Commun. Korean Math. Soc. 32 (2017), No. 2, pp. 233-260
https://doi.org/10.4134/CKMS.c160069
pISSN: 1225-1763 / eISSN: 2234-3024

ON THE DIVISOR-CLASS GROUP OF MONADIC
SUBMONOIDS OF RINGS OF INTEGER-VALUED
POLYNOMIALS

ANDREAS REINHART

ABSTRACT. Let R be a factorial domain. In this work we investigate the
connections between the arithmetic of Int(R) (i.e., the ring of integer-
valued polynomials over R) and its monadic submonoids (i.e., monoids
of the form {g € Int(R) | g |m(r) f* for some k € Ng} for some nonzero
f € Int(R)). Since every monadic submonoid of Int(R) is a Krull monoid
it is possible to describe the arithmetic of these monoids in terms of their
divisor-class group. We give an explicit description of these divisor-class
groups in several situations and provide a few techniques that can be
used to determine them. As an application we show that there are strong
connections between Int(R) and its monadic submonoids. If R = Z or
more generally if R has sufficiently many “nice” atoms, then we prove
that the infinitude of the elasticity and the tame degree of Int(R) can be
explained by using the structure of monadic submonoids of Int(R).

1. Introduction

The class of Krull monoids is among the most well-studied classes of monoids
in factorization theory (see [5]). It is known that the behavior of their factor-
izations only depends on their divisor-class group. On the other hand, there
are many examples of atomic, completely integrally closed monoids that fail
to be Krull. For instance, it is known that the ring of integer-valued polyno-
mials Int(R) over an integral domain R is a Krull domain if and only if R is
a Krull domain and Int(R) = R[X] (see [1, Corollary 1.3.15] and [2, Corollary
2.7]). Recently, it was shown that the ring of integer-valued polynomials over
a Krull domain satisfies a weaker property which is called monadically Krull
[4, 7]. A monoid is called monadically Krull if all its divisor-closed submonoids
generated by one element (i.e., monadic submonoids) are Krull monoids.
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The purpose of this work is to investigate monadic submonoids of rings of
integer-valued polynomials over factorial domains. Since these rings are monad-
ically Krull it is possible to study the arithmetic of their monadic submonoids
by using their divisor-class groups. The restriction to factorial domains (in-
stead of Krull domains) is reasonable, since we are able to give more precise
descriptions in this situation. We pursue two goals. The first goal is a thor-
ough description of divisor-class groups of monadic submonoids of Int(R). We
achieve this goal for monadic submonoids that are generated by nonzero poly-
nomials with coefficients in R. The second goal is to show that the elasticity
and the tame degree of certain rings of integer-valued polynomials are infi-
nite. We present a proof that relies on the structure of divisor-class groups of
monadic submonoids of Int(R).

The second goal is motivated by results in the literature that were proved in
the recent past. More precisely, it is known that every nonempty finite subset
of N>5 is the set of lengths of some nonzero f € Int(Z) (see [3]). This is a
property that Int(Z) shares with Krull monoids whose divisor-class group is
infinite and where every class contains a height-one prime ideal (see [6]). The
question arises whether it is possible to describe this phenomenon in Int(Z)
by using the theory of Krull monoids. So far, we were not able to solve this
problem. Therefore, we want to pursue a simpler goal and prove that the
infinitude of certain invariants (i.e., the elasticity and the tame degree) can be
derived from the theory of Krull monoids.

In the next section we discuss the notation that is used in this work. We
recall the definitions of saturated, divisor-closed, and monadic submonoids of a
monoid, and present some of their elementary properties. We briefly discuss a
few simple facts about rings of integer-valued polynomials. Another important
notion that will be introduced is the image-content d(f) of a nonzero integer-
valued polynomial f. It is basically a greatest common divisor of the image of
f (over the base ring). This notion is of major importance in this work.

The main purpose of the third section is to study the structure of atoms
and height-one prime ideals of monadic submonoids of Int(R). This is an
important prerequisite concerning the investigation of the divisor-class group,
since it is possible to describe the structure of the divisor-class group of a Krull
monoid by using the v-product decompositions of principal ideals (generated by
atoms) into height-one prime ideals. We will specifically investigate the subset
of constant atoms of a monadic submonoid. We show that every constant
atom generates a radical ideal. Moreover, we present a characterization result
for monadic submonoids where every constant atom is a prime element. We
give a complete description of the set of atoms of monadic submonoids of Int(R)
that are generated by some nonzero f € R[X]. In what follows we study the set
of height-one prime ideals of monadic submonoids generated by some nonzero
f € R[X] that do not contain any constant elements. Finally, we present
a result which will enable us to determine the v-product decompositions of
principal ideals into height-one prime ideals in many situations.
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In the fourth section we present the first main result of this work. We show
that the divisor-class group of a monadic submonoid of Int(R) generated by
some nonzero f € R[X] is torsion-free. Moreover, we present a simple formula
to calculate the torsion-free rank in this case. We proceed with a few results
that hold in a more general context. In particular, we prove a proposition
which relates the P-adic exponents of v-ideals between a Krull monoid and
a saturated submonoid. It is an analogue to a well-known theorem which
connects P-adic exponents of ideals in a Dedekind domain to a subring that
is also a Dedekind domain (see [8]). Moreover, it will be useful to determine
the divisor-class group of monadic submonoids of Int(R) which are not covered
by the first main theorem. We proceed by describing the set of height-one
prime ideals that contain constant elements. These results complement the
achievements in Section 3, and have several applications in the last section.

The fifth section is devoted to the construction of “more involved” examples
of divisor-class groups. We provide basically two sufficient criteria which will
enable us to decompose certain divisor-class groups of monadic submonoids
into a direct product of divisor-class groups (up to an isomorphism). These
criteria will be helpful in last section of this work.

In the last section we provide a few examples and discuss several conse-
quences of the prior sections. Among them are a variety of counterexamples.
For instance, it is shown that several characterization results that hold for
monadic submonoids generated by some nonzero f € R[X] no longer hold for
arbitrary monadic submonoids. We give non-trivial examples of divisor-class
groups that are torsion groups or torsion-free or none of the two. We prove that
it is possible to find monadic submonoids of Int(Z) whose divisor-class group
is torsion-free with prescribed rank. Finally, we present the second main result
of this work. It shows that rings of integer-valued polynomials over certain
factorial domains have infinite elasticity and tame degree.

2. Notation and preliminaries

All monoids in this work are commutative cancellative monoids. Let H be
a monoid, and 7' C H a submonoid. If z,y € H, then we write x |y y if there
is some ¢ € H with y = cz.

o We say that T C H is saturated if for all z,y € T such that x |y y it
follows that z |7 y.

e T C H is called divisor-closed if for all x,y € H with xy € T' we have
zel.

o If E C H, then let [E]y denote the smallest divisor-closed submonoid
of H which contains E. If x € H, then set [z]y = [{z}] -

e We say that T C H is monadic if T = [z] g for some z € H.

If E C H, then we write [E] instead of [E]y if the monoid H is the most
obvious choice. Clearly, every monadic submonoid of H is divisor-closed, and
every divisor-closed submonoid of H is saturated. Observe that if x € H, then
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[z] ={y € H |y |u 2* for some k € No}. A subset I C H is called an s-ideal
of Hif TH = I. Let spec(H ) be the set of all prime s-ideals of H. An s-ideal is
called radical if it is an intersection of prime s-ideals. By X(H) we denote the
set of all height-one prime (s-)ideals of H, i.e., the set of all minimal nonempty
prime s-ideals of H. By H* (resp., A(H)) we denote the set of units of H
(resp., the set of atoms of H). We say that H is reduced if H* = {1}. If
x,y € H, then we say that « and y are associated (we denote this by z ~p y)
if x = ye for some ¢ € H*. It is well-known that ~p defines an equivalence
relation on H. By Hyeq = {zH* | x € H} we denote the set of equivalence
classes of ~. This set forms a monoid under the canonical multiplication. If
E C H, then F' C E is called a system of representatives of E if for every x € E
there is a unique y € F' such that x ~p y. Let L be a quotient group of H. For
XCLyset X '={z2€L|2XCH}and X, = (X1)7'. Asubset I CHis
called a divisorial ideal (or v-ideal) of H if I, = I. Every divisorial ideal of H
is an s-ideal of H. Let Z,(H) denote the set of divisorial ideals of H. By C,(H)
we denote the divisor-class group (or v-class group) of H. It measures how far
(v-invertible) v-ideals are from being principal ideals. A precise definition can
be found in [5, Definition 2.1.8]. If I € Z,(H), then let [I] denote the class of I
in C,(H). Note that H is called a Krull monoid if H is a completely integrally
closed Mori monoid (or equivalently, every nonempty v-ideal of H is a finite
v-product of height-one prime ideals of H). For a thorough introduction to
Krull monoids we refer to [5, Definition 2.3.1]. We say that H is monadically
Krull if [z] is a Krull monoid for every z € H. Most of these notions can be
defined analogously in the context of integral domains.

We want to recapitulate a few basic facts concerning saturated and divisor-
closed submonoids of H. First let T' C H be saturated. Then H* N T = T*.
If H is a Krull monoid, then T is a Krull monoid. Now let T C H be divisor-
closed. Then T* = H*, and A(T) = A(H)NT.

If M is a set and | € N, then a finite sequence (ai)ézl € M', will be denoted
by a (ie., a = (ai)i_1).

Recall that if R is an integral domain with quotient field K and X is an
indeterminate over K, then Int(R) = {f € K[X] | f(z) € R for all z €
R} is called the ring of integer-valued polynomials over R. Tt is well-known
that Int(R)* = R[X]* = R*. Note that R* = R\ {0} forms a monoid
under multiplication. If we refer to a submonoid of R, then we always mean a
submonoid of R®. Especially, if E C R®, then let [E]r = [E]re. We say that
R is monadically Krull if R® is monadically Krull.

