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CESARO OPERATORS IN THE BERGMAN SPACES WITH
EXPONENTIAL WEIGHT ON THE UNIT BALL

HoNG RAE CHO AND INYOUNG PARK

ABSTRACT. Let Ai B(B") denote the space of holomorphic functions that

__B_
are L2 with respect to a weight of form we, g(z) = (1—|2|)®e” =11, where
a € R and 8 > 0 on the unit ball B,,. We obtain some results for the
boundedness and compactness of Cesaro operator on Ai B(B")'

1. Introduction

Let B,, be the unit ball of the complex n-space C™ and S,, be the unit sphere
in C™. Let dV denote the ordinary volume measure. If z = (z1,...,2,) and
w = (wy,...,wy,) are points on B, we write

n
() = 32y, |2l = (,2)"
j=1
We let Ai, ﬁ(IB%n) denote the space of holomorphic functions that are L? on B,
with respect to a rapidly decreasing weight of form
B
wap(z) = (1 —|z[)% T=F, aecR, §>0.

In this case, we give the norm of the space A2 5(B,) as
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Let H(B,,) be the space of all holomorphic functions in B,,. Given a function
g € H(B,,) we define the radial derivative Rg of g by

Form=1,2,..., weset R™f = R(R™1f). The extended Cesaro operator 7},
is defined by

1,06 = [ 1)Ree) G, e

where f,g € H(B,,).
We obtain some results for the boundedness and compactness of Cesaro
operator on A2 ;(By,).

Theorem 1.1. Let g € H(B,) and « € R, > 0. Then
(1) T, is bounded on Aiﬁﬁ(Bn) if and only if
sup (1 —[2])?|Rg(2)] < oc.
z€B,

Moreover,

1Tyl ~ sup (1 — |2])?|Rg(2)].
z€B,

(2) T, is compact on Aiﬁﬁ(Bn) if and only if
lim (1~ [2])?|Rg(=)| = 0.
—1-

||

While many works ([1], [2], [3], [4], [5], [6], [7], [8], [9]) on the one-variable
theory of Bergman spaces with rapidly decreasing weights have been estab-
lished, the several-variable theory has not been yet. Our work may be thought
of as a prototype for Bergman spaces with exponential weight in the several-
variable theory.

On the unit disk I, the boundedness and compactness of T, have been chara-
terized for a large class of weights which satisfy certain conditions in terms of
the symbol function g ([1], [4], [7]). Recently, in [7], Pau and Peldez completed
the characterizations of T; on Bergman spaces with rapidly decreasing weights.

In Section 2, we extend the equivalence of norms to the unit ball. In Section
3, we estimate the Bergman kernel for Ai 5(By) on the diagonal and norms of
our test functions. As an application, we prove some results for the character-
ization of the boundedness and compactness of T in Section 4.

Constants. In the rest of the paper we use the same letter C' to denote various
positive constants which may change at each occurrence. Variables indicating
the dependency of constants C' will be often specified. We use the notation
X <Y orY 2 X for nonnegative quantities X and Y to mean X < CY for
some inessential constant C' > 0. Similarly, we use the notation X ~ Y if both
X <Y and Y < X hold.
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2. Bergman spaces with rapidly decreasing weights

Given a positive differentiable weight function w(z) = w(|z|) which is in-
tegrable in B,,, the weighted Bergman space A2 (B,,) consists of holomorphic
functions f in B,, such that

1B = [ £GPV <o
We note that A2 (B,,) is the standard Bergman spaces when w(r) = (1 — 7)<,
o> —1.

In the unit disk, we have the norm equivalence completed by Pavlovi¢ and
Peldz [6]. Prior to stating the result, we introduce the distortion function 1),
of the weight function w. As following Siskakis [9] we define the distortion
function as follows:

%(T) = .

1
— < 1.
o) /T w(t)dt, 0<r<
Lemma 2.1 ([9]). If there is a constant A < oo such that

w'(r)
2.1 —=
then for all f € H(D),

/ () Pw(z) dA(z) ~ [f(0) + / 1F(2) P (2)w(2) dA(2),
D D

where dA(z) denotes the normalized Lebesque area measure in D.

