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ON LEBESGUE NONLINEAR TRANSFORMATIONS

NASIR GANIKHODJAEV, RAMAZON MUHITDINOV, AND M. SABUROV

ABSTRACT. In this paper, we introduce a quadratic stochastic operators
on the set of all probability measures of a measurable space. We study
the dynamics of the Lebesgue quadratic stochastic operator on the set of
all Lebesgue measures of the set [0,1]. Namely, we prove the regularity
of the Lebesgue quadratic stochastic operators.

1. Introduction

Quadratic stochastic operator (in short QSO) was first introduced in Bern-
stein’s work [5]. The quadratic stochastic operator was considered an important
source of analysis for the study of dynamical properties and modeling in vari-
ous fields such as biology [18, 19], physics [31], game theory [8], control system
[27, 28, 29]. Such operators frequently arise in many models of mathemati-
cal genetics [10, 11]. The analytic theory of stochastic processes generated by
quadratic operators was established in [7, 30]. A fixed point set and an omega
limiting set of quadratic stochastic operators defined on the finite dimensional
simplex were deeply studied in [13, 14, 15, 16, 20, 21, 22]. Ergodicity and
chaotic dynamics of quadratic stochastic operators on the finite dimensional
simplex were studied in the papers [8, 11, 12, 23, 24, 25, 26, 32]. In the paper
[9], the nonlinear Poisson quadratic stochastic operators over the countable
state space was studied. Ergodic theory of quadratic stochastic operators on
the infinite space was established in [1, 2, 3, 4]. In [17], it was given a self-
contained exposition of recent achievements and open problems in the theory
of quadratic stochastic operators. In this paper, we shall study the dynamics
of Lebesgue quadratic stochastic operators on the set of all Lebesgue measures
of the set [0,1]. Let us first recall some notions and notations (see [7, 9, 30]).

Let (X,FF) be a measurable space and S(X,F) be the set of all probability
measures on (X, F), where X is a state space and F is o-algebra of subsets of
X. Tt is evident that the set S(X,TF) is a convex space and a form of Dirac
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measure J, which defined by

1 ifzeA
61(14)_{ 0 ifx¢A

for any A € T is an extremal element of S(X,TF).
Let {P(x,y,A) : 2,y € X, A € F} be a family of functions on X x X x F
that satisfy the following conditions:
(i) P(z,y,-) € S(X,F), for any fixed z,y € X, thatis, P(x,y,-) : F — [0,1]
is the probability measure on [F;
(ii) P(z,y, A) regarded as a function of two variables x and y with fixed
A € F is measurable function on (X x X, F® F);
(iii) P(z,y,A) = P(y,z, A) for any z,y € X, A €F.
We consider a nonlinear transformation (quadratic stochastic operator) V :
S(X,F) — S(X,F) defined by

(1.1) (V)\)(A):/X/XP(ac,y,A)d)\(x)d)\(:E),

where A € S(X,F) is an arbitrary initial probability measure and A € F is an
arbitrary measurable set.

Definition 1.1. A probability measure p on (X, F) is said to be discrete, if
there exists a countable set of elements {x1, x2, ...} C X, such that u({x;}) = p;
for i = 1,2,..., with >, p; = 1. Then p(X \ {z1,22,...}) = 0 and for any
Ae ]F’M(A) = ineA :U’({wl})

A family {P(x,y,A) : z,y € X, A € F} on an arbitrary state space X, such
that for any z,y € X a measure P(z,y,-) is a discrete measure, is shown in the
following example.

Example 1. Let (X,F) be a measurable space. For any z,y € X and A € F,
assume

ifx¢ Aand y ¢ A,
ifreAy¢dAorazé¢ Ajye A,

ifre Aandy € A.

It is easy to verify that the quadratic stochastic operator V' generated by
this family is identity transformation, that is for any measure A € S(X,F) we
have VA = A. In fact, for any A € F,

- / / P(x,y, A)d\(z)d\(y)
//1d)\ )dA(y // -d\(x)d\(y)
// - dA\(x)dA(y /C/COdA JAA(y)

= N(4) + 5 A(A)( —A(4)) + 2( A(A)A(A)

P(z,y,A) =

—N= O
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= A(4),
where A° = X \ A.

Assume {V"X:n =0,1,2,...} is the trajectory of QSO (1.1) starting from
an initial point A € S(X,TF), i.e., a sequence of probability measures, where
Vit = V(V7)) for all n = 0,1,2,..., with VoA = \. In measure theory,
there are various notions of the convergence of measures. In what follows, we
assume that X is a compact metric space. We say that a sequence of probability
measures p, weak* converges to u, as n — oo if for every continuous function

fs
/f(w)dun—>/ f(x)dpu as n — oo.
X X

It is known that if X be a compact metric space, then S(X,F) is weak*
compact [6]. For (X,F) a measurable space, a sequence p,, is said to converge
strongly to a limit p if

lim_ i (A) = p(A)

n—oo

for every set A € F.