Now let R be a factorial domain, K a field of quotients of R, X an inde-
terminate over K, and @ a system of representatives of A(R). For T C R,
let GCDR(T) be the set of all greatest common divisors of T' (in R), and let
LCMEg(T) be the set of all least common multiples of T (in R). If f € R[X]°,
then we say that f is primitive if every greatest common divisor of all co-
efficients of f is a unit of R. For convenience we also allow the units of
R to be primitive polynomials. If ¢ € @, then let v : R — Ny U {oo}
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denote the g-adic valuation on R. Let dg : Int(R)®* — R°® be defined by
do(g) = Hpermin{Vp(g(C))\ceR} for all g € Int(R)®. Set d = dg. Note that
d(g) € GCDgr({g(c) | ¢ € R}) and ﬁ € Int(R) for all ¢ € Int(R)*. It

is straightforward to show that d(f*) = d(f)* and d(af) ~gr ad(f) for all
f€nt(R)*, k€ Ny, and a € R®*. Let n € N, f € (Int(R)*)" and z € NJ\{0}.
We say that z is f-irreducible if for all y,z € Ng such that z = y + 2 and
d([T7y f77) = d(ITy f7)d(ITiy f77) it follows that y = 0 or z = 0. It is well-
known (see [7, Theorem 5.2]) that Int(R) is monadically Krull. If f € Int(R)®,
then we can deduce by [7, Theorem 3.6] and its proof that X([f]), spec([f]),
and {u[f] | v € A([f])} are finite sets. The remarks in this section will be
used without citation.

3. Atoms and height-one prime ideals

In this section we present a few basic preparatory results about atoms and
height-one prime ideals of monadic submonoids of Int(R). Many of the results
in this section refer to monadic submonoids generated by some “f € R[X]*”.
Note that this is a rather natural assumption because it is straightforward to
prove that every monadic submonoid of Int(R) is contained in some monadic
submonoid of Int(R) generated by some f € R[X]*. (If g € Int(R)® and b € R*
are such that bg € R[X], then [g] C [bg].) The purpose of the first result is
to describe the set of “constant atoms” of monadic submonoids of Int(R). In
particular, we show that the principal ideals generated by constant atoms are
radical ideals. Furthermore, we prove that a height-one prime ideal contains
at most one constant atom (up to associates).

Lemma 3.1. Let R be a factorial domain, and f € Int(R)®.

1. If g€ [f] and u € R, then u |[1 g if and only if u |r d(g).
2. A(I/HDNR=[f1NAR) ={uec AR) | u|r d(f)}.

3. Ifue A([f]) N R, then u[f] is a radical ideal of [f].

4. If P € X([f]) and u,w € PN A(R), then u ~5 w.

Proof. 1. Let g € [f], and u € R. “=": Let u [y g. There is some v € [f]
such that g = uv. Since u € R we infer that d(g) ~pr ud(v), and thus u |r d(g).
“<": Let u |r d(g). We have d(g) |m¢(r) 9, and thus u [i¢(g) g- Since g € [f]
it follows that u |f¢ g.

2. First we show that A([f]) N R = [f] N A(R). “C”: Let v € A([f]) N R.
Observe that u & [f]* = R*. Let 2,y € R be such that u = xy. It is clear
that @,y € [f]. Therefore, z € [f]* = R* or y € [f]* = R*. Consequently,
u € [fI]NA(R). “2D”: Let u € [f]N.A(R). We have u ¢ R* = [f]*. Let
x,y € [f] be such that u = zy. Observe that 0 = deg(u) = deg(x) + deg(y),
and thus z,y € R. Therefore, z € R* = [f]* or y € R* = [f]*. We infer
that u € A([f]) N R.

Next we show that [f] N A(R) = {u € A(R) | v |r d(f)}. “C": Let
u € [f]NA(R). Then u |me(ry f* for some k € N. Consequently, u [z f*.



238 A. REINHART

It follows by 1 that u |g d(f*) = d(f)*. This implies that u |g d(f). “2”:
Let u € A(R) be such that u |r d(f). By 1 we have u [f;7 f. Therefore,
u e [f]NA(R).

3. Let uw € A([f]) N R. Let g € [f] and n € N be such that u [s) g"”. Then
u |g d(g") = d(g)" by 1, and thus u |g d(g). It follows by 1 that u |7 g.
Therefore, u[f] is a radical ideal of [f].

4. Assume to the contrary that there are P € X([f]) and u,w € P N A(R)
such that u %[y w. Let K be a quotient field of R, X an indeterminate over K
and L a quotient group of [f]. Let h € L be such that uh,wh € [f]. We have
h € K[X], uh,wh € Int(R), and thus uh(z),wh(z) € R for all z € R. Observe
that u 2p w. If z € R, then u |p uwh(z) = wuh(z), and thus v |g wh(z), hence
h(z) € R. Therefore, h € Int(R) N L = [f]. We infer that u=[f] Nw™[f] =
[f]- Consequently, [f] = {u,w}y,, € P, a contradiction. O

Let R be a factorial domain, and f € Int(R)®. Then A([f]) N R is called the
set of constant atoms of [f]. Next, we characterize when every constant atom
is a prime element.

Proposition 3.2. Let R be a factorial domain, and f € Int(R)®. The following
are equivalent:

1. Every P € X([f]) such that PN R # 0 is principal.
2. For every P € X([f]) such that PN R # 0 there is some n € N such
that (P™), is principal.
3. Every constant atom of [f] is a prime element.
4. d(gh) = d(g)d(h) for all g,h € [f].
If Co ([f]) is finite, then these conditions are satisfied.

Proof. 1 = 2: Trivial.

2 = 3: Let u be a constant atom of [f]. Since [f] is a Krull monoid
there is some P € X([f]) such that u € P. Some v-power of P is principal,
and thus there is some z € [f] such that P = y/z[f]. There is some k € N
such that @ |f;) u*. Therefore, z € R and x | u*. Since R is factorial this
implies that x ~pg u' for some [ € N. Consequently, ~/] ul. It follows that
P = /u!'[f] = /ul[f] = u[f], hence v is a prime element of [f].

3 = 1: Let P € X([f]) be such that P N R # (. There is some x € PN R
and some u € A(R) such that u |g « and u € P. Observe that u is a constant
atom of [f], hence u is a prime element of [f]. Therefore, P = u[f].

3 = 4: Let g,h € [f]. It is sufficient to show that d(#g(h)) = 1. Assume
to the contrary that d(#’&h)) # 1. Then there is some p € A(R) such that
D |r d(#};(h)). Obviously, p is a constant atom of [f] and p |f4 ﬁ%.
Therefore, p [[4] ﬁ or p iy %h). This implies that p |g d(ﬁ) =1lor
PR d(%) = 1, a contradiction.
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4 = 3: Let u be a constant atom of [f], and g, h € [f] such that u |¢ gh.
Then v € A(R) and u |g d(gh) = d(g)d(h). We infer that u |gr d(g) or
u |r d(h). Consequently, u |7 g or u [z h.

If Cy([f]) is finite, then for every P € X([f]) there is some n € N such that
(P™), is principal, hence 2 is satisfied. (]

Now we show that elements of monadic submonoids that are generated by
some f € R[X]® can be represented in form of special fractions. As a con-
sequence, we provide a simple set of generators of the quotient group of [f].
This type of representability will turn out to be a crucial ingredient for our
first main result in Section 4.

Lemma 3.3. Let R be a factorial domain, X an indeterminate over R, and
f € R[X]*. For every g € [f] there are some a,b € [f]N R and some primitive
h € [[f]] N R[X] such that h |gix) f* for some k € N, GCDg(a,b) = R* and
g="1h

Proof. Let g € [f]. There are some primitive h € R[X] and some a,b € R®
such that GCDg(a,b) = R* and g = %. Since g € [f] there are some k € N,
z € R[X]* and ¢ € R® such that 22 = ¢k It follows that bhz = frac.
Since h is primitive we infer that h |g[x) fk and thus h € [f]. Observe that
a |g d(bh) ~g bd(h). We infer that a |R d( . Since d(h) € [f] we have a € [f].

Moreover, bh = ga € [f], and thus b € [f]. O
Lemma 3.4. Let R be a factorial domain, X an indeterminate over R and f €
R[X]*. Then the quotient group of [[f]] is generated by [[f]] NA(R YU

Proof. 1t is sufficient to show that [ (IFINAR[X]))ULfT*)- Let z € [f].

By Lemma 3.3 there are some h € [[f]] ﬁR[ ] and a G [[f]] NR such that z = 2.
Since R and R[X] are factorial we infer that h € (([f] N A(R[X])) U[f]*) and
e ([N AR)) ULf]7). Therefore, x € {([f] N A(RIX])) U [f17)- O

Next we give a complete description of the set of atoms of monadic sub-
monoids of Int(R)® that are generated by some f € R[X]®. A part of this
description can be found in the proof of [7, Theorem 5.2].

Proposition 3.5. Let R be a factorial domain, a € R*, n € N and f €
(.A( [X]) \ R)™ a sequence of pairwise non-associated elements of R[X]. Set

= a[liL, fio Then {ulf] | w € A(fD} = {ulf] | v € A(R)u | d(f)} U
{d( = lffyl)[[f]] |y € N§,y is f-irreducible}.

Proof. “C”: Let u € A([f]). Observe that v € A(Int(R)). There is some
k € N such that u |in(r) f*.

Case 1. u € R: Clearly, u € A(R). We have u |g d(f*) = d(f)*, and thus
u g d(f).

