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NORMAL FAMILIES OF MEROMORPHIC FUNCTIONS
WITH MULTIPLE VALUES

YUNTONG LI AND ZHIXIU LU

ABSTRACT. In this paper, we consider some normality criteria concerning
multiple values. Let F be a family of meromorphic functions defined in a
domain D. Let k be a positive integer and 1(z) Z 0, co be a meromorphic
function in D. If, for each f € F and z € D, (1) f(z) # 0, and all of
whose poles are multiple; (2) all zeros of f(*)(z) —4)(z) have multiplicities
at least k + 3 in D; (3) all poles of ¥(z) have multiplicities at most k in
D, then F is normal in D.

1. Introduction and main results

Let D be a domain in C, and F be a family of meromorphic functions defined
in D. F is said to be normal in D, in the sense of Montel, if for any sequence
{fn} C F, there exists a subsequence { fy,, } such that f,,, converges spherically
locally uniformly in D, to a meromorphic function or co (see [3, 5]).

We shall use the basic results and standard notations of Nevanlinna theory
(see [4] and [8]): T'(r, f), m(r, ), N(r,f),.... Let f(z) be a transcendental
meromorphic function in the whose complex plane and &k be a positive integer.
Then

(1) the Nevanlinna’s First Fundamental Theorem: T'(r,f) = m(r, %) +

N(r, %) + S(r, f), where T'(r, f)(= m(r, f) + N(r, f)) is Nevanlinna’s char-
acteristic function. w

(2) the logarithmic derivative theorem: m(r, fT) = S(r, f).

We denote by S(r, f) any function satisfying

S(Ta f) = O{T(Ta f)}

as r — 00, possibly a set of finite measure.
L. Yang [7, Theorem 2], M. Fang [2, Corollary 2] and H. Chen [1] proved
independently the following result.
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Theorem A. Let F be a family of meromorphic functions defined in a domain
D and let k be a positive integer. If for every f € F, f(z) # 0 and all the roots
of f¥)(2) =1 are of multiplicity > k + 4 + [%} in D, then F is normal.

Recently, L. Zhao [10] generalized Theorem A as follows.

Theorem B. Let F be a family of meromorphic functions defined in a domain
D. Let k, p be two positive integers and (z)(Z 0) be a holomorphic function
in D, and all zeros of ¥(z) have multiplicities at most p in D. If, for each
fe€F and z € D,

(1) f(2) #0, and all poles of f(z) have multiplicities at least p 4+ 2 in D;

(2) all zeros of f*)(2) —1(2) have multiplicities at least (k+p+2)(p+1)+1
in D;

(3) f(2) has at least one poles,
then F 1is normal in D.

A natural problem arises: What can we say if the holomorphic function ¢ (z)
is meromorphic in Theorem B, and the multiplicities of zeros of f*)(z) —(2)
can be reduced? In this paper, we study the problem and obtain the following
result.

Theorem 1. Let F be a family of meromorphic functions defined in a domain
D. Let k be a positive integer and ¢ (z)(# 0,00) be a meromorphic function in
D. If, for each f € F and z € D,

(1) f(2) #0, and all of whose poles are multiple;

(2) all zeros of f*)(2) — (2) have multiplicities at least k + 3 in D;

(3) all poles of ¥(z) have multiplicities at most k in D,
then F is normal in D.

As an immediate consequence of Theorem 1, we have the following result.

Corollary. Let F be a family of meromorphic functions defined in a domain
D. Let k be a positive integer, and ¥ (z)(# 0) be a holomorphic function in D.
If, for each f € F and z € D,

(1) f(2) #0, and all of whose poles are multiple;

(2) all zeros of f*)(2) —(2) have multiplicities at least k + 3 in D,
then F is normal in D.

Remark 1. Clearly, from Corollary, Theorem 1 generalizes and improves The-
orem B by allowing #(z) to be meromorphic.

