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WEAK AND QUADRATIC HYPONORMALITY OF
2-VARIABLE WEIGHTED SHIFTS AND THEIR EXAMPLES

CHUNJI L1

ABSTRACT. Recently, Curto, Lee and Yoon considered the properties
(such as, hyponormality, subnormality, and flatness, etc.) for 2-variable
weighted shifts and constructed several families of commuting pairs of
subnormal operators such that each family can be used to answer a con-
jecture of Curto, Muhly and Xia negatively. In this paper, we consider the
weak and quadratic hyponormality of 2-variable weighted shifts (W1, W2).
In addition, we detect the weak and quadratic hyponormality with some
interesting 2-variable weighted shifts.

1. Introduction and preliminaries

Let H be a complex Hilbert space and let £ (H) be the algebra of bounded
operators on H. For S,T € L(H), we denote the commutator of S and T
by [S,T] := ST — TS. Let N (resp., Z+,R4,C) be the set of positive integers
(resp., nonnegative integers, nonnegative real numbers, complex numbers). For
n > 1, we write H(™ for the orthogonal direct sum of H with itself n times.
For n-tuple T = (T, ...,T}) of operators in £ (H), we write [T*,T] € £ (H™)
for the self-commutator of T, where (i, j)-entry [T*,T],; of [T*,T] is [Ty, T3] .
We say that an n-tuple T = (71, ...,T,) is (jointly hyponormal) if the operator
matrix

T (T3 T e (15T

15 T] (13T e (15T
[T%,T] = : : i :

T T ([T5T] - [T5T)

is positive on H™ ([5]). The n-tuple T is said to be normal if T is commuting
and each T; is normal. And T is subnormal if T is restriction of a normal n-tuple
to a common invariant subspace. It is obvious that normal = subnormal
= hyponormal ([6]). The n-tuple T is (weakly) hyponormal if \yT1+- - -+, Ty,
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is hyponormal for every A; € C,i = 1,...,n ([8]). Because the structure of n-
tuple operators can be extended from the study of 2-tuple operators, many
operator theorists have concentrated their studies to the structure of n-tuple
operators (see [3], [4], [5], [6], [7], [9], [10], [11], [12], [13], etc.). Curto, Lee
and Yoon considered the properties (such as, hyponormality, subnormality,
flatness, etc.) for 2-variable weighted shifts and constructed several families of
commuting pairs of subnormal operators such that each family can be used to
answer a conjecture of Curto, Muhly and Xia negatively (see [3], [4], [5], [6],
[7], etc.). The present author considered the subnormal completion problem
by using the moment theory in [11]. In [12], one considered the expansivity
of 2-variable weighted shifts and obtained some related results. In this paper,
we discuss the weak and quadratic hyponormality of 2-variable weighted shifts
with some interesting examples.

Let C [z, w] be the set of two variables complex polynomials. A 2-tuple com-
muting operator (T1,T») is weakly k-hyponormal if (p1 (Th,T2),p2 (T1,T3)) is
hyponormal for all polynomials p1,ps € C[z,w] with degpi,degps < k €
N. And 2-tuple commuting operator (77,7%) is mono-weakly k-hyponormal
if p(T1,Tz) is hyponormal for all polynomials p € C[z,w] with degp < k
(see [9], [10]). Thus, for 2-tuple commuting operator (T7,7%), we know that
mono-weakly 1-hyponormal is just weakly hyponormal. For simplicity, we call
mono-weakly 2-hyponormal is quadratically hyponormal. For 2-tuple commut-
ing operator (T1,T5), it is well known that the hyponormality implies the weak
hyponormality (cf. [5]). Obviously, if (T3, T») is quadratically hyponormal, then
(T1,Tz) is weakly hyponormal. In terms of above discussions it is worthwhile
studying the weak and quadratic hyponormality of (77, 7%) .

We now discuss some basic construction for our purpose. Let H = ¢2 (Zﬁ_)
be the usual Hardy space of square-summable complex sequences, where Zi =
Zy X Z4. Consider a canonical orthonormal basis {e(ivj)}(i,j)eZi of /2 (Zi) .