Case 2. u ¢ R: There are some primitive ¢t € R[X] and some b,c € R*
such that GCDgx)(bt,c) = R[X]* and u = 2. Obviously, ¢ | d(t), and thus
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#t), Lét) € Int(R) and u = ﬁbdét). Therefore, u ~p,(r) ﬁ. There are

some e € R* and some s € R[X] such that u® = f*. This implies that bst =
Fee [T, fF. Therefore, ¢ | RLx] [T, fF, hence t ~R[x] [T, for some y €

Ng \ {0}. Observe that u ~yug) dnnniffyl, and thus u[f] = I1i= 1ffy1 If]-

We need to show that y is f-irreducible. Let o, 8 € N be such that y=a+f
n Yiy _ n a; n Bi [T, £ ) ffi

and d([[;Z; ;") = d(IL;=y fi")d(I L=, f;)- Clearly, AT, £7) T, 17
1 /D § (N A | K LS

Int(R) and s 7 = a0l i a7y Consequently, )

Int(R)* or d(l_[l_lfl J;B) € Int(R)*. This implies that o = 0 or 8 = 0.
“27: Case 1. Lot u € A(R) be such that u |g d(f). We have d(f) € [f],
and thus u € [f]. Let y,z € [f] be such that v = yz. Then y,z € R, hence

y € R* = [[f]]x or z € RX = [[f]]x. Consequently, u € A([[f]])

S

Case 2. Let y € Ni be f-irreducible. First we show that d(%%l );y;) €
A(Int(R)). Let y,z € Int(R) be such that L e = yz. There are some

d fyl
b,c,e,r € R®* and some primitive g,h € R[(H] such that GCD(b,e) = R*,
GCD(c,7) = R*, y = b?g and z = <. This implies that g |g(x) [T/ /" and
h |rix) [Tiy fY". Consequently, there are some v,w € N such that g ~px]
[T2, £ and h ~gx) [T, f;"". Observe that e |r d(g) and r | d(h). Since
d(yz) = 1, it follows that d(y) = d(z) = 1. Therefore, § ~g d(g) and £ ~p
I, £ I, 0 T £ ‘il
d(h). We infer that W Se(R) gL T A £ This implies that
y=v+wand d([T_, f*) = d(IT;—, f{")d (]_[?:1 f{’"). Consequently, v = 0 or
w =0, and thus y € Int(R)™ or z € Int(R)*.

is clear that [[;_, f/* € [f], hence d(l_llfnilfm € [f]- This implies that

% € [f]n At (R)) = A(LF]). -

Note that the set of atoms of an arbitrary monadic submonoid H of Int(R)
can be derived from Proposition 3.5 and the fact that A(H) = A(Int(R)) N H.
We proceed with an important lemma which will enable us to identify certain
divisorial ideals of monadic submonoids of Int(R).

Lemma 3.6. Let R be a factorial domain, f € Int(R)®, and g € [f]. Then
{0} # LOMR({ 555 | b € [/T}) € [f]-

Proof. Let @ be a system of representatives of A(R) and d = dg. We show
that there is some 7' C R such that for all h € [f], h(y) # 0 for ally € T
and min{v,(h(z)) | « € R} = min{v,(h(z)) | z € T} for all p € Q. Set
T ={x e R| f(z) #0}. Let h € [f]. Then h |1y f* for some k € N. Let
y € T. Then f(y) # 0, hence f(y)* # 0, and thus h(y) # 0. Let p € Q. There is
some v € R such that min{v,(h(z)) | z € R} = v,(h(v)). It is straightforward
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to prove that there is some m € N such that v,(h(v + p')) = v,(h(v)) for
all | € N>,,. Since R\ T is finite, we can find some n € Nx,, such that
v+ p" € T. This implies that min{v,(h(z)) | z € R} = v,(h(v + p')), hence
min{v,(h(x)) | € R} = min{v,(h(x)) | z € T'}.

Next we prove that for every p € @ there is some z € Ny such that
Vp(dd((gkk))) < zfor all k € [f].

Without restriction let f ¢ R*. By [7, Theorem 3.6 and Theorem 5.2] there
is some finite () # U C A([f]) such that [f] is the monoid generated by UU[ f]*.
Let p € Q. By Dickson’s theorem (see [5, Theorem 1.5.3]) there is some finite
0 # S C T such that Min({(vp(u(z))uev | © € T}) = {(vp(u(®)))ucv |
x € S}. We show that min{v,(l(z)) | z € R} = min{v,(l(z)) | z € S}
for all I € [f]. Let I € [f]. There are some n € [f]* and (e.)uer € NY
such that | = n[[,cyu. Clearly, min{v,(i(z)) | + € R} = vp(l(w)) =
> wev euVp(u(w)) for some w € T. By Dickson’s theorem (see [5, Theorem
1.5.3]) we can find some y € S such that v,(u(y)) < vp(u(w)) for all u € U.
Since vp(L(3)) = Suets eap(uy) < Sucr uvp(u(w)) = vp(l(w)) we infer
that min{v,(l{(z)) | z € R} = v,(I(y)) = min{v,(l(z)) | z € S}.

Set z = max{v,(g(x)) | « € S}. Then z € Ny. Let k € [f]. Now we prove

that Vp(dd(fkk))) < z. There is some v € S such that min{v,(k(x)) | z € S} =
vp(k(v)). We have v, () = min{v,((gk)(x)) | = € R} — min{v,(k(x) |
z € R} = min{v,((gk)(x)) | # € S} — min{vp(k(z)) | z € S} < vp((gk)(v)) —
Vp(k(v)) = vp(g(v)) < 2.

Set P = {p € Q | vp(d(f)) > 0}. Then P is finite. For every h €

[f] it follows that {p € Q | Vp(d(gh) > 0} € P. This implies that 0 #

d(h)
IT,cpp™ >t DI} ¢ LoM /(LS | e [£1).

Note that d(f) € [f]. Consequently, P C [f], and thus
H pmax{vp<d;fh’3>>|heﬂfﬂ} e If]-

peP
Since least common multiples are unique up to units it follows immediately
that LOMp({ 48 | b € [f]}) € [£]. O

Let R be a factorial domain, @) a system of representatives of A(R), and
f € Int(R)®. Then let e q : [f] — R® be defined by
H prexlva Aoy hel 1}
peQ
for all g € [f]. It follows from Lemma 3.6 that ey is well defined, and

ero([f]) C [f]. Observe that LOMg({4#5 | h € [f]}) = ef.q(g)R* for all

g € [f]- In the following we suppose that a fixed @) is given and set ey = ey .
A well-known and very basic result in ring theory is that contractions of
ideals to subrings are ideals again. In analogy, it holds that contractions of

erQlg
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s-ideals of monoids to submonoids are s-ideals again. The system of v-ideals
has a very different behavior. In the last section of this work we show that
the contraction of a v-ideal of a Krull monoid to a monadic submonoid can fail
to be a v-ideal. The next result, however, gives a positive answer under more
restrictive conditions.

Proposition 3.7. Let R be a factorial domain, K a field of quotients of R,
X an indeterminate over K, f € R[X]®, and g € [f]. Then gK[X]N[f] =
%[{f]] N[f]. In particular, gK[X])N[f] € Z.([f]), and if g € A(K[X]), then

gK[XIN 1] € X([fD-

Proof. Set e = ef(g). “C”: Let z € gK[X] N [f]. Then there are some
a,b € R* and some h' € Int(R) such that d(h') = 1, GCDg(a,b) = R* and
z = %hl. Clearly, h’'h" = bf* for some k € N and some h” € Int(R). There
are some primitive y’ € R[X], some y” € R[X] and some d € R such that
h = #y,,) and b = %,. We infer that y'y” = d(y')dbf*. Since y' is primitive
it follows that y' |gx) f*, and thus y' € [f]. Therefore, b’ = #y/,) e 7]
Since bz = agh’, we have bd(z) ~g ad(gh’). This implies that a |r d(z) and
b g d(gh') = % |r e. By Lemma 3.6 we have e € [f]. It follows that
a,§ € [f], hence £z = fah’ € [f]. Consequently, z € Z[f[N[f]. “27: Trivial.

Observe that £ is an element of the quotient group of [f]. Therefore,
gK[X] N [f] is an intersection of fractional principal ideals of [f], and thus
gK[X]n [f] € Z,([f]).

Now let g € A(K[X]). Clearly, gK[X] € spec(K[X]), and thus gK[X]® €
s-spec(K[X]*) \ {0}. This implies that gK[X] N [f] = gK[X]* N [f] € s-
spec([f]) \ {#}. Since [f] is a Krull monoid and gK[X] N [f] is divisorial, we
have g K[X]N [f] € X([f])- 0

As a consequence, we obtain a description of the set of height-one prime
ideals (of monadic submonoids generated by some f € R[X]*) that do not
contain constant elements.

Corollary 3.8. Let R be a factorial domain, K a field of quotients of R, X
an indeterminate over K, and f € R[X]*. Then {P € X([f]) | PNR =0} =
{oKIX]N 1] | g € L] N ARIX)\ B} = (oK [X]N [/ | ¢ € 7] N ACKTX])).
In particular, if R is a system of representatives of [f] N A(R[X]) \ R, then
Q:R—{PeX([f]) | PNR =0} defined by Q(t) = tK[X]N[f] is a bijection.

Proof. Since R is factorial it follows that A(R[X]) \ R C A(K[X]).

First we prove that {P € X([f]) | PN R = 0} C {gK[X]N[f] | g €
[/1NA(R[X]) \ R}. Let P € X([f]) be such that PN R = (). There are some
a € [f]NR, some n € N and some finite sequence f € ([fJNA(R[X])\ R)" such
that f = a[], f;. Clearly, f € P. Consequently, there is some i € [1,n] such

that f; € P. It follows by Proposition 3.7 that ef](c}i) I/1NLf] = LK[XIN[f] €
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X([f]). Let z € fiK[X]N[f]. Then ef(fi)z € fi[f] € P, and thus z € P.
This implies that f; K[X]N[f] C P, hence P = f;K[X] N [f].

It is obvious that {gK[X]|N[f] | g € [f/] N AR[X]) \ R} C{¢K[X]|N[f] |
g€ [f1 N AKX},

Finally we show that {gK[X]N[f] | g € [f/INAK[X])} € {P € X([f])
PNR =0} Let g € [f] N AK[X]). Set P = gK[ N [f]- It follows by
Proposition 3.7 that P € X([f]). Since g ¢ K we have gK[X]|NR = {0}, hence
PNR=1. O

One method of determining the divisor-class group of a Krull monoid is to
identify the v-product decompositions of certain principal ideals into height-
one prime ideals. Next, we present a useful tool which can be used for that
purpose.

Proposition 3.9. Let R be a factorial domain, K a field of quotients of R,
X an indeterminate over K, f € R[X]®, and L a quotient group of [f]. For
g € [f] set Py = gK[X]N [f].

1. (PyPr)y = Pyn for all g,h € [f].

2. If g € [f1NAK[X]), then vp,(z[f]) = v4(z) for all x € L.

3. Ifg e [f]. Q € X([f]) and g € QN A(R), then vq(glf]) < vqler(g)).

Proof. Let R be a system of representatives of [f] N A(R[X]) \ R. Note that
R is finite.