Example 1. Let k be a positive integer, A = {z : |z| < 1}, ¥(z) = #, and

F={fulz) = ni czeAand n# (=DF(k+ 1)1

22

Clearly, f,(z) # 0 and all of whose poles are multiple. We also have f,gk) (z) —
k
P(z) = (w —1) = # 0. Thus conditions (1) and (2) in Theorem 1 are
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i we have lim z, = 0. Clearly, lim M
vn ’ n—oo no N n—oo 1+‘f(zn)|2

by Marty’s Theorem [5], we have that F is not normal at zy = 0.

satisfied. Set z, = = 00,

Remark 2. The above example shows that the restriction on the multiplicities
of the poles of ¢(z) in Theorem 1 is indispensable comparing to the holomorphic
function #(z) in Corollary.

2. Some lemmas

The well-known Zalcman’s lemma is a very important tool in the study of
normal families. It has also undergone various extensions and improvements.
The following is one up-to-date local version for f(z) # 0, which is due to Xue
and Pang [6] and Zalcman [9)].

Lemma 1. Let F be a family of meromorphic functions on a domain D such
that f(z) # 0 and all poles of functions in f have multiplicity greater than or
equal to j. Let a be a real number satisfying —oco < o < j. Then F is not
normal in any neighborhood of zy € D, if and only if there exist

(a) points zn, zn — 2o;

(b) functions f, € F; and

(c) positive numbers p, — 0T such that p& fn(zn + pn) = gn(€) — g(&)
locally uniformly with respect to the spherical metric, where g(§) is a noncon-
stant meromorphic function on C. Moreover, the order of g(§) is less than 2
and the poles of g(&) are of multiplicity > j.

lg'©)]
1+g()?

Here, as usual, g7 (¢) = is the spherical derivative.

Lemma 2 (See [10, Lemma 2.2]). Let F be a family of meromorphic functions
defined in a domain D and k be a positive integer, and let b(z)(# 0), ag(z),
a1(z), ..., ax—1(2) be analytic functions in D. If, for every function f € F, f #
0 and all poles of f(z) are multiple, and all zeros of %) (2)+ap_1(2) f*FD(2)+
4 a1(2)f(z) + ao(2) f(2) — b(2) have multiplicity at least k + 3, then F is
normal in D.

Lemma 3. Let k > 0,1 > 0 be two integers, and let f(z) be a non-constant
rational function. If f(z) # 0, and all poles of f(z) are multiple in C, then
f®)(2) = 2! has at least one zero which has multiplicity < k + 2 in C.

Proof. We may assume that all zeros of f(*)(2) — 2! have multiplicities at least
k + 3. Since f(z) # 0, we can deduce that f(z) is a non-polynomial rational
and has the following form

A

(z—a1)™(z —ag)™ - (2 — o)™

(2.3.1) f(z) =

)

where A is a non-zero constant and n; > 2 (j = 1,2,...,t) are integers.
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By mathematical induction, from (2.3.1), we have

gk(t—l)(z)
2.3.2 ®)(z) =
( ) f (Z) (Z_al)n1+k(z_a2)n2+k...(z_at)nt+k7
where gi;—1)(2) is a polynomial.
We use deg(g(z)) to denote the degree of a polynomial and easily obtain
that

(2.3.3) deg(gr(t—1)(2)) = k(t —1).
Because all zeros of f(¥) (2) — 2! are of multiplicity > &k + 3 in C, so we can
get
_ m1 _ mz .. — ms
234 (k) _ l — B (Z ﬁl) (Z ﬁ2) (Z 65)
(2.34) [H(z) =2 (z — a)) % (z — ag)m2th - (2 — ag) Tk’
where B is a non-zero constant and m; > k+3 (i = 1,2,...,s) are integers.
For simplicity, we denote
(2.3.5) mi+mao+---+ms=M>(k+3)s,
(2.3.6) ny+ng+---+n, =N > 2t

From (2.3.4), we have s > 1 and M = N + kt +1 > 2t + kt + [, thus we can
get

M —1
(2.3.7) t< S5
From (2.3.2) and (2.3.4) we have
f(k)(z) . gk(tfl)(z)
(238) 2l - Zl(z_al)nl-i-k(z_a2)n2+k,,,(z_at)nf,+k’
AN (2= BU)™ (2= Bo)™ -+ (2 — B)™
(2-3-9) o -1 _le(z7al)nlJrk(Z7@2)n2+k“,(ziat)nt+k'

We distinguish the following two cases.
Case 1. Assume that ajas---az # 0.
From (2.3.8) and (2.3.9), by taking derivative once, we derive

f*® (Z))/ _ Ir(t—1)+(2)
2 2L (2 — )R (7 — qg)methEl L (2 — e TR

(2.3.10) (
where gj,(;—1)++(2) is a polynomial and easily obtained that deg(gp—1)+:(2)) =
k(t—1) +t.