Let a = {ak}keziaﬂ = {ﬂk}kGZi be two double-indexed positive bounded
sequences. The 2-variable weighted shift W = (W,, W3) is defined by

(1.1) Waek = axexye, and Wgey 1= BkCktess Vk € Zi,

where €1 := (1,0), €2 := (0,1) (see [6], [7]). Clearly, W, W3 = WgW, if and only
if Bkt 0k = iy, Ok forall k € Zi. We now consider the ordered orthonormal
basis E with the lexicographic order (i.e., (0,0),(0,1),(1,0),(0,2),(1,1),...)
in the indices of e(; j), (i,7) € Z?. According to (1,1), the shift W, on ¢ (Zi)
can be represented by a matrix form
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corresponding to the ordered basis E of 2 (Z2) (cf. [12]); note that the diag-
onal entries of the above matrix is zero and we denote if by “0” for reader’s
convenience. Similarly, the matrix form associated to the shift W with respect
to E is

0
Boo O 0O
0 )
0 0

4

0
0

Wﬁ = 0 8’ Bio
0

0

&

cocoococoo

0 0

0 0 fo2

The hyponormality of (W,, W3) was characterized in [7], namely, it is hyponor-
mal if and only if

( airﬁ-l,kz - aihkz akl,k2+16k1+17k2 - akl,kzﬁkhkz ) >0
2 2 2

ak17k2+1ﬂk1+17k2 - ak17k25k17k2 ﬂk17k2+1 - ﬂkl,kZ

for all (k1,k2) € Zi; this test for hyponormality is called “Six-point Test”

which will be used in this paper.

The paper consists of as following. In Section 2, we give the criteria of
weak and quadratic hyponormality for a pair of 2-variable weighted shifts.
In Section 3 we detect the weak and quadratic hyponormality with useful 2-
variable weighted shifts which have been studied by several operator theorists.

2. The criteria of weak and quadratic hyponormality

Let a = {ak}keziaﬁ = {ﬁk}keZz+ be two double-indexed positive bounded
sequences and let (W,, W3) be 2-variable weighted shifts. In this section, we
characterize the weak and quadratic hyponormality of (W,, W3) . Firstly, we
discuss the weak hyponormality of (W, W3). By a direct computation, we get
that

[(Wa +AW5)", W + AW = diag {M;}52,
where My = (z00) and

zo1  hot

(2.1) My = | Mor e - , keN,
B - hi—1,1
hit—11  Zko

and
2
Zij = (O‘?j - 04?4,;‘) + (Al (ﬂ?j - 51'2_,];1) )
0 if j=0
h;i = . : ’
J { AijBiv1,j—1 — ij—1Bij-1) if j>1

Note that a;; = 0 and 8;; = 0 for i <0 or j < 0. We now obtain the following
proposition by some direct computations.
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Proposition 2.1. Let (W,, Wpg) be a 2-variable weighted shifts with weight
sequences « and B. Then (Wy, Wg) is weakly hyponormal if and only if My, > 0
forallk € Z.

Next we consider the quadratic hyponormality. Recall that 2-tuple com-
muting operator (T1,T) is quadratically hyponormal if (T1,Ts, T%, T1T%, T5)
is weakly hyponormal. We denote T := ATy + XoTo + 1 TE + p2Ty + pusThiTs.
Then (T1,T5) is quadratically hyponormal

<= T is hyponormal

— [T*,T] >0

= [T+ T2+ XTE + 0T T) " Ty + MTE + 015 + M TiT3| > 0
= [T+ NTE 4+ 20T2) T+ MTE 4+ 2TE] > 0

for any A1, Ao, 1, p2, us3 € C.

We remark that the above necessary conditions can be replaced by the nec-
essary and sufficient conditions for our key example in Section 3. So, in this
paper, we just simply say that (T7,7T») is quadratically hyponormal, if

[(T1 FNTE 4 AT2) Ty + T2+ AzTﬂ >0, VA, eC.