1. First we show by induction that for all k& € Ny and ¢t € R it follows
that (PF), = Px. The assertion is clear for k = 0. Now let k¥ € Ny and
t € R. Since Pyr+1 is a divisorial ideal of [f] (by Proposition 3.7) it follows
that (PF™), C Puw1 € Py = (PF),. We infer that (PF™), = Py,

Next we prove that Py, e = ([[ier P)o for all (ne)ier € NF. Let
(ni)ter € NJF. Observe that Ps and P, are v-coprime for all distinct s,t €
R. Since [f] is a Krull monoid we have ([[,cr P/"*)o = er(Pi)v =
Mier Pine = (Mier " KIXD) N [f] = P, g 170

Now let g, h € [f]. It follows from Lemma 3.3 that there are some (nt)ier,
(me)ter € N such that g ~px) [T,er t™ and h ~g HteR t™t. Therefore,
Pon = PHtent"”mf - (HteR Pnt+mt) ((HteR v (HteR ")) =
(PnteRt tPHtentmt)v = (P Pp)o.

2. Let g € [fINA(K[X]) and = € L. There are some y,z € [f] such that
=Y Bylwehavey e ¢"sWK[X]N[f] = (Py*™“), and y & ¢"s WK [X] N
/] = ( gvy(y)ﬂ)v, and thus vp, (y[f]) = v4(y). Analogously, it follows that
vp, (2[f]) = vg(2), hence vp, (z[f]) = vr, (y[f]) — ve, (2[f]) = v4(y) = v4(2) =

z
Vg(x)

3. Let g € [f], Q € X([f]), and ¢ € @ N A(R). It is an easy consequence
of Proposition 3.7, Corollary 3.8, 1 and 2 that ([]pex(gs7),prr=0 pvrUliD), =

\"% f Vv
([er P27 )0 = [er P90 = P, mew = Py = 2 [A 0 [/
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(LU /D Therefore, ([Tpexqsp,prmge PP D), = g(<LL[f]U
IfDv = (glfT1Y er(9)[f1)v- We infer that
vq(9lf]) = min{ve(glf]), voler(9)[fD}-

Let S be a system of representatives of [f] N.A(R) such that ¢ € S. Tt follows
from Lemmas 3.1.3 and 3.1.4 that

vo(alfD) < voler(@If) = vo( L)) =" viler(9)vo (pLf1)
pES peS
=3 vler(9)6pq = valer(9)).
peS 0

It is clear that every principal ideal of a monoid is a v-ideal. The converse
is, of course, far from true. In the last part of this section we describe when
the v-ideals in Proposition 3.7 are principal.

Proposition 3.10. Let R be a factorial domain, K a field of quotients of
R, X an indeterminate over K, f € R[X]*, and g € [f]. The following are
equivalent:

1. gK[X]|N[f] is a principal ideal of [f].
2. gK[X] 0[] = 75 1f].
3. d(gh) = d(g)d(h) for all h € [f].
Proof. Set e = ey(g). By Proposition 3.7 we have g K[X] N [f] = £[f] 0 [].

1 = 2: There is some a € [f] such that gK[X] N [f] = a[f]. There are
some h',h" € [[f]] such that a = gT and (g) = ah”. Therefore, e = d(g)h'h",
and thus a = g4, This implies that d(g)h” |r d(g), hence 1" € [f]*.
Consequently, gK[X]|N[f] = ﬁ[[f]].

2 = 3: Let h € [f]. Since d(g)d(h) |g d(gh), it is sufficient to show that
vp(d(gh)) < vp(d(g))+v,(d(h)) for all p € A(R). Let p € A(R). There is some
a € [f] such that Vp(d;(gaa))) = vp(e). Observe that e ) Ly € gK[X]N[f] =
—9_[f]. Therefore, there is some k € [f] such that ad(g) = kp*»(©)d(a). This
d(g)
implies that d(a)d(g) ~g d(k)p'»(®)d(a). Consequently, v,(d(g)) > v,(e) >
vp(48d), and thus vy (d(gh)) < vy(d(g)) + vy (d(h)).

3 = 1: Obviously, e ~g d(g), hence gK[X|NR = Z[f]N[f] = a5 ﬂ[[f]]

o 71

4. First main result and important preparation results

In this section we present the first of two main results of this work. It
basically states that the divisor-class group of a monadic submonoid of Int(R)
generated by some f € R[X]® (where R is a factorial domain) is torsion-free.
It is pointed out in the last section of this work that the condition “f € R[X]®”
is crucial here, since there are monadic submonoids of Int(Z) generated by
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some f € Int(Z)* whose divisor-class group is not torsion-free. We proceed by
preparing several useful results (which might be interesting on their own) to
investigate the divisor-class group of arbitrary monadic submonoids of Int(R).
We were not able to give a complete description of the structure of the divisor-
class group of arbitrary monadic submonoids of Int(R). However, note that
they are always finitely generated abelian groups.

Theorem 4.1. Let R be a factorial domain, K a field of quotients of R, X
an indeterminate over K, and f € R[X]*. Setr = |{P € X([f]) | PN R #

0} — {ulf] | w € A([f]) N R}Y. Then Cu([f]) = Z7, {[P] | P € X([fD} =
H{P e X([f]) | PNR # 0, P is not principal}|, and the following are equivalent:

1. [f] is factorial.
2. Co([f]) is finite.
3. d(gh) = d(g)d(h) for all g,h € [f].

Proof. There is some P C {P € X([f]) | PN R # 0} such that [{Q € X([f]) |
u € Qand Q € P}| = 1 for every constant atom u of [f]. Let h : Z¥ — C,([f])
be defined by h((np)per) = [(I1pep P"")y] for all (np)pep € Z7. Clearly, h
is a well-defined group homomorphism. We show that h is a group isomorphism.

First we show that h is surjective. It suffices to prove that for every P €
X([f]) there is some (ng)gep € Z¥ such that h((ng)gep) = [P]. Let P €
(Lf]).

Case 1. P € P: Set ng = dp,g for all Q € P. Then h((ng)ger) = [P].

Case 2. PNR # () and P ¢ P: Clearly, there is some constant atom
w of [f] such that u € P. Set ng = —1if Q € P and u € Q and ng = 0 if
Q € Pandu ¢ Q. We have u[f] = (HQex([[f]]),ueQ @), by Lemma 3.1.3, hence
(loep.uco Q™ 1), = u=1P. Therefore, h((ng)gepr) = (Moepueo Q)] =
[P].

Case 3. PN R = : By Corollary 3.8 there is some g € [f] N A(K[X]) such
that P = gK[X] N [f]. It follows from Proposition 3.9 that vg(g9[f]) = dpr.o
for all @ € X([f]) such that @ N R = 0. Consequently, g[f] = (P2, Q:i)v
for some m € Ny and some sequence Q € {Q € X([f]) | QN R # 0} Since h
is a group homomorphism, it follows by case 1 and case 2 that h((ng)gep) =
[(TT, Qi 1)y] for some (ng)gep € ZP. Since ([[1%, Q; ')y = g~ ' P we infer
that h((ng)qer) = [P.

Next we show that h is injective. Let (np)pep € ZP be such that
(IIpep P™7)v is principal. Let R be a system of representatives of [f] N
A(R[X]). By Lemma 3.4 there is some (ny)yer € Z* such that ([Tpep P"")v
= [ er u™[f]. By Corollary 3.8 and Proposition 3.9.2 we infer that n, = 0
for allu € R\ R.

Claim: If M € X([f]) and w € M NR N R, then var ([T pep P )v) = Nw-
Let M € X([f]) and w € M N RN R. It follows by Lemmas 3.1.3 and 3.1.4
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that vas(u[f]) = 0u,w for all u € RN R. Therefore,
var (T P)o) = var (T w™ 1) = D nuvar (ul 1)

pPecP ueER ueER
= Z Nu VM (Ullf]]) = Z nu(su,w = Ny-
uERNR uERNR

We have to show that ny; = 0 for all M € P. Let M € P. Obviously, there
is some w € M NRN R. It is clear that there is some @ € X([f]) such that
w € Q and Q ¢ P. It follows by the claim that ny = vy (([Ipep P77 )w) =
nw =vQ(([Ipep P"7)v) = 0.

Observe that |P| = 7. This implies that C,([f]) = ZF = ZIP| = 7",

Set S = {P € X([f]) | PN R # 0,P is not principal}. To show that
HIP] | P € X([fD} = |S| it is sufficient to show that for all P,@Q € S such
that h=1([P]) = h~1([Q]) it follows that P = Q. Let P,Q € S be such
that h_l([P]) = h_l([Q]) Note that if P € 7), then h_l([P]) = ((SP,]\/[)]\/[eP.
Moreover, if P ¢ P and u € PN A(R), then h™'([P))ysy = —1if M € P and
we M and h=}([P])yr =0 if M € P and u ¢ M. In particular, if P ¢ P, then
(h=Y([P]))m # 1 for all M € P. Therefore, we have that either P,@Q € P or
P.Q¢P.

Case 1. P,Q € P: Observe that (dpr)mep = h1([P]) = h71([Q]) =
((SQ,]\/[)]\/[e’P, hence P = Q

Case 2. P,Q ¢ P: There are some u € PN A(R) and v € Q N A(R). Since
h=1([P]) = h=1([Q]), we infer that for all M € P, v € M if and only if v € M.
Since P and @Q are not principal and u[f] and v[f] are radical ideals of [f] (by
Lemma 3.1.3), there are some P’ € X([f]) \ {P} and Q' € X([f]) \ {@} such
that u € P’ and v € Q’. It is immediately clear that P’,Q’ € P. It follows that
u,v € P’, and thus u ~[s v by Lemma 3.1.4. The choice of P immediately
implies that P = @. Finally, we prove the equivalence.

1 = 2: Trivial.

2 = 3: This is an immediate consequence of Proposition 3.2.

3 = 1: Since [f] is a Krull monoid it is sufficient to show that every P €
X([f]) is principal. Let P € X([f])-

Case 1. PN R # 0: Tt follows by Proposition 3.2 that P is principal.

Case 2. PN R = (): By Corollary 3.8 there is some g € [f] N A(K[X]) such
that P = gK[X] N [f]. Therefore, P is principal by Proposition 3.10. O

We continue with a few result concerning the structure of height-one prime
ideals.

Lemma 4.2. Let R be a factorial domain, and f € Int(R)®. Then {[a] | a €
L1} ={lf1\Upecp P | P S X([f])} is the set of divisor-closed submonoids of

[/]

Proof. Note that [f] is a Krull monoid. Therefore, {{Jpcp P | P C X([f])} is
the set of prime s-ideals of [f]. It is well known that the set of prime s-ideals
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of [f] is finite. Consequently, the assertion follows from [5, Lemmas 2.2.1 and
2.2.3]. O

Lemma 4.3. Let T be a Krull monoid, and H C T a saturated submonoid.
Then for every P € X(H) there is some Q € X(T) such that P =QNH. In
particular, X(H) is the set of minimal elements of {QN H | Q € X(T)} \ {0}.