Definition 1.2. A quadratic stochastic operator V' is called a regular (weak
regular), if for any initial measure A € S(X,F), the strong limit (respectively
weak limit) limy,_,oo V™(A) = p exists.

If a state space X = {1,2,...,m} is a finite set and the corresponding o-
algebra is a power set P(X), i.e., the set of all subsets of X, then the set of all
probability measures on (X, F) has the following form:

(1.2)

Smt = Ix = (x1,22,...,2,m) € R™: x; >0 for any 4, and le =1}
i=1
that is called a (m — 1)-dimensional simplex. In this case for any ,j € X a
probabilistic measure P(i, j, -) is a discrete measure with Y | P(ij, {k}) = 1,
where P(ij,{k}) = P;;r and the corresponding gso V has the following form

(1.3) (Vx) = Z Py rxix;
ij=1
for any x € ™! and for all k =1,...,m, where

a) Pij,k >0, b) Pij,k = Pj@k for all 4, j, k; C) Zpij’k =1.
k=1

Such operator can be reinterpreted in terms of evolutionary operator of free
population and in this form it has a long history. Note that the theory of
quadratic stochastic operators on the finite state space was well developed and
the most substantial works were referred to such operators (see [17] for a sur-
vey). In the papers [1, 2, 3, 4, 9], the authors studied QSO on the infinite state
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space. In this paper, we construct the family of quadratic stochastic operators
defined on the continual compact state space X = [0, 1] and investigate their
asymptotic behavior.

Definition 1.3. A transformation V given by (1.1) is called a Lebesgue QSO,
if X =10,1] and F is a Borel o-algebra on [0, 1].

In the next sections, we present a family of Lebesgue QSO with measurable
partitions.

2. A construction of Lebesgue gso
Let X =[0,1] and F be a Borel o-algebra on [0, 1]. For any element (z,y) €
X x X, we define a discrete probability P(x,y,-) as follows:
(2.1) i) for z<y assume P(z,y,{z})=p and P(z,y,{y})=4q
(2.2) (ii) for x=y assume P(x,z,{z})=1,
(2.3) (ili) for x>y assume P(y,z,-)= P(z,y,-),
where p+q =1, with p > 0 and ¢ > 0. Let V' be a quadratic stochastic operator

(2.4) (V)\)(A):/X/XP(ac,y,A)d)\(x)d)\(ac),

generated by family of functions (2.1)-(2.3), where A € S(X,F) is an arbitrary
initial probability measure and A € F is an arbitrary measurable set. This
operator is a generalization of Volterra QSO (see [17]). Note that if p = ¢ = 0.5,
then the corresponding operator is the identity operator. We show that for any
initial measure A\ € S(X,TF), there exists a limit of the sequence {V"\ : n =
0,1,2,...}.

3. A limit behaviour of the trajectories

In this section we study the limit behaviour of the trajectory {V"A : n =
0,1,2,...} for any initial measure A € S(X,TF).

3.1. A discrete initial measure A\

It is easy to verify that for any a € [0, 1] an extremal Dirac measure J, is a
fixed point of the operator V. Since d,({a}) = 1, then from (2.2) we have
(3.1)

Ve (a)) = [ [ Ploy. (a)dsu(@)dbals) = Pla.a {a}) =1 =8, ({a})
that is the Dirac measure §, for any a € [0,1] is a fixed point.
Let a measure A be a convex combination of two Dirac measures d, and dy,

ie, A = ad, + (1 — a)dy, where o € [0,1] and a,b € [0,1] with a < b. After
simple algebra, we have that

(32 (VA({a)) = /X /X Py, {a})dMz)dA(y) = Aa)[Ma) + 2pA(B)]
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and
(33) NN = [ [ Pl 0)aN@dN) = AGNE + 20(@)
x Jx
i.e., VX is the convex combination of the same two Dirac measures §, and d
with
V=16, + (1 — 041)51,,
where a1 = afa+2p(1 — a)] and 1 — a3 = (1 — @)[1 — a + 2ga]. Then it is

evident that V2\ is the convex combination of the same two Dirac measures
0, and &, with

V2= 90, + (1 - 042)(51,,
where ag = a1 +2p(1 — 1)) and 1 —ag = (1 —aq)[1 — a1 + 2ga]. Thus, one

can show that V™) is the convex combination of the same two Dirac measures
0, and &, with