Now we consider 2-variable weighted shifts (W,, W3). By direct computa-
tions, we have

M = |:(Wa + W2+ )\2W52)* Wa + MW + /\QWBQ}

qoo 0 700 0 0 0 0 0 0 0 0
0 g1 O 0 r1 O 0 0 0 0 0

foo 0 qo M2 0 re O O O 0 O
0 0 foz g2 0 d2 O 7192 0 0 O
0 To1 0 70 q11 0 703 0 11 0 0
0 0 710 62 0 g 0 ma 0 7 O

= 0 0 0 0 73 0 g3 0 do3 O o - |,

0 0 0 72 0 712 0 q2 0 d12 7oa
0 0 0 0 11 0 503 0 421 0 0
0 0 0 0 0 7 0 62 0 g3 O
0O 0 0 0 0 0 0 dos 0 0 qos

where
2
gij = (af; — iy ;) + 1Ml (afjaliy; — afs jaly )
2
+ ol (858741 — B2 287 5-1) »

o . 2 2
Tij = A1 (%‘+1,j aHJ) )
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5ij =X (aijﬂiJrl,ijﬂiJrl,jfl - O‘i,j72ﬂi,j72ﬂi,jfl) (j > 2),
Nij = A2 (i1 jBite,j—2Bit2,j—1 — Qi j—2ip1j—28ij—2Pi-1) (1 >2).
Note that a;; = 0 and 8;; =0 for i < 0 or j < 0.

Let dij = (1 +1) + M and M;; be the upper-left d;; x d;;-submatrix
of M and let A;; := det Mw Let M[lj} be the submatrix of M;; such that its
entries are gy k,7«x and 7, = 0, where k’s are odd numbers and x means a

nonnegative integer. And MZ[ j] be the submatrix of M;; such that its entries
are gu.k, ',k and g2, where k’s are even numbers. For example, if j = 2k + 1,
then

qo1  To1
Tor g1 7Mo3 Ti1
703 qo3
M
m2k+1 _ . . . )
11 .. .. . *
3
* *  Qm,2k+1
and if j = 2k, then
qoo  T00
Too Qo Mo2 T10
2 Moz qo2 002
M
m2k7 _ = .. .
T10 o2 . . *
3
* * dm,2k

We now give the following key lemma.

Lemma 2.2. Under the above notation, we get
(i) Ao = det M5, -det MY ) and Aoy = det ME), ,, -det M3,
(ii) it holds that

0 .
det 2711 B (q31Ga1 -+ - q2r,1) 'g£k]+1 (gé] """ gék] 1) ifm=1,
O Mm 2k1 = (0] [ ooy,
(QB1Q41 ce 'Qm,2k+17m> *Yop_1°\93 " 9ok—1 ifm # 1,
for k> 2, where
91[0] ‘= 4qo,191,1 — |7"0,l|2 and le = —qo,l |7’1,l|2 — 42, |7"0,z|2 + q0,191,192,1,
and
0 1 1 )
2] (930Ga0 - - - - - 42k,0) '9[ ) (94[1] : gé,l 2) P if m=1,
det M ok =

(QBOQ40 """ qm,zk—m) gé,l 2 (94[;1] """ gék 2) pifm#1,
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for k > 3, where

goo Too O 0 O
Too g0 7oz O 0
0 7oz go2 o2 To2
2.2 = det =
(2:2) P 0 0 o2 go O
0 0 T02 0 qi2 T12
0 0 0 0 712 oo

OO OO

We give a necessary condition of quadratic hyponormality of 2-variable
weighted shifts as following.

Proposition 2.3. Let (W,,Wps) be a 2-variable weighted shifts with weight
sequences o and (. If (Wa, W3) is quadratically hyponormal, then

F (t1,t2) = qo2q20 — |502|2, Vi1 > 0,12 >0
with t; = [\|*,i=1,2.

Proof. In fact, F' (t1,t2) = det M{y,6) = qo2g20 — |502|2. If (W, W3) is quadrat-
ically hyponormal, then F (¢1,t2) > 0,Vt1 > 0,12 > 0. O

According to Lemma 2.2, we obtain the following proposition.

Proposition 2.4. Let (W,,Wps) be a 2-variable weighted shifts with weight
sequences o and 3. Then (Wo, W) is quadratically hyponormal if and only if

ME%H >0 and ME]% >0 for allm,k € Z.