F®(2) (2= B)™ (2= Bo)™ - (2= Bs) ™ gsre(2)

r_
2 ) = 2 (2 — g )Mtk (2 — qg)nethtl. L (5 — qy)nethtl?

(2.3.11) (

where gs4+(2) is a polynomial.
By comparing the above equations, we deduce that

M — s < deg(gr—1)+¢(2)) =kt = 1) +t=(k+ 1)t — k
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ie.,
M+k—s
2.3.12 t> ——
( ) - k+1
By (2.3.7) and (2.3.12), we get M]jffs < % Through a simple calculation,
we have

M<@24k)(s—k)—(k+ DI < (k+2)s.
Note that s > 1, so the above inequality contradicts M > (k + 3)s.
Case 2. Assume that aqan -+ = 0.
Without loss of generality, we may assume «; = 0. From (2.3.8) and (2.3.9),
we have

MGy _ 91 (-1 (2)
2 gtk (p g )nethElL L (5 — g )kl

(2.3.10)’ (

where g41)(t—1)(2) is a polynomial and easily obtained that deg(g(+1)¢—1)(2))
=(k+1(Et-1).
fPR), (= B)™ (e = Ba)™2 o (2= Bo)™ gaqi—1(2)

! —
(2.3.11)" 2! ) = 2tk L (o g )ne Tkl (5 — gy )nethtl ’

where gs41—1(2) is a polynomial.
Proceeding as in the proof for Case 1, we have a contradiction.
This completes the proof of Lemma 3. O

Lemma 4. Let k > 0,0 <1 < k be two integers, and let f(z) be a non-constant
rational function. If f(z) # 0, and all poles of f(z) are multiple in C, then
f® () — le has at least one zero which has multiplicity < k + 2 in C.

Proof. We may assume that all zeros of f*) (z) — % have multiplicities at least
k + 3. Since f(z) # 0, we can deduce that f(z) is a non-polynomial rational
function and has the following form

A
2.4.1 =
( ) f(z) (Z*O{l)nl(27oé2)n2"'(Zfat)nt’
where A is a non-zero constant and n; > 2 (j = 1,2,...,t) are integers.

By mathematical induction, from (2.4.1), we have
Qk(t—l)(z)
(Z — al)"l"'k(z — a2)"2+k .. (Z _ at)nf,-i-k’

where gi;—1)(2) is a polynomial.
We use deg(g(z)) to denote the degree of a polynomial and easily obtain
that

(2.4.3) deg(gecr1)(2)) = k(t — 1).

We distinguish the following two cases.
Case 1. Assume that ajas---az # 0.

(2.4.2) f®(z) =
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From (2.4.2), we have
(2.4.4)

fP(z) -5 = (-1 (2)2' — (2 — )" HE(z —ag)"2th - (2 — o)t
z

Wz —aq)mtk(z —ag)neth . (7 — qp)neth

Since all zeros of f(*)(z) — ﬁ are of multiplicity > k£ + 3 in C, so we can get

,ifB (Z*ﬂl)ml(zfﬂg)”w...(Zfﬂs)ms

2.4. () -
(245)  fU(2) - 5 A — )" Rz — )t E (2 — gt R

where B is a non-zero constant and m; > k+3 (i = 1,2,...,s) are integers.
For simplicity, we denote

(2.4.6) mi+ma+---+ms=M>(k+3)s,

(2.4.7) ny+ng+---+n, =N > 2t
From (2.4.2) and (2.4.5) we have

l
SR () — 2 gr(t—-1)(2) _ p(z)
(2.4.8) f(2) (z — 1)tk (z — ag)m2tk o (2 — qp )tk q_(z)a