V™A = anda + (1 — oy ),
where oy, = ap—1[an-1+2p(1 —ap_1)]and 1 —a, = (1 — ap-1)[l — @p_1 +
2qa,—1]. After simple algebra, we have that

: 1
tmen={ g ihZ1
that is
dmva={ G P
Let a measure A be a convex combination of n Dirac measures {d,,,7 = 1,...,n}

Le, A =>"" a;dq,, where a; € [0,1],i=1,...,nand a; € [0,1],i =1,...,n
with > ;o =1and a3 < az < -+ < a,. After simple algebra, we have that

VA ({ar}) = /X /X P, y, {a1})AA(x)dA(y)

(3.4)
= Man)A (@) + 201 = Aan),

and

s VAah = [ [ Py dadr@in

= Man)[Man) + 2¢(1 = Man))].
As shown above, we have

i 1
lim Voa={ Sa HP>3
n—00 5an, lfp < 3-
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3.2. A continuous initial measure A

Let A € S(X,B) be a continuous probability measure and A = [a,b] € B be
a segment in X with A°=[0,a) U (b,1]. Then,

//1d)\d/\ //qdkdk)
//pd/\d/\ //qdkdk)
+/bl abp.d)\(z)d/\(y)Jr/O /O 0 - dA(z)dA(y)
+/Oa /blO-d)\(x)d)\(y)-i-/bl /OGO-dA(:c)dA(y)
//o d\(z)dA(y)

a,0]) [A([a, b]) + 2¢A([0, a)) + 2pA((b, 1])] -

It is evident that the measure V' A is absolutely continuous with respect to
A. Then according to the Radon-Nikodym Theorem, there exists non-negative
measurable function f)(\l) : X — R, so-called a density, such that

(3.6) VA@U=:AJ§V$MA@)

The density functions are obtained as follows. For rather small segment [z, x +
Az] we have

VA([z, x + Az])

(3.7) = M|z, z + Az])[M[z, 2 + Az]) + 2¢A([0, z)) + 2pA((z + Az, 1])]

and

(1)(z) — lim VA([z,z + Ax])
A Az—0 N[z, z + Ax])
= Algicgo[)\([x, z + Az]) + 2¢\ ([0, z)) + 2pA((x + Az, 1])]

= 2gA([0, 2)) + 2pA((2, 1])-
Now consider a measure VZ\ = V(VA). It is evident that
(3.8) VAAU) = [ FR@rA@).
A

and since V2 is absolutely continuous with respect to measure ), we have

(3.9) WMM:Lﬂ%>wm
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According (3.7), we have
VAN([z, 2 + Ax])
= VA[z,z + Az])[VA([z, z + Az]) + 2¢VA([0, z)) + 2pV A((z + Az, 1])]
= M[z,z + Az])[A([z, z + Az]) + 2¢A ([0, x)) + 2pA((z + Az, 1])]
ANz, + Az])[A([z, 2 + Az]) + 2¢A([0, x)) + 2pA((z + Az, 1])]
+2gA([0, 2])[A([0, 2]) + 2pA((z, 1])]
+2pA([z + Az, 1) [A([z + Az, 1)) + 2¢A([0, z + Ax))}.
Then
(@) = 12aA((0,)) + 2pA([z, 1)]{20M([0, 2)) M0, 7)) + 2pA ([, 1])]
+2pA([z, 1)) [A([z, 1)) + 2¢A([0, z]) }-

Similarly, one can show that a measure V™) is absolutely continuous with
respect to A for any n and

(3.10) VA(A) = / FM (@)dA ().

A
Let ga(2) = M([0,)) and g\ (2) = " (@)(9}" " (2) +2p(1 - ¢{" " (), for
n=1,2,3,..., where ggo) (x) =« and gg\l)(x) = ga(x). It is evident that

1— g5 () = (1— g V(@) (1 — ¢ V() + 249"V (2)).
Then, since A([z,1)) =1 — A([0,z)), we have

(3.11) f(x) =2qz + 2p(1 — ),
(3.12) V@) = Fle (@),
and
(3.13) R (@) = 193 @) - £937 (@))-
Using induction, one can prove that for any n we have
(3.14) V(@) =TT el @)

i=1

It is easy to see that fi") (0) = (2p)"™ and fi")(l) = (2¢)". Clearly, we have
that

/0 £ @A) =1,

(3.15) FM0) 500 and  fM1) 50 ifp>1/2,
and

(3.16) FM0) =0 and fM(1) 500 ifp<1/2.
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If A = m is a usual Lebesgue measure on [0, 1], then m([0, x)) = z and g () =

x. In this case one can explicitly find the functions f,(ﬁ )(ac) for any n.