3. Examples

For z,y € (0,1], and k = (k1, ko) € Z3, let

X if k/’l =0 and k/’g = O,
(3.1) ak)=< vy ifki =0 and ko >1,

1 if kl Z 1 and kQ Z 0,
and

X if kl =0 and k2 = 0,
(32) ﬁ (k) = y if kl Z 1 and k2 = 0,

1 if kl Z 0 and kl Z 1.

We now let (W7, Wa) be the pair of 2-variable weighted shifts on ¢% (Z2 ) defined
by (3.1) and (3.2), whose weight sequence is given by Fig. 1 as following (cf.
[7])-
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1 1 1
W,
Y 1 1
(0.2)
1 1 1
1 1
onl—7
x Y Y
x 1 1
(0,0 (1.0 2,m

Fig. 1. Weight diagram of 2-variable weighted shifts
defined by (3.1) and (3.2).

Obviously Wy Wy = WoW;. Furthermore, we have the following results.

Proposition 3.1. Let (W7, Was) be the 2-variable weighted shift with weight
sequences defined by (3.1) and (3.2). Then the following assertions hold.

(i) (W1, Ws) is hyponormal if and only if 1 — 2z% + y? > 0.

(i) (W1, Wa) is subnormal if and only if 2%y? — 222 +1 > 0.

(iii) (W1, Wa) is weakly hyponormal if and only if 22°y* — 222 +1 > 0 or
222y? — 222 +1 <0 and

(2y° — 1) (22% — 1) (1 — 227 +2y°%) < 0.

Proof. (i) According to the Six-point Test, we need to check the positivity of
the following four kinds 2 x 2 matrices,

0 0 0 0 1—-y 0 1—22 4?2 —2?
0 0 )’ 0 1—y )’ 0 0 )’ y2—z? 1-22 )
Since ) ) )
-z y -z 2 2 2
det(y2z2 1z2)=(1—y)(1—2x +y),
thus, all four matrices are positive if and only if 1 — 222 + y2 > 0.
(ii) See [7, Proposition 4.9].
(iii) Observe that (see Appendix)

_ (212, 2 _ (1*$2)|>\|2+92 (y> —2?) A
My = (a* J”C)’Ml_( (> —2)X  1-22+y? AP )

M, = diag {yQ, (|/\|2 + 1) (1-y%) 9> IAIQ} ,



640 i
M; = diag {yQ, L=y WP (1 -97) 0 I/\I2} ,
and for k > 4,
Mj = diag {yQ, 1—12,0,...,0, A (1= 12) 92 |/\|2} .
If (W7, Ws) is weakly hyponormal, then
det M7 = (y2 - x2y2) |)\|4+(2x2y2 —22% 4+ 1) |)\|2+(y2 — :c2y2) >0, ViaeC.

Hence det M; > 0 if and only if 222y — 222 +1 > 0, or 22%y? — 222 + 1 < 0,
and A < 0, where A is the discriminant for quadratic polynomial det M; in
t= A, ie.,

(3.3) A= (297 —1) (22° — 1) (1 —22° + 2¢°) .

Conversely, if A <0, then the block matrices My, (k € Z4.) are all positive. By
Proposition 2.1, we know that (W;, Ws) is weakly hyponormal. O

We now discuss the quadratic hyponormality of 2-variable weighted shift
(W1, W3) as above.

Theorem 3.2. The 2-variable weighted shift (W1, Wa) with weight sequences
defined by (3.1) and (3.2) is quadratically hyponormal if and only if 2z%y? —
222 +1>0 or 22%y? — 222 +1 < 0 and A < 0, where A is as (3.3).

Proof. (=) Since (W7, Ws) is quadratically hyponormal, by Proposition 2.3,
we have (see Appendix)
F (t1,t2) := qo2g20 — |d02|*
=il + ety 2 >0, Vi >0t >0,

where
a=01-2+y")t2+y*(2-2%) >0,
2= (1 —o®?) 4 (0% — 2 4 )t + (17 — 2.

Thus ¢ > 0 if and only if 222y? — 222 +1 > 0, or 22%y? — 222 + 1 < 0 and
A <0, where A is as (3.3).

