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A NOTE ON JORDAN DERIVATIONS OF TRIVIAL
GENERALIZED MATRIX ALGEBRAS

YANBO L1 AND CHENYOU ZHENG

ABSTRACT. H. R. Ebrahimi Vishki et al. conjectured in [1], that if every
Jordan higher derivation on a trivial generalized matrix algebra G =
(A, M, N, B) is a higher derivation, then either M = 0 or N = 0. In
this note, we will give a class of counter examples.

1. Introduction

Generalized matrix algebras were introduced by Morita in [12] to study
Morita duality theory in 1958. They are natural generalizations of triangular
algebras. All associative algebras with nontrivial idempotents are isomorphic
to generalized matrix algebras. When both the pairings are zero, a generalized
matrix algebra is called trivial. A class of trivial generalized matrix algebras is
the so-called generalized one-point extension algebras introduced in [7] by Li
and Wei. In [2], Haghany studied hopfcity and co-hopfcity for trivial generalized
matrix algebras.

Recent years, it has been an active research area to study various map-
pings on generalized matrix algebras, such as commuting mappings, Lie deriva-
tions, Jordan derivations, higher derivations and so on. We refer the reader
to [5, 6, 7, 8, 9, 10, 11, 13, 15] for details. Note that Jordan derivations are
related to the problem of the decomposition of Jordan homomorphisms [4].
The standard problem for Jordan derivations is to find out whether a Jordan
derivation degenerate to a derivation. In [3], Herstein showed that every Jor-
dan derivation from a 2-torsion free prime ring into itself is a derivation. Zhang
and Yu proved in [18] that all Jordan derivations of a triangular algebra with
the faithful condition are derivations. More examples include incidence alge-
bras [14] and dual extension algebras [8]. It is helpful to point out that the
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problem has the following higher version: to find out whether a Jordan higher
derivation degenerate to a higher derivation. We refer the reader to [16, 17] for
some results on it.

H. R. Ebrahimi Vishki et al. conjectured in [1] that if every Jordan higher
derivation on a trivial generalized matrix algebra G = (A, M, N, B) is a higher
derivation, then either M = 0 or N = 0. In this note, we will give a class of
counter examples.

2. Preliminaries

We recall some definitions in this section. Let R be a commutative ring
with identity and A a unital algebra over R. We denote the Jordan product
by aob = ab+ ba for all a,b € A. Recall that an R-linear mapping © from .4
into itself is called a derivation if

O(ab) = O(a)b+ aO(b)
for all a,b € A, an anti-derivation if
O(ab) = O(b)a + bO(a)
for all a,b € A, and a Jordan derivation if
O(aob) =0(a)ob+ aoO(b).

Every derivation is obviously a Jordan derivation. The converse statement is
in general not true. Those Jordan derivations which are not derivations are
said to be proper.

Let N be the set of all non-negative integers. Let D := {d,, }en be a sequence
of R-linear mappings on A with dy = id 4 (the identity mapping of A). If

n

do(zy) = di(x)dn—i(y) Va,ye A VneN,

=0

then {d,}nen is called a higher derivation of A. A sequence D is called a
Jordan higher derivation of A if

do(2®) = Y di(x)d;j(x) VaoeA neN.
i+j=n

The definition of generalized matrix algebras is given by a Morita context.

A Morita context consists of two R-algebras A and B, two bimodules 4 Mp and

BN 4, and two bimodule homomorphisms called the pairings /1y : MQN —
B
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A and Unpr 0 N ®@ M — B satisfying the following commutative diagrams:
A

M@N@M-—2MO  p o Mand No Mo N —2YEIN _ po N
B A A A B B
I @Y N M ~ INQP N o~
M®B = M N®A = N.
B A

Let us write this Morita context as (A, B,a Mg, Na, Py, Unar). If (A,
B,aMp, pNa, Py, Ynar) is a Morita context, then the set

AR

forms an R-algebra under matrix-like addition and matrix-like multiplication.
There is no constraint condition concerning the bimodules M and N. Of course,
they are possibly equal to zeros. Such an R-algebra is called a generalized ma-
trix algebra of order 2 and is usually denoted by G = [4 ¥ ] or G = (A, M, N, B)
in brief. When the pairings are both zero, we call G a trivial generalized matrix
algebra.

aEA,mGM,nEN,bEB}

3. Main results

In order to give the main result of this note, we need the following lemmas
about derivations and Jordan derivations of generalized matrix algebras.