Proof. Let P € X(H). Clearly, H is a Krull monoid, and thus P is a divisorial
ideal of H. Therefore, [5, Proposition 2.4.2.3] implies that P,, N H = P.
There is some n € N, some injective sequence @ € X(7')" and some n € N"
such that P, = ([[i, (@I )vr)vr = MNiey (@7 )vp. This implies that P =
Nz, ((QF) vy NH), and thus P = (Q;”)UT NH for some j € [1,n]. Set Q = Q;.

We infer that P = %/(Q"),, NH = {/(Q")p, NH=QNH. O

Lemma 4.4. Let H be a monoid, J a finite nonempty set and (Ly)es a family
of nonempty s-ideals of H such that (L;y U Ly), = H for all distinct I,J € 7.

Then (Nrey Lo = Niey(Li)o-
Proof. Observe that

N(@)o = ([E0e)e = (] Lo)e € () Lo € (L)

I3 I3 I3 I3 I3 g

The next result has some well-known analogue in the case of extension of
Dedekind domains (e.g. see [8, Proposition 2.10.2]).

Proposition 4.5. Let T be a Krull monoid, H C T a saturated submonoid,
I €T,(H)\ {0}, and P € X(H). Then vp(I) = max{[33FE5] | Q € X(T),
QNH=P}.

Proof. Without restriction let I C P. Set m = max{f:g((gT)ﬂ | Q € X(T),
v

QN H = P}. First we show that vp(I) < m. Set P = {QNH | Q €

X(T),I € @Q}. By Lemma 4.3 we have P € P. For L € P set I, =

Noexry.oni—r(@'¢Y*r))y, N H. Let M € X(T) be such that M N H = P.
v Tvp)

Note that P™ C plemup] C (P,;)

v (P, )f*VM(IvT)
(M @ D, C(MYMUer)), o Therefore, (P™)y,, € (Ip)yy, and

thus Vp(([p)vH) S m.

Claim: For every L € P there is some a € Ny such that I, O L% Let
L e P. Seta=max{vg(ly,) | Q@ € X(T),QNH = L}. Then I D
Noexr)oni—2 (@7 ) N H 2 Noex(r) grur LYe""r) = L°.

By the claim we have vp((IL)., ) = 0 for all L € P\{P}. Moreover, it follows
by the claim that (I, U Ipr),, = H for all distinct L, M € P. Observe that
Loy = Ngex(r)1c(@" "), hence I = Ngex(r) rcq(@Q T r))u, NH =
Npep Ir. We infer by Lemma 4.4 that I = (,cp IL)vy = Npep(IL)vy, hence
vp(I) = max{vp((IL)vy) | L € P} = vp((Ip)vy) < m.

l—"]\l(IUT)

v]\l(PUT)“ C ((MVM(PUT))UT)

l—"A{(IUT)-‘
vy (Pup) C
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Next we show that m < vp(I). We have
I = ( H LVL(I))’UH 2 H LVL(I),
LeX(H) LEX(H)

hence

—

H MVM(LUT)VL(J))
(H) MEX(T) vr

H MV}\l(LnT)VL(I))
MEX(T) LEX(H)

:( H MZLGBE(H)VJW(LUT)VL(I))
MeX(T)

Let @ € X(T) be such that Q N H = P. Observe that vg(Ly,) = 6r,pvo(Por)
for all L € X(H). We infer that

volor) < Y V(Lo )i (I) = vo(Poy )ve(I),
LeX(H)

Le

el

—

vr

vT

and thus vp(I) > (5357{,131. 0

Let T be a monadic submonoid of Int(R), and let H be a monadic sub-
monoid of Int(R) that is contained in T'. Suppose that we know how v-product
decompositions of principal ideals (generated by atoms) in T look like. Then
Proposition 4.5 enables us to derive all v-product decompositions of principal
ideals (generated by atoms) in H.

Remark 4.6. Let R be a factorial domain, f € Int(R)®, and R a system of
representatives of A([f]) N R. Then {P € X([f]) | PN R # 0} = U,eriP €
X([fDIpe P}

Proof. Tt is straightforward to prove the equality. That the union is a disjoint
union follows from Lemma 3.1.4. O

Corollary 4.7. Let R be a factorial domain, f € Int(R)®, g € [f], I € Z,([9])\
{0}, and P € X([g]) such that PN R # 0. Then vp(I) = max{vq(ly,,) | Q €

(D@ lgl = P}
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Proof. Because of Proposition 4.5 it suffices to show that vq(Py,,) = 1 for all
Q € X([f]) such that @ N [g] = P. Let Q € X([f]) be such that @ N [g] = P.
By Remark 4.6 there is some u € A([¢g]) N PNR. Note that u € A([f])NQNR.
It follows by Lemma 3.1.3 that u[f] is a radical ideal of [f]. Therefore, u &
(@*)vgsy» hence P & (Q%)yy,y, and thus vo(Py,;) = 1. O

In the last part of this section we describe the structure of height-one prime
ideals that contain constant elements. We make an ad hoc definition to state
the following results more easily. Let R be a factorial domain, f € Int(R)®,
a € [f]NR,and A C B C [f]. We say that A is a-compatible if there is

some w € [f] such that a |g dggz‘ﬂz")) for all w € A. Moreover, A is called

maximal a-compatible in B if A is maximal (with respect to inclusion) among
the a-compatible subsets of B.

Lemma 4.8. Let R be a factorial domain, f € Int(R)®, S a system of repre-
sentatives of A([f]) \ R, p a constant atom of [f], and A C [f].

1. A is p-compatible if and only if (AU {p})v,; < [f]-

2. {P e X(/D) [ p e P} ={(QU{pHIST | @ € §,Q is mazimal p-
compatible in S}.

Proof. 1. Let L be a quotient group of [f]. First let A be p-compatible. Then
there is some w € [f] such that p |g d;zf)) for all w € A. Set z = 775,
Observe that z € L. It follows by Lemma 3.1.1 that zu = 3 € [f] for
all u € A. Therefore, z(AU {p}) C [f]. Suppose that z € [f]. Then % =

pdd((ﬁ)) ~pr d(z) € R, a contradiction. Consequently, z € [f]. We infer that

[f1 < ([f1:0 AU{p}), and thus (AU {p})u;,y S [f]-
Next let (AU{p})v;;y & [f]- Thereis some z € L\[f] such that z(AU{p}) C
[f]. Set w = zp. 1t is clear that w € [f]. Let u € A. Then %t € [/], hence

p |r d(wu) by Lemma 3.1.1. Since z ¢ [f] it follows by Lemma 3.1.1 that
p1r d(w), and thus p |g dd(z’iuu)).

2. “C”: Let P € X([f]) be such that p € P. Set Q@ = SN P. It is obvious
that (Q U {p})[f] € P. Let x € P. There is some u € A([f]) such that
x € u[f] C P.

Case 1. u € R: It follows by Lemma 3.1.4 that u ~[ p, and thus x €

plf1 € (QU{p}If]-
Case 2. u ¢ R: There is some z € S such that u ~[4] 2z, hence z € 2[f] C

QU {PhIf.

Consequently, P = (Q U {p})[f]. We have (QU{p})v, C Py, = P, hence
Q is p-compatible by 1. Let Q' C S be p-compatible such that Q@ C @Q’. It
follows by 1 that there is some M € X([f]) such that Q" U {p} C M. We infer
that P = (Q U {p}HI[f] € (Q U {p})[f] € M, and thus M = P. Therefore,
Q' € SN P = Q. This shows that @ is maximal p-compatible in S.
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“D”: Let @ C S be maximal p-compatible in S. Set P = (QU {p})[f]. It is
clear that p € P. It follows by 1 that P C M for some M € X([f]). Assume
that P C M. There is some u € A([f]) such that u € M \ P. It follows
by Lemma 3.1.4 that u ¢ R. Consequently, there is some w € S such that
u g w. Set Q' = QU{w}. It is clear that Q" C M, hence Q' is p-compatible
in § by 1. It follows that w € @' = @Q C P, and thus u € P, a contradiction.
We infer that P = M € X([f])- O

Remark 4.9. Let R be a factorial domain, X an indeterminate over R, f €
R[X]*, a € [f]N R, and A C [f]. Then A is a-compatible if and only if there

is some primitive g € [f] N R[X] such that a | dé&%) for all u € A.

Proof. First let A be a-compatible. Then there is some w € [f] such that

alr dd(zﬁ)) for all w € A. By Lemma 3.3 there are some b, ¢ € [f]N R and some

primitive g € [f] N R[X] such that w = 2. We infer that a | dd(g‘f)) = d;z‘gg))
for all u € A. The converse is trivially satisfied.

5. Construction of divisor-class groups

In this section we present a few methods which can be used to construct
“more complicated” divisor-class groups. We start with a few preparatory
results.