(<) To check the positivity of matrices ME],% 41 and ME% (see Appendix),
we first consider the matrices M, E].,Qk 41 Let M]L[*hl] be the truncations to the first
[ rows and columns of matrix Mﬂ and let AE:‘EZ] = det (M,hl]) dfty =t =0,

then ME]% 41 and ME]% are all diagonal matrices and positive. So we can
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assume that ¢; > 0 or t3 > 0. We observe that

g1 01 O 0 O

for gqu 0 711 O
0 0 q3 0 o3

o O OO

0 0
0 0
0 0
M[1] _ 0 711 0 qo1 0 0 0
2,3 0 0 7o3 0 @3 0 0 713
0 0 0 0 0 g1 O 0
0 0 0 0 0 0 qs O
0 0 0 0 713 0 0 q23

By Appendix, we know that A[Ql’gl] > (0 foralll = 1,2,...,8. Thus MQM3 is

positive. Simﬂarly, for the matrix M}n}% 41 (k>2), we have
vt + (vt — vt + o +t2)t1+(y —yt 13+ 1) >0,
v+ -yt (v -y 2
9533“ = (0 -y o (P -y 2
gl = -yt + 1 (4 *y4+1)t?+2t2 (t2+v" -yt
+ito(ta+ %) (2 +1—9%) >0,
G =y (1=t 20 (k=1),
by Lemma 2.2 and using the Nested determinant test ([1] or [2]), the matrices
M[ ]
Next, we consider the matrices M . Observe that
p(tit2) =2 (1 —y?) f (t1,t2)
as in (2.2), where f (t1,t2) := >0 bitS~" with
bo=y*(1—27),
by = (—x2y2 — 222 + 3y2 + 1) ta,
by = (z2y6 — a2yt 2227 — 622 — S+t + 42 + 3) t2 4 2y2 (1 — z2) to,
bs (y2 — x2y2) to + (2$2y4 — 622 —2y5 +y* + 5y? + 3) t%
+ (4x2y6 —22%y* — 32%y? — 222 — 65 + 5yt + 4y? + 1) t%,
by = (6$2y4 — 2225 — 5a%y? — 222 — 245 + 5% + 1) t%
+ (5y* = by* +1) (1 — 227 +2¢%) £3
+ (6x2y6 — a2y — 32%y? — 8yS + Tyt + 2y2) t%,
(2z2y4 —32%y? — 20 +yt + 2y2) tg
+ (14a?y* — 42%y® — 112%y° — 6y° + y* + 6y°) t3
+ 4y? (1 — y2) (1 — 222 + 2y2) tg + 4y (1 — z2) (1 — y2) t%,

o4+ are all positive.

i~
o
I
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bs = y* (1 — x2) (1 — y2) 5 +y° (1 — y2) (1 — 227 4 2y2) t5
+ 2y? (1 — y2) (m2y2 — 2% 4y + 1) t5
+ 9?2 (1 - y2) (1 — 222 + 2y2) tg +yt (1 - x2) (1 - y2) t%.

It is not difficult to show that b; > 0 (i = 0,1,2,3,4,5,6) if the conditions in the
hypothesis are satisfied. Thus, p (t1,t2) > 0 for all ¢1,t2 € Ry. Furthermore,

o

= 222 + ($2y2t2 — 2t 4+ 2%, + ,7:2) t1 + 22 (t2+1) (y2t2 -z’ + 1) ,
1
= (=) 2+ (1) (22— — 2>+ 1) 1ot}
+ to (1 — y2) ((x2y2 —222 — oyt + 2) to + (2y2 — 2y4)) t1
+ta(ta+1) (1 - y2)2 (*5E2t2 +i2+ y2) )
1
oo = ty? (1—v?),
we know that g([)O], gg}, ceey gglk] are all positive. By Lemma 2.2 and using the
Nested determinant test, we can show that the matrices M 7[3]2 i are all positive.
By Proposition 2.4, we know that (W, Ws) is quadratically hyponormal. [

In particular, if we let x =1,y = a € (0, 1], then the weight sequence is the
following (cf. [5])

(1 ifk; >1 or ko =0,
(3.4) a k) = { a ifk;=0 and ky>1,
and

(1 ifki =0 or ke2>1,
(3.5) B (k) == { a ifk;>1 and ko =0.