(z=B1)™(z = Ba)™2--- (2 = Bs)™

(Z — Ozl)nlJrk(z — a2)n2+k A (Z _ at)ntJrk '

We know I < k and deg(grt—1)(2)) = k(t — 1), we get deg(p(z)) < kt and
deg(q(z)) > kt + 2t, so deg(q(z)) > deg(p(z)). Combining this with (2.4.9), we
have s > 1. Tt follows from (2.4.9) that

M=N+Fkt>2t+kt

(2.4.9) AWy —1=8B

ie.,
(2.4.10) pe M
B T2+ k
We derive from (2.4.8) and (2.4.9)
(2.4.11) (2 fP(2)) = (k1) t-1)+1(2)

(Z — al)"1+k+1(z — a2)"2+k+1 o (Z _ at)nt—i-k-l-l )
where g(kﬂ)(t,l)ﬂ(z) is a polynomial and easily obtained that

deg (g ya-141() = (k+ 1)( = 1) +1.

r_ (2 — ﬂl)mrl(z - 52)m271 (2 — ﬂs)msilgertfl(Z)

1 p(k)
(2412) (Z f (Z)) (Z — al)"l“‘k“‘l(z — CYQ)"Q—HH_I . (Z — Oét)nt+k+1 ’

where gs1+—1(2) is a polynomial.
We obtain from (2.4.11) and (2.4.12) that

M-s<(k+1(t-1)+1
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So
M+ (k+1)—s—1
2.4.13 t>
(2:4.13) - k+1
The inequality (2.4.10) and (2.4.13) imply 2HEED=s=t < M Thiough a

simple calculation, note that [ < k and s > 1, we have
M<Q24+k)s+l—-k—1)<2+k)(s—1)
which is a contradiction.

Case 2. Assume that aqan -+ = 0.

Without loss of generality, we may assume a; = 0. We derive from (2.4.8)
and (2.4.9)

, L (k) (Y 9(k+1)(t—1)(2)
(2.4.10) (2" f(2)) = 2tk tl=l(5 — qp)rethtl . (7 — qp)nethtl’

where g(;11)(t—1)(#2) is a polynomial and easily obtained that deg(gx+1)(t—1)(2))
=(k+1)(t-1).

(2_4.11)/ (zlf(k)(z))/ _ (Z - 61)7711—1(,2 — ﬁ2)m2—1 ... (Z _ ﬁs)ms—lgs+t_1(z)

Zn1+k+1*l(z _ a2)n2+k+1 - (Z _ at)ntJrkJrl ’

where gs41—1(2) is a polynomial.

We can arrive at a contradiction by using the same argument as in the proof
for Case 1.

The proof is complete. O

Lemma 5. Let k > 0, | > —k be two integers, and let f(z) be a non-constant
function. If f(z) # 0, and all poles of f(z) are multiple in C, then f*)(z) — 2!
has at least one zero which has multiplicity < k+ 2 in C.

Proof. We may assume that all zeros of f(z) have multiplicities at least k + 3.
The Lemma 3 and Lemma 4 imply that f(z) is a transcendental function. We
know

1 &) (Zflf(k))/ P A |

R Y N O

Therefore
i, 3) < mir, L0 4t 27 4 mr, E I
+ m(r, %) +log2
< m(r, %) + 80 f).
Combining
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2R
(z=Lf Ry
< S(r, f) + N(r, (27 F®Y) + N(
1
(z=LfR)y
< Nzl f®) + N(r,

)+0(1)

(r,
1
T, Z_lf(k) _ 1)

7N(Ta )7N(razilf(k) 71)

R —1 1) +S(r, f)
(2.5.1) <N )+ N

with

We get
)+ N 5) +50.5)

— — 1
)+N(T7f>+N(7’,m)+S(7’,f)
1 1
trs N T

1
(T,f)—f—k—HT(T,f(k))-i-S(r,f)
k

mT(T,f)+mN(Taf)+S(r’f)
ko1

< (1 )N )+ 5 T )+ 505 )