Lemma 3.1 ([5, Proposition 4.2]). An additive map © from G into itself is a
derivation if and only if it has the form

@([ a m D - [ 51(a) — mng — mon  amo — mob + 72(m)

(%1) n b noa — bng + v3(n)  nem + nmgo + pa(b) |’
V{ a m } c G
n b

where mg € M, ng € N and
(51:A—)A, TQZM—)M, Z/3ZN—>N, ,U,4ZB—)B

are all R-linear mappings satisfying the following conditions:

1) &1 is a derivation of A with §1(mn) = T2(m)n + mvz(n);

2) py is a derivation of B with ps(nm) = nra(m) + vs(n)m;
3) ma(am) = ara(m) + d1(a)m and T2(mb) = 12(m)b + mu4(d);
4) vs(na) = vs(n)a + ndi(a) and v3(bn) = brs(n) + pa(b)n.
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Lemma 3.2 ([9, Proposition 4.2]). An additive map © from G into itself is a
Jordan derivation if and only if it is of the form

o5 3])

(*2) = d1(a) — mng — mon amo — mob + m2(m) + 73(n)
noa — bng + va(m) + v3(n) nom + nimo + pa(b) :
a m
V{ n b } €g,

where mg € M,ng € N and
01:A— A, 1m:M-—M, 13:N— M,
Z/QZM—)N, Vg:N—)N, /L4ZB—>B

are all R-linear mappings satisfying the following conditions:

1) 61 is a Jordan derivation on A and §1(mn) = 12(m)n + mys(n);
pa s a Jordan derivation on B and pa(nm) = nra(m) + vs(n)m
To(am) = are(m) + 61(a)m and m2(mb) = 12(m)b + mu4s(b);
v3(bn) = brs(n) + pa(b)n and vs(na) = vs(n)a + noi(a);
T3(na) = arz(n), m3(bn) = 13(n)b, nrs(n) =0, T3(n)n = 0;
va(am) = va(m)a, va(mb) = bra(m), mue(m) =0, vo(m)m = 0.

Clearly, the mappings 73 and v, in (%2) play an important role for a Jordan
derivation. Let us study them now.

Lemma 3.3. Let K be a field and A a finite dimensional K -algebra. Let M be a
simple left A-module and N a simple right A-module with dimyg M # dimg N.
Then we have:

(1) Letv be a K-linear map from M to N. Ifv(am) = v(m)a for alla € A,
m € M, then v =0.

(2) Let T be a K-linear map from N to M. If T(na) = ar(n) for all a € A,
n €N, then T = 0.

Proof. Since dimyg M # dimg N, without loss of generality, suppose that
dimg M < dimg N.

(1) If v # 0, then there exists some m € M such that v(m) # 0. It follows
from v(am) = v(m)a that the cyclic module (v(m)) generated by v(m) is
contained in Imv, the image of v. Note that N is a simple as a right A-
module. This implies that (v(m)) = N and consequently, Imv = N. However,
this is impossible for dimyx M < dimg N.

(2) Since dim M < dim N, the kernel of 7 is not zero. Let 0 # n € Kerr.
Then the condition 7(na) = ar(n) gives that 0 # (n) C Kerr and hence
Kerr = N for N is simple as a right A-module, that is, 7 = 0. (I

Now we are in a place to give the main result of this note.
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Theorem 3.4. Let A and B be two finite dimensional K-algebras and let
G = (A, aMp,p N4, B) be a trivial generalized matriz algebra. Suppose that G
satisfies the following conditions:

(1) All Jordan derivations of A and B are derivations.
(2) M is simple as a left A-module and N is simple as a right A-module;

Then each Jordan derivation of G is a derivation.

Proof. Since all Jordan derivations of A and B are derivations, comparing the
form (J1) of Lemma 3.1 with that (%2) of Lemma 3.2 yields that we only
need to prove v, = 0 and 73 = 0. By Lemma 3.3 this is clear and we complete
the proof now. O

In order to give a counter example for [1, Conjecture 3.2], let us recall a
result of Xiao and Wei on Jordan higher derivations.

Lemma 3.5 ([17, Proposition 3.1]). Let A be an associative algebra over a
field of characteristic zero. If every Jordan derivation on A is a derivation,
then every Jordan higher derivation on A is a higher derivation.

According to Theorem 3.4 and Lemma 3.5, we can construct an example as
follows.

Example 3.6. Let K be a field of characteristic zero. Denote by M,.(K) the
algebra of all matrices of degree r. Let A = My (K) P M5(K) and let B = K.
Clearly A is a semi-simple algebra. Then the semisimplicty of A implies that
there are only two non-isomorphic simple left(right) A-modules, which are of
dimensions 2 and 3, respectively. Take M to be the simple left A-module
of dimension 2 and take N to be the simple right A-module of dimension 3.
Clearly M can be viewed as an A-K-bimodule and N can be viewed as a K-
A-bimodule. Let G be the corresponding trivial generalized matrix algebra
(A, AMk .,k Na, K). Then it is easy to check that G satisfies the conditions of
Theorem 3.4. Thus all of the Jordan derivations of G are derivations. Then
it follows from Lemma 3.5 that all Jordan higher derivations of G are higher
derivations. However, neither M nor N is zero. Then we have construct a
counter example for [1, Conjecture 3.2].

Acknowledgments. The authors would like to thank the reviewers for the
valuable suggestions which helped to clarify the whole paper.
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