Let (W1, W2) be the pair of 2-variable weighted shifts on (2 (Z%) defined by
(3.4) and (3.5). By Proposition 3.1 and Theorem 3.2, we have the following
results.

Corollary 3.3. Let (W7, Wa) be the 2-variable weighted shift with weight se-
quences defined by (3.4) and (3.5). Then the following assertions hold.

(i) (Wh, Wa) is hyponormal if and only if a = 1.

(ii) (Wy, Wa) is subnormal if and only if a = 1.

(iil) (Wh, Wa) is weakly hyponormal if and only if ‘/75 <a<l.

(iv) (W1, Wa) is quadratically hyponormal if and only if 4 <a<l.
Remark. The following two figures Fig. 2 and Fig. 3 provide the regions of sub-
normality, hyponormality, weak hyponormality and quadratic hyponormality

for the 2-variable weighted shift with weight sequences defined by (3.1) and
(3.2), from which we know the following relationship

subnormal z hyponormal z weakly or quadratically hyponormal,
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and we know that the regions of weak hyponormality and quadratic hyponor-
mality for the 2-variable weighted shift with weight sequences defined by (3.1)
and (3.2) are same. However, in general, the former contains the latter. So
we may try to find a 2-variable weighted shifts that the regions of weak and
quadratic hyponormality are different. We leave it to interesting readers.

1.0
y
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2

0.1

0.0
00 01 02 03 04 05 06 07 08 09 10
X

Fig. 2. Case of 22%y? — 222 +1 > 0.

00 01 02 03 04 05 06 07 08 09 10
X

Fig. 3. Case of 222y — 222 +1 < 0.
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4. Appendix
We give some exact values appeared in this paper for reader’s convenience.
1. Zijy h,‘j, QijsTijs 5,‘_7', 7ij in Section 3
200 = % |A[* + 22,
2on =y (Vk>1),
210 = -2 + 2 |\ + 1,
- (|,\|2 n 1) (1-1?),
zlkzlfyz (Vk > 2),
220 = y2 |2)‘| )
z1 = A" (1-y%),
ng:() (szQ),
Zm0 = y2 |2)‘|2 ;
f = P (L= 92) (¥ > 2),
Zmk =0 (Ym > 2,Vk > 2).
2 2 S0 i
hij = )\(y fz) fOI‘Z—'O,j—].,
0 otherwise.
qoo = 2% (1 +t1 + t2),
qo1 = y? + t1y? + to,
qo2 =y (1 +t1) + (1 — 2?) to,
q; =y*+tiy® (j>3),
qio = t1 +tay? + 1 — 22,
g1 = (1—9?) +t1+ o,
qi2=(1-9%) +t1+t2 (1 —9?),
aj=01-9*)+t1 (j>3),
q20 = tay® + (1 — %) t,
g21 =11 (1 —y?) + o,
g2 = (1 — y2) (t1 +t2),
wi=t(1-y*) (G >3),
Gio = tay?,
qi1 = ta,
g2 =12 (1—9?), (i>3)
¢i; =0 (>3 and j>3).
Too = A1,
ro; =yA  (j=1),
rio = (1 — %) Ay,
rp=M(1-y") (=1,
o )\Q(nyxQ) fori=0and j =2,
i 0 otherwise.
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5__{)\1)\2(y2—:132) for i =0 and j = 2,
*J 0 otherwise.
The determinants A[ l] of matrix M[ :],, in Section 3
A[l N = y? + tay? + o,
A[l 2] Y22 + (t2 + 2ty +y? — y4) t1 + (t% +to+y? — y4) ,
AR = (1t 2 al
A = (14 1) 2},
AR =12 (B4 (1-9%) (1+ 1) g1,
A“ = t,AL ),
A“ T =ty (1+11) 205,
ALY =8 (1+ 1) (1-12) y'gi,
where
= -y B+t -y ) B2t (b +y? -y h
o (2 +y7) (2 +1-9%).
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