ1
· · · (µq)nσq

zn

n!(n+ a)s

(

x ≧ 0;λj ∈ C(j = 1, . . . , p) a, µj ∈ C \ Z−
0 (j = 1, . . . , q; );

ρj , σk ∈ R
+(j = 1, . . . , p; k = 1, . . . , q); ∆ > −1 when s, z ∈ C;

∆ = −1 and s ∈ C when |z| < ∆∗;

∆ = −1 and ℜ(Ξ) >
1

2
when |z| = ∆∗,

where

∆∗ :=





p
∏

j=0

ρ
−ρj

j



 .





q
∏

j=0

σ
σj

j



 , ∆ =

q
∑

j=0

σj −

p
∑

j=0

ρj

and

Ξ = s+

q
∑

j=0

µj −

p
∑

j=0

λj +
p− q

2

)

.

The results involving the incomplete extended Hurwitz-Lerch Zeta function

ϕ
ρ1,...,ρp;σ1,...,σq

λ1,...,λp;µ1,...,µq
(z, s, a)

can be presented by applying the definition (7.2) in the same manner as for the
corresponding results involving the incomplete extended Hurwitz-Zeta function

ϕ
(ρ,σ,κ)

λ,µ;ν (z, s, a).

Theorem 7. The following integral representation for ϕ
ρ1,...,ρp;σ1,...,σq

λ1,...,λp;µ1,...,µq
(z, s, a)

in (7.2) holds:

ϕ
ρ1,...,ρp;σ1,...,σq

λ1,...,λp;µ1,...,µq
(z, s, a)(7.3)

:=
1

Γ(s)

∫ ∞

0

ts−1e−at
pψ

∗
q

[

(λ1, ρ1, x), (λ2, ρ2), . . . , (λp, ρp);
(µ1, σ1), . . . , (µq, σq);

ze−t

]

dt
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(

ℜ(x) ≧ 0, min{ℜ(s), ℜ(a)}
)

.

Theorem 8. The following fractional derivative formula for

ϕ
ρ1,...,ρp;σ1,...,σq

λ1,...,λp;µ1,...,µq
(z, s, a)

in (7.2) holds:

Dµ−τ
z

{

zµ−1ϕ
ρ1,...,ρp;σ1,...,σq

λ1,...,λp;µ1,...,µq
(zκ, s, a)

}

(7.4)

=
Γ(ν)

Γ(τ)
zτ−1ϕ

ρ1,...,ρp,κ;σ1,...,σq,κ

λ1,...,λp,ν;µ1,...,µq,τ
(zκ, s, a)(zκ, s, a) (ℜ(ν) > 0;κ > 0).

Theorem 9. The following sum-integral representation for

ϕ
ρ1,...,ρp;σ1,...,σq

λ1,...,λp;µ1,...,µq
(z, s, a)

in (7.2) holds:

ϕ
ρ1,...,ρp;σ1,...,σq

λ1,...,λp;µ1,...,µq
(z, s, a)(z, s, a)(7.5)

:=
1

Γ(s)

m−1
∑

j=0

p
∏

l=1

(λl)jρl

q
∏

l=1

(µl)jσl

zj

j!

∫ ∞

0

ts−1e−(a+j)t

p+1ψ
∗
q+1

[

(λ1 + jρ1,mρ1, x), (λ2 + jρ2,mρ2), . . . , (λp + jρp,mρp), (1, 1);
(µ1 + jσ1,mσ1), . . . , (µq + jσq,mσq), (j + 1,m);

zme−mt

]

dt

(ℜ(x) ≧ 0, min{ℜ(s), ℜ(a)} > 0, m ∈ N).

Proof. Using the following elementary series identity:

∞
∑

n=0

f(n) =

m−1
∑

j=0

∞
∑

n=0

f(mn+ j) (m ∈ N)

in (7.2), we obtain following series formula:

ϕ
ρ1,...,ρp;σ1,...,σq

λ1,...,λp;µ1,...,µq
(z, s, a)(z, s, a)

= m−s

m−1
∑

j=0

p∏

l=1

(λl)jρl

q∏

l=1

(µl)jσl

zj

j!
ϕ
mρ1,...,mρp,1;mσ1,...,mσq,m

λ1+jρ1,...,λp+jρp,1;µ1+jσ1,...,µq+jσq ,j+1

(

zm, s,
a+ j

m

)

which, in conjunction with (7.3), yields desired sum-integral representation. �

Corollary 5. The following sum-integral representation for

ϕ
(ρ,κ)

λ,ν (z, s, a) and ϕ
(ρ)

λ (z, s, a)

in (3.6) and (3.10) holds:

ϕ
(ρ,κ)

λ;ν (z, s, a) :=
1

Γ(s)

m−1
∑

j=0

(λ)ρj
(ν)κj

zj
∫ ∞

0

ts−1e−(a+j)t
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2ψ1

[

(λ+ ρj, ρm, x), (1, 1);
(ν + κj, κm);

zme−mt

]

dt(7.6)

(ℜ(x) ≧ 0, min{ℜ(s), ℜ(a)} > 0, m ∈ N),

ϕ∗
λ(z, s, a) :=

1

Γ(s)

m−1
∑

j=0

(λ)j
(1)j

zj
∫ ∞

0

ts−1e−(a+j)t

2ψ1

[

(λ+ j,m, x), (1, 1);
(1 + j,m);

zme−mt

]

dt(7.7)

(ℜ(x) ≧ 0, min{ℜ(s), ℜ(a)} > 0, m ∈ N).
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