1
/w(t)dtSA, 0<r<l,

Proof. You can refer to Lemma 2.1 and Lemma 2.2 in [9]. O

Here, we notice that all positive differentiable decreasing functions satisfy
(2.1). Owing to the integration of slice, we can extend Lemma 2.1 to the unit
ball.

Theorem 2.2. Suppose w(r) satisfies condition (2.1). Then

/B ) Pw(z) dV(z) = |FO)P + / IRF(2) 2o (2)2w(2) AV (2)
for all f € H(B,,).

Proof. Since the measure dS is a rotation invariant measure and

z//|fr§|d5’ w(r)r® dr

for some k > 0 we have ([10], Lemma 1.10)

| eraeave ~ [ / / (O 2 ) dr as(c).
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Now, we consider the slice function fc(re?) := f(re?¢). Applying fc(2) to
Lemma 2.1, Tonelli’s Theorem follows that

/|<>|2<>dv<>

2m 0
<1508+ [ [ [T 1P Rt s o)
Since z f{(z) = Rf(2(), we obtain

1 21 ) d9
1F12. ~ 1FO)? + /S n / / RFGeO 2 (r)2uo(r) dir S (C)

1
SOF + [ [ IRICO PP dr ds(Q).
Sy /0
Thus we complete our proof. (I
In [9], Siskakis shows that distortion function of wq g is
Y o (r) 2 (1= 1)?.
Therefore we can notice that the weight function
Ga,p(r) = ¥, ,(Mwa,8(r) & wara,s(r)
and it also satisfies condition (2.1) since Wq,g(r) is still a decreasing function.

Thus if we repeat the same work to function Rf in Theorem 2.2, then we obtain
the following result.

Corollary 2.3. Let k > 1. Then

k—1
205 O S FOP + R FI3 0san s

m=0|y|=m

Here, we are using the standard multi-index notation. Namely, given an
n-tuple v = (y1,...,79,) of nonnegative integers,

n
W=7 N=mloml, P =Eage, 9 =000

where J; denotes the partial differentiation with respect to the j-th component.

3. Reproducing kernel estimates and test functions
3.1. Reproducing kernel estimates

Since each point evaluation is bounded on Ai ﬂ(Bn), there exists the re-
producing kernel K, s(z,w) for A2 ;(B,). We know that K, s(z,w) is given

by
2Yw”
Ko p(z,w) Z H

Z’YHQ a,ﬂ
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Unfortunately, the explicit form of K, g(z,w) is unknown, but we are going
to calculate the reproducing kernel on the diagonal using the following useful
calculations.

Proposition 3.1 ([4]). Let o € R and 8,s > 0. Then
1 )
/ (1—r)® 6_% rodr ~ 5_%6_2%, 5§ — 00.
0

Let us consider the function
8
z= (1—=2)% 1=, «,pf€eR and zeD.

We can notice that the function is analytic in the unit disk. Therefore we have
its Taylor expansion with coefficients L,,(a, §) such that

(3.1) (1-2)%T% = Y Lu(a, —B)=".

m=0
Lemma 3.2 ([4]). Let a« € R, 8 > 0. Then
Lm(aa _ﬁ) ~m- 2a4+3 62 v Bm-

The area of the unit sphere S,, in C™ is given by
27"
Oop—1 = ——.
T 1)
Now, we calculate the size of the Bergman kernel for Ai, B(B”) on the diagonal.
Theorem 3.3. Let a € R and 8 > 0. Then

K ~ 2\—2n—a—1 %
a.8(2,2) = (1= z[%) e =%,z €B,.