Lemma 5.1. Let R be a factorial domain, X an indeterminate over R, and
f,9 € R[X]* such that GCDg(x)(f,9) = R[X]* and d(rs) = d(r)d(s) for all
r € [f] and s € [g]. Then [fg] ={zy |z € [f],y € [g]}

Proof. “C”: Let z € [fg]. By Lemma 3.3 there are some a,b € [fg] N R
and some primitive h € [fg] N R[X] such that h |p(x) fFg* for some k €
N, GCDg(a,b) = R* and z = %. Since R[X] is factorial, there are some
W,k € R[X] such that h = K'B”, I |gix) f¥ and B |gix) ¢*. Consequently,
B € [f] and B € [g]. We infer that a |g d(h) = d(k')d(h"), and thus there are
some a’,a” € R such that a = d’a”, o’ |g d(h') and a” |g d(h"). Observe that
a’ € [f] and a” € [g]. Moreover, b |r d((fg)") = d(f)'d(g) for some | € N, and
thus there are some v',b” € R such that b = v'b", b’ |r d(f)" and b” |r d(g)".
We infer that ' € [f] and b” € [g]. Set z = b;’}/ and y = b;;f?”. Note that
z = xy. Since a’ |r d(h') we have z € Int(R). Obviously, za’ = V'R’ € [f], and
thus = € [f]. Analogously, it follows that y € [g]. “2”: Trivial. O

Lemma 5.2. Let R be a factorial domain, K a quotient field of R, X an
indeterminate over K, and f,g € Int(R)* such that GCDgx)(f,9) = K[X]*
and GCDg(f(z),g(x)) = R* for all but finitely many x € R. If h € [f], then
[f1 1 [hgl = [A]-

Proof. Let h € [f]. “C”: Let z € [f] N [hg]. There is some k € N such that
2 |t (R) f* and z |tnt(R) h¥g*. Since GCDgx(f,9) = K[X]*, it follows that
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z |kx] h¥. Therefore, zy = h* for some y € K[X]. Let w € R be such that
GCDg(f(w), g(w)) = R*. Then z(w) |g f(w)* and z(w) |g h(w)*g(w)*. Since
GCDg(z(w), g(w)*) = R* we have z(w) |g h(w)*. We infer that y(x) € R for
all but finitely many = € R. Consequently, y € Int(R), and thus z € [h]. “2”:
Trivial. (]

Lemma 5.3. Let R be a factorial domain, K a quotient field of R, X an
indeterminate over K, and f,g € Int(R)* such that GCDgx)(f,9) = K[X]*
and GCDRg(f(2),9(z)) = R* for some z € R. Then for all x,2' € [f] and
v,y € [g] such that xy = x'y" it follows that x ~p¢ x" and y ~4 v’

Proof. Let x,2’ € [f] and y,y" € [g] be such that zy = 2’y’. There is some
k € N such that 2 |mer) f*, 2" ler) /5 ¥ lmer) 9% and ¢/ [mecr) g% Since
GCDgx(f,9) = K[X]*, we infer that GCDgx(z,y") = GCDgx(2',y) =
K[X]*, and thus there is some ¢ € K[X]|* = K* such that x = ez’ and y =
e~ 1y’ Moreover, z(2)y(z) = 2/(2)y'(z) and GCDg(z(2), y/'(2)) = GCDg(2'(2),
y(z)) = R*, hence there is some r € R* such that z(z) = r2’(z) and y(z) =
r~1y/(2). Since GCDg(2'(2),y'(2)) = R* we have 2/(z) # 0 or y/(z) # 0.

Case 1. 2/(z) # 0: Observe that ra/(z) = z(z) = e2/(z), and thus e = r.

Case 2. y'(2) # 0: Note that r=1y/(2) = y(2) = e 1y/(2), hence £ = 7.

In any case it follows that ¢ € R* = [f]* = [¢]*. This implies that
g @ and y >~ ' O

Proposition 5.4. Let R be a factorial domain, X an indeterminate over R,
and f,g € R[X]®* such that GCDgx(f,9) = R[X]*, GCDgr(f(z),g(x)) = R*
for all but finitely many x € R and d(rs) = d(r)d(s) for allr € [f] and s € [g].
Ifx € [f] and y € [g], then Cy([zy]) = Cu([]) x Cu([y])-

Proof. Without restriction let R be not a field. Let = € [f] and y € [g]. We
show that [zy]rea = []red X [Y]red- Let ¢ : [xy]red = [T]red X [¥]rea be defined
by o(ufzy]*) = (v[=]*, wly]*) if u € [zy], v € [x] and w € [y] are such that
u = vw.

First we show that ¢ is well-defined. Let z € [zy]reca. Then there is some
u € [zy] such that z = ufzy]*. By Lemmas 5.1 and 5.2 there are some
v € [f1n[zy] € [f1N[zg] = [2] and w € [g] N [zy] € [9] N [fy] = [y] such
that u = vw. Now let v’ € [zy], v € [z] and w’ € [y] be such that v = v'w’
and z = u'[ay]*. There is some ¢ € [zy]* = [2]* = [y]* such that u = eu’.
Therefore, vw = ev'w’, and thus v ~[, ev’ ~[;) v and w ~,; w’ by Lemma
5.3. Consequently, (v[z]*,w][y]*) = (v'[z]*,w [y]*).

Next we show that ¢ is an injective monoid homomorphism. It is clear
that o([zy]) = ([z],[y]). Let z,2" € [2y]rea. There are some w, v’ € [zy],
v,v" € [z] and w,w’ € [y] such that z = u[zy]*, 2/ = v/[zy]*, u = vw and
u' = v'w'. Since wu’ = vv'ww’ we infer that ¢(zz') = (vv'[2]*, ww'[y]*) =
(olz]*, wly*) ('], w'ly]*) = @(2)@(2'). Now let p(z) = ¢(z'). Then
v[z] = v'[z] and wy] = w'[y], and thus v ~p,; v" and w ~[,,; w'. This
implies that u ~p,,7 u’, hence z = 2'.
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It is clear that ¢ is surjective. We conclude by [5, Proposition 2.1.11.2] that
Co([zy]) = Co([#Y]rea) = Co([2]rea) X Col[ylrea) = Cu([2]) x Cu(ly])- 0

By Theorem 4.1 we know that if H is a monadic submonoid generated by
some f € R[X]®, then d is multiplicative on H if and only if H is factorial.
The last proposition requires a less stringent form of being multiplicative. Next
we show that there is an interesting class of monadic submonoids for which d
satisfies this weak form of being multiplicative.

Lemma 5.5. Let R be a factorial domain, K a field of quotients of R, X an
indeterminate over K, a € R, and f,g € R[X]*® such that GCDg(f(a),g(a)) =
R* and for all p € A(R) and h € A(R[X]) with (p |r f(a) and h |r[x) g) or
(p |r g(a) and h |gix) f) it follows that p |gix) h—h(a). Then d(rs) = d(r)d(s)
for allr € [f] and s € [g].

Proof. Let v € [f] and s € [¢g]. Let P be a system of representatives of A(R).
To prove that d(rs) = d(r)d(s), we need to show that for each p € P there
is some y € R such that v,(r(y)) = min{v,(r(z)) | z € R} and v,(s(y)) =
min{v,(s(z)) | « € R}. Let p € P. It is an easy consequence of Lemma 3.3
that there are some b,c € K*, n,m € N, a € Nj, 8 € Ng*, f € A(R[X])"
and g € A(R[X])™ such that r = b, £, s = c[171 9, fi |rix f for all
i € [1,n] and g; |grjx) g for all j € [1,m].

If z € R is such that v,(f;(z)) = 0 for all ¢ € [1,n], then v,(r(z)) =
V() + Iy aivpl(i(2)) = vp(b) < vp(B) + 31y aivp(fi(w)) = vip(r(e)) for all
v € R, and thus v,(r(z)) = min{v,(r(z)) | * € R}.

Analogously, if w € R is such that v,(g;(w)) = 0 for all j € [1,m], then
vp(s(w)) = min{vy(s(z)) | = € R}.

Case 1. p{r (fg)(a): Observe that v,(fi(a)) = vp(gj(a)) = 0foralli € [1,n]
and j € [1,m]. Therefore, vp(r(a)) = min{v,(r(z)) | = € R} and vy(s(a)) =
min{v,(s(z)) | z € R}.

Case 2. p |r f(a): There is some y € R such that v,(r(y)) = min{v,(r(z)) |
r € R}. Let j € [1,m]. Note that p [g;x] g; — gj(a). Consequently, p |r
9;(y) — gj(a), and since p {r gj(a), we have v,(g;(y)) = 0. This implies that
vy(5(y)) = min{vy(s(x)) | z € R}.

Case 3. p |g g(a): Goes along the same lines as case 2. [

Proposition 5.6. Let R be a factorial domain, X an indeterminate over R,
a € R, and f,g € R[X]* such that GCDg(x)(f,g9) = R[X]*, GCDgr(f(a), g(a))
= R*, and d(rs) = d(r)d(s) for all v € [f] and s € [g]. Then C,([fg]) =
Co(ID) x Co(lgD)-

Proof. As in the proof of Proposition 5.4 it follows from Lemmas 5.1 and 5.3
that [fg]red = [f]red X [g]rea- We conclude by [5, Proposition 2.1.11.2] that
Co([f9]) = Co([fglrea) = Col[f]rea) X Co(lglrea) = Cu([fT) * Cu(lgD)- 0

Corollary 5.7. Let R be a factorial domain, X an indeterminate over R, a €
R; and fag € R[X]. such that GCDR[X](fa g) = R[X]X) GCDR(f(a’)ag(a/)) =
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R* and for all p € A(R) and h € A(R[X]) with (p |r f(a) and h |r[x] g) or
(p |r g(a) and h |gix) f) it follows that p |gix) h — h(a). Then Cy([fg]) =
Co(I1D) < Co(lgD)-

Proof. This is an immediate consequence of Lemma 5.5 and Proposition 5.6.
O

6. Examples, important consequences and second main result

In this section we present several applications of the abstract theory. We
start with a bunch of examples that serve as counterexamples for various ques-
tions. We use the set of prime numbers as choice for the set of representatives of
A(Z). If Z is the base ring, then let all monadic submonoids be monadic sub-
monoids of Int(Z). Note that if H is an atomic monoid (e.g. H is a Krull
monoid), @ is a system of representatives of A(H), and P € X(H), then
P = Uyconpull. We will use this fact without citation. It was used im-
plicitly in the proof of Lemma 4.8. Also note that if T C H is a divisor-closed
submonoid of H, and z € H, then either zH NT = 2T or zHNT = {).