4. Regularity of Lebesgue gso

Now, we are aiming to study the limit behavior of the Radon-Nikodym
derivatives f;\n)() for n — oo. Let f(x) = 2qz + 2p(1 — z) and G(z) = z(z +
2p(1 — x)) for p,q > 0 and p + ¢ = 1. We always assume p,q # % One can
easily check that G'(z) = f(z) and G"(x) = f'(z) = 2(q — p). Since f(z) >0
for any x € [0, 1], the function G : [0,1] — [0, 1] is increasing. Moreover, the
function f : [0,1] — Ry is increasing whenever g > p (or equivalently ¢ > %)
and decreasing whenever ¢ < p (or equivalently g < %)

It is easy to check that g&") () =G (g&nil)(ac)). We know that gy : [0,1] —

[0,1], ga(z) = A([0,x)) is increasing. Without loss of generality, we can assume
that the function gy : [0,1] — [0, 1] is strictly increasing. It is clear that

0 @) =& (6 7V@) - (V@)

Consequently, gf\") : [0,1] — [0,1], for all n € N, are strictly increasing func-

tions.

Proposition 4.1. Let f/\") :10,1] = Ry, n € N be functions given by (3.14).
Then, the function f)(\n) s increasing whenever q > % and decreasing whenever
q< 3.

Proof. We know that

@Y =3 T #e@) | - £ (s@)

n . !/
Since ] f(gf\z) (x)) >0 and (gg\k) (J:)) > 0, the function f;\n) is increasing
i=1, ik
whenever q > % and decreasing whenever g < % This completes the proof. O

Let ¢ > 1 (or equivalently p < 3) and ag € (2p,1). Let 8, € (2p,1) be a

sequence with lim 3, = 1 such that for any given n there exists the smallest
n—o0

No(n) < n such that
Qg — 2p
2(1-2p)

ol . B — 2
Let Mo(n) = T[T [2(1—2p)Bi* +2p| and B, = T

i=1
It is clear that 0 < B,, < 1 and lim B, = 1.
n— oo

Baot <

for any n € N.

Proposition 4.2. Let ¢ > % and B,, B, be given as above. The following

2
statements hold:
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(i) One has that G(x) < Bpx for any x € [0, By,];
(ii) One has that G0, B,] = [0, 8,Bn] C [0, By]-

Proof. Since 0 < < B, = 82222 we have that = + 2p(1 —z) < B, or

T = 1—2p
equivalently G(x ) < Bpz. On the other hand, since G(x) is increasing, we get
that 0 = G(0) < G(z) < G(B,) = BBy < Bp. O

Corollary 4.3. Let ¢ > 1. Then 0 < g(z)( ) < Bilga(x) < Bt for all

x€[0,By) andi=2,...,n

Theorem 4.4. Let ¢ > % and ag, No(n), Mo(n) be defined as above. Then

0§f§")( ) < Mo(n)afd™ ™™ for any x € [0, B,).

Proof. We know that f(")( ) =11 f(gf\i) (x)). Due to Corollary 4.3, since f is
i=1

the increasing function, we then obtain for any x € [0, B,] that

Fo @) < f(B71) =2(1—2p) 8" + 2p.
Since 2 (1 — 2p) Bi=1 + 2p < ag for any i > Ny, we then have that

n

A (@) =[] £65 (@)

1

~.
Il

<IIr@)
i=1
No(n) . n '
< II a-2p8: " +2p]- ] [200-2p)85" + 2]
=1 i=No(n)
< Mo( )angg(n)
for any « € [0, By] . This completes the proof. (]

Similarly, one can prove the following result.

Theorem 4.5. Let q < % and ag € (2q,1). For any given n, there exist
numbers No(n) € N, Ko(n) € Ry, and A, € (0,1) with lim A, = 0 such that
n—oo

ngin)( ) < Ko(n)ag ™ No(n )foranyxE[An,l]

Hence, the sequence of functions f ;\n)(x) has a tall spike at the end points of
the segment [0, 1] whenever p,q # % Consequently, the limit of this sequence

of the functions f)(\") () is the Dirac delta function concentrated at the end
points of the segment [0, 1].

Theorem 4.6. Let V' be the Lebesgue quadratic stochastic operator generated
by a family of functions (2.1)-(2.3). Let A € S(X,F) be an initial continuous
measure such that gy : [0,1] = [0,1], ga(z) = A ([0,2)) is a strictly increasing
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function. Then, there exists a strong limit of the sequence of measures {VF\}

where
. ny _ J %0 if g<

DO [0 [

Recall that if p =g = %, then the corresponding QSO is the identity trans-
formation.

Corollary 4.7. The Lebesgue quadratic stochastic operator V generated by
family of functions (2.1)-(2.3) is a regular transformation.
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