Proof. We first estimate the size of the monomial in Ai 5(Br). Proposition 3.1
gives

1
127113, =/ |C7|2dS(C)/ (1 = pye p2hl2n=t o=t g,
Sn 0

(n—1y! ! ,
:0-2717177/ (1,T)a p2l+2n—1 =2 o
(n =1+ o

ik _2a43 —
S il )T e 2B\ /ATEn1

for || sufficiently large. By Stirling’s formula, we have
(n =1+ = v P=2e
for || sufficiently large. Thus we have

1
7n+|7\—§e—h| 20t
KQ,B(Z,Z) = Z ||Z ~ Z | | |'Y|—4 62‘/25|7‘|Z’Y|2
v vy

~!

Eals

3,08
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n+m+2a+1 —m

Z € o2V2Bm 127 |2

ME% HMES

n+m+ 2a4+1 o—m

|
o2V2Bm Z ﬁ|27|2-

m)! ~!

3
Il
o

[v|=m
Note that
!
> SR =l
~!
[v|=m

and by Stirling’s formula, we have mle™ ~ m™%2. Thus by Lemma 3.2 and
(3.1) we have

o0
Kaﬁg(z,z)z Zm +22- 2Bm |2m
m=0
oo
~ Z Ly (=20 — a —1,-283)|2)*™
m=0

—(1— |Z|2)—(2n+1)—a6$.

3.2. Test functions

In [4], Dostanié¢ proved the boundedness and compactness of Cesaro opera-
tors on the unit disc by using the test function. In our paper, the test function
also plays an important role for studying Cesaro operators on the unit ball.
Now, we calculate the size of our test function.

Lemma 3.4. Let a € R and > 0. Then for fized a € B,
s s 28
[ e P (1= fae T v (e) s (1 oyt T,
B,
Proof. Let z =r( and a = R¢. Then by the polar coordinate, we have

/ ‘e%f (1-1z]) e_lLHdV()

// 61 TR<<€>‘ dsS(¢) (1 —r)%e /o

When a function f depends only one complex variable, we have the following
formula [10],

2m

(3.2) /f (,€)dS(¢ (U= 22 (e pdp do

O2n—1
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for any & € B,,. Thus, if we apply the formula (3.2) to our test function, then
we obtain the one variable integration,

1 2m
/ |em=ee |* ds (¢ 1—p*)"?pdpdf.
O2n—1
On the other hand, (3.1) gives that
el— TRpeW = Z L ’mRm m sz

m>0

and by the Parseval equality, we get
Ay . 2.2m p2m 2m
|€1*TRPEZ do =27 Z | L (0, —=28)|° ™ R“™ p=™.
0 m>0

Now, by the following approximation

1 1
/ (1 o p2)n72 p2m+1 dp ~ / (1 o t)n72tm dt
0 0

 T(n—DI(m+1)

— ~ —n+1
I'(n+m) " ’

together with Lemma 3.2 we obtain

/ e @T |2 dS(C) & Y |Lun(0, ~28) 2 r2 " R2Mm !
s.

m>0
—_n—41
~ § T2mR2mm n 264\/25m.
m>0

Finally, from Lemma 3.1, we have

//|el TR<€>| dsS(¢) (1 —r)%e r2n=tdy

Z R2mm7n7%e4\/2ﬁm/ (1 _ r)ae—%r2n+2mfl dr
0

Q

m>0
~ § m—n———— 2\/2BmR2m
m>0

Hence by applying (3.1) again, we obtain the desired estimate,

[ ler o P e i av ) x Y mon o I g
By m>0
~ Z Lp(2n 4+ o+ 1,-28) |a]*™
m>0

~ o 2\2n+a+1 %
~ (1 —|al?) el-lal?,
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4. Cesaro operators on Ai,,@ (B,)

In this section, we characterize the boundedness and compactness of Cesaro
operators on A2 ;(B,) by using test functions.

Theorem 4.1. Let g € H(B,) and oo € R, 8 > 0. Then Ty is bounded on
A2 5(By) if and only if

(4.1) sup (1 - 21)?[Rg(2)] < oc.