Example 6.1. Let X be an indeterminate over Q. Set vy = 2, us = 3, uz3 = X

2
U4 — X _ 1 U5 — X _ 2 U6 — U3 U4 u7 — U4Us5 Ug — U3%4U5 Ug — U3UHLUS5

3

2 2 , 12
and w19 = w For J C [1,10], set U] ={u;|je€ J} Set H = [usuqus],
g — Hu§u4u ]]7 T _ IIudu4u ]] VvV — [[udu4ud]] W = [[usu4ud]], _ [[U3U4]], and
z= 42,

oS = H\U{14}HT H\U{12346}H and V = H\U{23567}H
e W=H\Upa3a567H,Y =H\Uf578910)H, and
Z =H\Uf12457809,10H.
o {uH |ue A(H)} = {u1H,usH,usH,us H, us H,ug H,u7 H, us H, ug H, u10 H }.
o {uS | ue A(S)} = {ua2S,usS, usS, usS, urS, ugS, ug S, 105}
o {uT|ue A(T)} = {usT,u7T,usT, ugT, u10T}, and
{uV |ue AV)} = {uaV,uaV,ugV, ugV, u1oV}.
o {uW |ue AW)} = {usW, ugW, u10W}, and
{wY |ue AY)} = {u1Y,usY,usY, ugY }.
[ ] {’U,Z | u e A(Z)} = {’U,gZ, ’LLSZ}
o X(H) ={Uq1,35,6,80H,Ug1,35780H,UnayH,Up36yH,Uq2.4,6,7,9101H,
U5, H, Ugs6,89,100H, Ugae,7,8,9,100H, Ugs,7,8,9,100 H
o X(S) = {U2,3,615,Uq2,5,715, Ug2,6,7,9,1015, Ug3,5.6,8,019 Ugs,5,7,8,01 5,
Ut3,6,8,9,1039 Ugs,7,8,9,1039, Uge,7,8,9,10y5
X(T) ={Ups T, Ugs 800 T, Ugr,9,100 T, Ugs 0,103 T}, and
X(V)={Un 4V, U803V, Upa0,100V, Ugs 0,104V -
o 3€(W) = {U{&Q}W, U{g,lo}W}, 3€(Y) = {U{1,3}Y, U{1,4}Y, U{376}Y, U{476}Y},
and %(Z) = {’U,gZ, ’LLSZ}
o C,(H) 2 Cy(S) =7 Co(T) 2Cy(V)2Cy(Y) 2 Z, and C,(W) & Z/2Z.
e 7 is factorial, and u3Q[X|N Z = Uz 6y Z = Z \ Z* is not divisorial.
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Proof. Tt is straightforward to prove that

d(ulgfuiug) ) 2min{2k+m,l,k+2m}3min{k,l,m}
for all k,1,m € Ng. Now one can show by a careful case analysis that {z €
N3 | z is (us,us,us)-irreducible} = {(1,0,0), (0, 1,0), (0,0, 1),(1,1,0),(0,1,1),
(1,1,1),(1,2,1),(1,3,1)}. Tt follows that {uH | v € A(H)} = {u;H | i €
[1,10]}, by Proposition 3.5.

It is clear that Uz g is a system of representatives of A(H) \ Z. Note
that each primitive g € H N R[X] is associated to some element of the form

ububul for some k,l,m € Ny. We have2|Z§Z§T“§ZS; If k,l,m € Ny are

such that 2 | % then I < min{2k + m, k + 2m}, and then it is easy

to show that 2 ¢ %);) for every j € {3,5,6,7,8,9,10}. Consequently,
Uj4y is maximal 2-compatible in U3 10). Analogously, we have Uz 56.5.9) and
Uys,5,7,8,97 are maximal 2-compatible in Uz 9], and Uys ey, Ugs6,7,9,103, and
Uys,7y are maximal 3-compatible in Uy 0. Clearly, we have uzQ[X] N H =
U{3761879110}H, wQ[X]|NH = U{476177819710}H, and usQ[X|NH = U{5177819710}H.
It follows from Corollary 3.8, Remark 4.6, Lemma 4.8.2, and Remark 4.9 that
X(H) can be expressed as asserted.

It is easy to see that the other monoids (S, T, V, W, Y, and Z) are all monadic
submonoids of H. They are, therefore, complements of unions of height-one
prime ideals of H by Lemma 4.2. We show that S = H \ Ug1,4H. The corre-
sponding equalities for the remaining monoids can be proved in analogy. Set
A = H\Uq 4yH. First, note that A = [A] for some h € H by Lemma 4.2. Since
h is a product of atoms of H, and h € A we have h is associated to a product of
elements of Uz 356,7,8,9,10y- Observe that Uys 3567,89,10y & A. Consequently,

A = [ugus Hiig, wi] = [uz (254 )%( u3u4u5 )’] = [up g %]] =5 Itis
now simple to prove the remaining statements concernmg sets of atoms and
sets of height-one prime ideals (by using Lemma 4.3). It is clear that Z is
factorial (since every height-one prime ideal of Z is principal). Moreover, we
have U3Q[X] NnZ= UgQ[X] NHNZ = U{3,6,879,10}H NZ= U{316}Z =7 \ Z*,
since every non-unit of Z is a multiple of uz or ug. If Z\ Z* is divisorial,
then Z is a discrete valuation monoid, and hence it has only one atom up to
associates, a contradiction. Therefore, Z \ Z* is not divisorial.

It remains to show all statements about divisor-class groups. It follows from
Theorem 4.1 that C,(H) = Z*. We only show that C,(W) = Z/2Z. The other
assertions follow in analogy. Let (P;)?_; be the sequence of height-one prime
ideals of H in the above order (i.e., P1 = Uy 3568.01H, Po = Uf1357801H,
and so on). We determine the v-product decompositions of principal ideals of
H generated by atoms. Set f = usugus. The definition of ey can be found
in Section 3. It is straightforward to prove that es(us) = ef(ug) = ep(uy) =
ef(ug) = 6. We infer by Proposition 3.9 that uwiH = (PiPyPs),, usH =
(PsPsPs)y, usH = (P3PsPg),, ugH = (PyPyPs Py Pg),, urH = (P, Ps Ps Py Py),,
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and ugH = (PyP2PsP;P2Py),. Therefore, usH = wLe ff = (PEPyPyPr),y,
U5H: u;—l”H: (P12P22P6P9)U,U8H: %H: (P12P22P7P8P9)U,andu10H:
weH = (P2P;P3Py),. Set Q1 = UigoyW, and Q2 = Ugg10W. Then
{PeX(H)| PNW =@Q1} ={P,P},and {P € X(H) | PNW = Q2} =
{P5}' We have VPI((Ql)'UH) = min{VPl (u8H)7VP1 (U9H>} =1, VP2((Q1)'UH) =
min{vp,(usH),vp,(ugH)} = 1, and vp, ((Q2)vy ) =min{vp, (ugH), vp, (u10H)}
= 1. We infer by Proposition 4.5 that

vp, (ugH) LT vp, (ugH) =2
ve (Qu)vs) T VR ((Q1)vr) ’

v, (u10W) = 2, and v, (ueW) = vg,(ugW) = 1. Consequently, usW =

Q) oy > oW = (Q1Q2)vy, and uioW = (Q3)uy,. This implies that [Q;] =
[Q2], and thus [@4] is an element of order 2 which generates C,,(W). Therefore,
Co(W) = 7)2Z. O

vQ, (usW) = max{[

The last example it is straightforward to prove that
o T satisfies the equivalent conditions in Proposition 3.2, and yet C,(T")
is infinite.
e C,(W) is finite, and yet W is not factorial.

Observe that Uys 6 8,9,10yHNZ = Uys 63 Z in the last example. We know that
H is a Krull monoid, Uys ,8,9,103 is a height-one prime ideal of H (and hence
it is divisorial), Z is a monadic submonoid of H, and yet Ut 689,103 N Z is
not a divisorial ideal of Z.

Recall that if G is an additive abelian group, and Gg C G, then the Dav-
enport constant of Go (denoted by D(Gy)) is defined to be the supremum of
all lengths of nonempty minimal zero-sum sequences of G (see [5, Definition
3.4.1)).

Lemma 6.2. Let R be a factorial domain, K a field of quotients of R, X
an indeterminate over K, p € A(R), n € N>y, and f € (AR[X])\ R)" a
sequence of pairwise non-associated elements of R[X]| such that d(I]_, f*) =
prindrili€lnl} for all r € Np. Set H = [[[i—, fil. Then {uH | u € A(H)} =
(= Yy U (£l (i€ [1n]}, X(H) = (pHU fH, fHOLE D ) e
[1,n]}, Co(H) =2 Z"1, all proper divisor-closed submonoids of H are factorial,
for every P € X(H) there is some Q € X(H) such that (PQ), is a principal
ideal of H and D({[P] | P € X(H)}) > n.

Proof. Set e; = (0;;)}-, for each i € [1,n]. Observe that {m € Ny | m
is f-irreducible} = {e; | i € [1,n]} U{> ;" e;}. Therefore, Proposition 3.5
implies that {uH | u € A(H)} = {pH, L=l Hy U {£;H | i € [1,n]}. Note
that R = {p} is a system of representatives of A(H) N R and § = {f; | i €
[1,n]} U {ﬂn?;f} is a system of representatives of A(H) \ R. It follows by
Remark 4.6, Lemma 4.8.2, and Remark 4.9 that {P € X(H) | PN R # (0} =
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{PeX(H)|peP}={pHUf;H |ic[l,n]}. Moreover, we have {P € X(H) |
PNR =0} = {(LKX]NH |ic[Ln)} = {0 T=5H | ic1n]) by
Corollary 3.8. Consequently, C,(H) = Z"~! by Theorem 4.1. For i € [1,n],
set S; = H\ (pH U fiH) and T, = H\ (f;HH U= D ) Let i € [1,n]. By
Lemma 4.2, S; and T; are divisor-closed submonoids of H and every proper

divisor-closed submonoid of H is a divisor-closed submonoid of S; or T} for

some j € [1,n]. Note that X(S;) = {fxS:, Hj? Lis, | k€ [1,n]\ {i}} and
X(Ty) = {pT;, frT: | k € [1,n] \ {i}} by Lemma 4.3. This implies that S; and
T; are factorial (since all of their height-one prime ideals are principal), and
hence every proper divisor-closed submonoid of H is factorial.

It is an easy consequence of Proposition 3.9 that f;H = ((pH U f;H)(f;H U

MH))U for every i € [1,n]. Let P € X(H). Clearly, there are some

p
i € [1,n] and Q € X(H) such that {P,Q} = {pH U f;H, fiH U L=tb ) 10

follows that (PQ), is a principal ideal of H.

Note that pH = ([[;~, pHU f;H), (since pH is a radical ideal of H). Since p
is an atom of H, it follows that no nonempty proper v-subproduct of ([, pHU
fiH), is principal. Therefore, D({[P] | P € X(H)}) > n. O

Next we recall a simple irreducibility criterion similar to Eisenstein’s cri-
terion. We include a proof for the sake of completeness. If R is a factorial
domain, X is an indeterminate over R, and f € R[X] with deg(f) = n € Ny,
then let (fi)%, € R™*! be the unique sequence such that f ="  f;i X"

Lemma 6.3. Let R be a factorial domain, X an indeterminate over R, p €
A(R), and f € R[X]\ R primitive such that n = deg(f), ptr fo, P*> 1r fn, and
plr fi for alli € [1,n]. Then f € A(R[X]).

Proof. Clearly, f € R[X]*\ R[X]*. Let g,h € R[X] be such that f = gh. Let
[ = deg(g), and m = deg(h). Without restriction we can assume that [ < m.
Observe that p |g gihm, p? 1R gihm, and m > 1. We need to show that g € R*.

Case 1. p |g g and p 1g hn,: We prove that p |g ¢i—; for all ¢ € [0,]]
by induction on i. Let ¢ € [0,I] be such that p |r gi—; for each j € [0,7 —
1]. Tt follows that p |g fitm—i = Z;:o 9i—jhmtj—i, and hence p |r gi—ihm.
Consequently, p |r gi—i. We infer that p |gx] g |rx] f, and thus p |r fo, a
contradiction.

Case 2. p1r g1 and p |g hm: We prove that I = 0. Assume to the contrary
that I > 0. We show by induction on i that p |g hp;—; for all i € [0,m].
Let ¢ € [0,m] be such that p |g hm—; for every j € [0,i — 1]. Note that
PR fiom—i = Z?ig{z’l} Gi—jhm+j—i, and thus p |g gihm—i;. We infer that
P |r him—i. Consequently, p [r;x]  |rx] f, and hence p |r fo, a contradiction.
It follows that [ = 0, and thus g € R. Since f is primitive we have g € R*. O
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In the beginning of this section we have provided examples of monadic sub-
monoids of Int(Z) whose divisor-class group is a torsion group or torsion-free,
but not trivial. Next we provide an example of a monadic submonoid of Int(Z)
whose divisor-class group is neither torsion-free nor a torsion group.

Example 6.4. Let X be an indeterminate over Q. Set p; = 7, po = 13,
p3 =19, py =31, p5s = 37, pg = 43, p; = 67, a = szlpi, f=@X+1)(aX +
2)(aX +3), g = [I_,(6Xf + p;), and H = [XH@XED(@X48)9)  yep
Co(H) = 7./2Z x 7.

Proof. Tt is straightforward to show that d((aX + 1)*(aX + 2)!(aX +3)™) =
gmin{2k+m,lk+2m} gmin{k,lm} for all kI, m € Nyg. As in Example 6.1 we ob-
tain that Cv([[(GXH)(GX;QFQ)Q(GXH)]]) &~ 7./27. Moreover, one can show that
A(TT_, (6X f 4 p)bi) = pP ™ for all p € NJ. 1t follows by Lemma 6.3
that 6X f +p; € A(Z[X]) for every i € [1,7]. Therefore, it follows from Lemma
6.2 that C,([g]) = Z°. It is clear that GCDygx(f,9) = GCDzx|(f.a) =
GCDgz(x(6,a) = Z[X]*. Along the same lines we infer that GCDz(f(x), g(x))
= GCDz(f(x),a) = GCDz(6,a) = Z* for each x € Z. Observe that aX +
1,aX +2,aX +3 € A(Z[X]). Consequently, it is obvious that for all p € A(Z)
and h € A(Z[X]) with (p |z f(0) and h |z1x] g) or (p |z 9(0) and h |z1x) f) it fol-
lows that p |x] b — h(0). Since (aXH)(aXfQ&)Z(aXH) € [f], we infer by Propo-

sition 5.4 and Lemma 5.5 that C,(H) = Cv([[(aXJrl)(alegQ)z(aXH)]]) x Cy([g]) =
7,27 x 7. 0

Now we present a result which enables us to construct examples of monadic
submonoids of Int(Z) whose divisor-class group is torsion-free with prescribed
rank.

Proposition 6.5. Let R be a factorial domain, X an indeterminate over R,
P a system of representatives of A(R), n € N, a € R™, and p € P"™ such
that for all i € [1,n], p1 |r @i — 1, a; + prR € (R/prR)* for all k € [2,n],
and if i > 1, then n = |{p; + mR | j € [1,n]}| = |R/p1R| < |R/p:;R|. Set
H = [[T-,(a;X — p;)]. Then C,(H) = Z"~, for every P € X(H) there is
some Q € X(H) such that (PQ), is a principal ideal of H, and D({[P] | P €
X(H)}) = n.
Proof. By Lemma 6.2 it is sufficient to show that d([];—,(a;X — p;)™) =
prn €l for all r € N2 Let r € NP and ¢ € P. We need to show
that min{>""" | rive(a;z — p;) | © € R} = 0qp, min{r; | i € [1,n]}.

Case 1. ¢ # p; for all i € [1,n]: Observe that Y., rve(a;q — p;) = 0.
Therefore, min{>_| rivq(a;z — p;) |z € R} = 0.

Case 2. ¢ = p; for some j € [2,n]: Since n < |R/qR)|, there is some y € R
such that ¢ {g y—pi for all k € [1,n]. Let k € [1,n]. Since ax+¢R € (R/qR)™,
there is some z € R such that ¢ |g axz — y. Consequently, ¢ 1g arz — pr. It
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follows that Y " | r;vg(aiz — p;) = 0. This implies that min{>_""_ , r;ve(a;z —
pi) |z e R}=0.

Case 3. ¢ = p1: Let y € R. Since R/qR = {p; + ¢R | i € [1,n]}, there
is some j € [1,n] such that ¢ |g y — p;. Since ¢ |g a; — 1, we infer that
q |r ajy — p;. Therefore, min{r; | i € [1,n]} <r; <> rive(a;y — p;), hence
min{r; | i € [1,n]} <min{}" " | rive(a;x — p;) | ¢ € R}.

There is some k € [1,n] such that min{r; | ¢ € [1,n]} = rr. We show that
ve(arz — pr) = 1 for some z € R. Since ¢q |g ar — 1, there is some y € R
such that q |r ary — pr. If ¢ g axy — px, then set z = y. Now suppose that
¢® |r axy — pr. Set z = ¢ +y. Then v,(axz — px) = 1.

Let j € [1,n]\ {k}. Then q1{r p; — px. Since ¢ |r ajz — z and ¢ |r arz — 2,
we infer that v4(a;z — pj) = 0. Consequently, min{}""" | r;vq(a;z — p;) | z €
R} <> rivg(aiz — p;) =1, = min{r; | i € [1,n]}. O

The following result is a useful application of Corollary 5.7.

Proposition 6.6. Let R be a factorial domain, X an indeterminate over R,
and P a system of representatives of A(R). Let k € N, and (P;)¥_, a finite
sequence of finite and pairwise disjoint subsets of P such that for everyi € [1, k|
there is some p € P; for which |P;| = {r+pR | r € P;}| = |R/pR| < |R/qR| <
oo for all g € P;\ {p}, and p |r Haeuf,l PO 1. Set

J

T T o)

J=1 beP;  acUb, ;P
Then Cy([g]) = = Pk,

Proof. For j € [1,k] set f; = Hber((HanLl,#j p, )X —b). It is sufficient

to show by induction on j that C,(] 5:1 fi]) = ZXi=IPil=i for every j €
[1,k]. Tt follows immediately from Proposition 6.5 that C,([f;]) = ZPi!=1 for
every j € [1,k]. Let j € [2,k]. Set f = Hf;ll ; and ¢’ = f;. Note that
GCDpgx1(f,g") = R[X]*. We show that GCDg(f(0),4'(0)) = R* and for all
p € A(R) and h € A(R[X]) such that (p [r f(0) and & |r[x] g') or (p [r ¢'(0)
and h |gpx] f) we have p |gpx] b — h(0). Observe that f(0) ~r Hbeuz;ll p, b
and ¢'(0) ~p Hber b. Since Uf;ll P; and P; are disjoint, it follows that
GCDRgr(f(0),4¢'(0)) = R*. Let p € A(R) and h € A(R[X]).

Case 1. p |r f(0) and h |g[x] g+ Of course, p ~p b for some b € ULM# Pi
and h ~ppx) ([T.er p, @)X — c for some ¢ € P;. Therefore, p ~px]

i=1,i%j
b |R[X] (HaEULl,i# P, a)X =R[X] h — h(0).
Case 2. p |r ¢'(0) and h |gr;x) f: It is clear that p ~g b for some b € P;
and h ~pg[x] (Haeul_c71 P a)X — ¢ for some | € [1,j — 1] and some ¢ € P;.

Consequently, p ~g(x] b |r[x] (HaEUle,#z p, A)X ~gix) h —h(0).
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We infer by Corollary 5.7 that
Co([£g']D) = CulIF]) x Colly']) = 221t P P17t e g2 PAT,

Example 6.7. Let g = (95095X + 2)(95095X + 3)(6X + 5)(6X + 7)(6X +
11)(6X + 13)(6X + 19) € Z[X]. Then C,([g]) = Z°.

Proof. This follows from Proposition 6.6 with k = 2, P; = {2,3}, and P2 =
{5,7,11,13,19}. 0

There are many important invariants which can describe the structure of
factorizations. Two of them that are commonly used are the elasticity p(H)
and the tame degree t(H) of a monoid H. For the definitions of the elasticity
and the tame degree we refer to [5, Definitions 1.4.1 and 1.6.4]. In what follows
we want to provide a class of rings of integer-valued polynomials over factorial
domains where both of these invariants are infinite. Note that if H is an
atomic monoid and 7' C H is a divisor-closed submonoid, then p(T") < p(H),
and t(T") < t(H).

Theorem 6.8. Let R be a factorial domain, X an indeterminate over R, and
P a system of representatives of A(R). Let (P;)ien be a sequence of finite
subsets of P such that for every i € N there is some p € P; for which i <
|P;| = |{r+pR |7 € P;}| = |R/pR| < |R/qR| < o0 for all ¢ € P; \ {p}. Then
p(Int(R)) = t(Int(R)) = 0.

Proof. For i € N set H; = [[[,cp, (X — a)]. By Proposition 6.5 we infer that
{[P]| Pe X(H)}={[P7 Y| PeX(H;)} and D{[P] | P € X(H;)}) > i for all
i € N. Tt follows from [5, Theorem 3.4.10] that p(Int(R)) > p(H;) > D({[P] |
P € X(H;)})/2 > i/2, and t(Int(R)) > t(H;) > D({[P] | P € X(H;)}) > i for
every ¢ € N. This implies that p(Int(R)) = t(Int(R)) = oco. O
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