Moreover,
I Tyll = sup (1 —[2])?|Rg(2)]-
z€B,

Proof. Suppose ¢ satisfies the condition (4.1). We note that R(T,f) = fRg
and (T, f)(0) = 0. Then by the case k =1 in Corollary 2.3, we have

IZ5(£)113.0,6 / R(T,f)(2) (1 = |2])"+e™ 775 av (z)
=/B 1F(2)Rg(2)[2(1 — |2])*+ e T v (2)
(42) < sup [(1 = 22BN f 11305

z€B,

Thus T, is bounded on Ai”ﬁ(IB%n). Conversely, suppose Ty is bounded on
A? 5(B,). Since f(2)Rg(z) € A2, 4(By) for f € A2 5(By,), we have the
following reproducing formula
_ B
(4.3)  fla)Rg(a) :/ F(2)Rg(2)Karap(a, 2)(1 — [2])*F e 7 dV (2),
B.

where Ko146(a, 2) is the reproducing kernel for A2, 5(B,). If f € A2 ;(B,)
with f(a) # 0 then Corollary 2.3, (4.3) and Holder’s inequality follow that

(1= lal)*|Rg(a)]

= %/B 1f(2)Rg(2)Karap(a, 2)|(1 — |2])0H e T aV (z)
= % (/Bn £(2)Rg(2)2(1 — |2])oH e 0t dv(z>>1/2

x (/B | Kata(a,2)[2(1 = 2)2 e = dv(z)) /
=0 %%flz,ammw(a, Mz.asase

Now, we consider the function,

2 1/2
(4.4) fol) = [(1 = Ja)=Cr e HE o=t |
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Since T} is bounded, by Theorem 3.3 and Lemma 3.4 there is a constant C’ > 0
such that

(1 —[a))?

(4.5) (1 —|a])?|Rg(a)| < ch”TgHHfa”QM Kot p(a,a)
||fa| 2,a, _2ndat1 B _
S e (0 )T e
S Tl

Furthermore, we obtain the operator norm of T, on A2 ;(B,,) with (4.2),

1Tyl ~ sup (1 — |2])?|Rg(2)].
z€B, O

Proposition 4.2. T, is compact on Aiﬁ(Bn) if and only if whenever {fn} is
a bounded sequence in Agyﬁ(Bn) such that f,, — 0 on compact subsets of B,
then Ty fm — 0 in A2 5(By).

Proof. For this proof, you can refer to Proposition 3.11 in [3]. O

Theorem 4.3. Let g € H(B,) and o € R, > 0. Then T, is compact on
A2 5(By) if and only if

(4.6) lim (1 — |z])*|Rg(z)| = 0.

|z]—1

Proof. Let {fm} be a sequence in A2 ;(B,) such that | fmll2,es < M and
fm(2) converges to 0 uniformly on compact subsets of B,. Now, we assume
that for sufficiently small € > 0, there is 6 > 0 such that

(1—12*)?|Rg(2)| <€ for §<|z| <1.

Then we have

[ atn@P - e = V()
B

IN

C [ 1fm(R:)P(1 = |2 e ™ dv (2)
B,

A

[+ UmE@Re@r0 e = av )
0B, B, \0B,,

< €[lfm]

Thus the condition (4.6) implies that Ty is compact on AZ 5(By,).

We can see that (4.6) can be a necessary condition for the compactness of T,
on A2 ;(B,). First, let us show that f, uniformly converges to 0 as |a| — 1~
on compact subsets of B,,. Put

2
2,a,f°

(4.7) Fu(s) = L2

 lfallzas’
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Let K be a compact subset of B,,. Then for z € K we have

By
|al

n (23 _L
IFu(2)] < (1= |af)~ 25 e TeP e omastiseRT 50, |a| — 1.

Proposition 4.2, if T, is compact on Aiﬁ(Bn), then ||TyFyll2,a,8 — 0 as
— 17. Now, from (4.5) in the proof of Theorem 4.1 we have

(1 —la])?
(1= la)*|Rg(a)l £ WIITgFallz,a,ﬂllKaH,ﬂ(% M2.a+4,8

SITyFall2,a — 0 as |a] - 17,

Thus (4.6) is a necessary condition for the compactness of Ty on A2 ;(B,). O
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