< 2k + 3
=3k 13)
2k + +5
20k 1 3)
T, )+ 50 1)
<T(r,f)+S(r f)

which is impossible. This completes the proof of Lemma 5. O

T(r, f) = m(r,

e

< N(r,

IA
=

(r, f)

)+5(r, f)

I
=

<N(r,f)+

N(r, f)+ T(r, f)+5(r f)

1
k+3
T(r, f)+5(r, f)

<

<

Lemma 6. Let F be a family of meromorphic functions defined in a domain
D. Let k be a integer, and let ¥n(z) be a sequence of holomorphic functions
on D such that ¥, (z) — ¥(z) locally uniformly on D, where (z)(£ 0) is a
holomorphic on D. If, for each f € F and z € D,

(1) f(2) #0, and all poles of f(z) are multiple in D;

(2) all zeros of f*)(2) — 4, (2) have multiplicities at least k + 3 in D,
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then F is normal in D.

Proof. Suppose that F is not normal at zg € D. By Lemma 1, there exist a
sequence of functions f, € F, a sequence of complex numbers z, — zo and a
sequence of positive numbers p,, — 07 such that

(2.6.1) 90 (&) = P, " fr (20 + pn€) — 9(&)

spherically uniformly on compact subsets of C, where g(§) is a non-constant
meromorphic function in C. Hurwitz’s theorem implies that g(£) # 0 and all
poles of g(§) are multiple.

From (2.6.1), we deduce that

9(€) = [ (zn + pn€) = 9 (€)
spherically uniformly on every compact subset of C which contains no pole of
9(8).

Since g4 (€) — Y (zn + pu€) = FE2€) = n(zn + pa€) — gW(€) — ¥(20).
Hurwitz’s theorem implies that all zeros of g(*)(&) — 4(z) have multiplicities
at least k + 3. It follows from Lemma 5 (for I = 0) that g(§) is a constant,
which contradicts the fact that ¢g(£) is a non-constant meromorphic function.
Lemma 6 is proved. ([

3. Proof of Theorem 1

Without loss of generality, we may assume that D = A = {z: |z| < 1}, and

P(z) = 2"9(2) (z € A),
where m is a integer with m > —k, ¢(0) = 1, ¢(z) # 0,00 on A’ = {z:0 <
|z] < 1}.

If m = 0, from Theorem 1, we have that ¢ (z)(# 0) is a holomorphic function.
By Lemma 2, Theorem 1 is proved. Since normality is local property, we only
need to prove that F is normal at z = 0 for m # 0.

We distinguish two cases:

Case 1. m < 0.

By Lemma 1, there exist a sequence of functions f,, € F, a sequence of
complex numbers z, — 0, and a sequence of positive numbers p, — 0", such
that

(3.1) Wa(€) = 0" falzn + pu€) = W(€)

spherically uniformly on compact subsets of C, where W (&) is a non-constant
meromorphic function on C. Hurwitz’s theorem implies that W (&) # 0.

We now consider two subcases:

Case 1.1. z,/pn — 0.

Set wn (&) = 2™ fr(zn + 20€) = 2™ F (20 (1 + €)). Clearly, wy(§) # 0
and all poles of w,(§) are multiple. From (3.1), we get

WP () — (1+ &) d(2n(1 +€))
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= 27 [F9 a1+ €) = (1 + )"0 1+ €))]
= 27" [P (14 €) = U1+ 9)]

Since z, — 0, then there exists a natural number N such that, for every
natural number n > N, we have |z,| < % By the assumption of the theorem,
we have that all zeros of w¥) (&) — (1 + &)™¢(2,(1 + &)) have multiplicities
at least k 4+ 3 in A for n > N. On the other hand, (1 + &)"¢(z,(1 + &)) is
holomorphic in A for n > N, and

(1+8"¢(zn(1+8)) = (1 +™(#0)

for £ € A. Then, by Lemma 6, {w,(§) : n > N} is normal in A.
Hence, we can find a subsequence {wy,(§)} C {wn(§) : » > N}, and a
function w(z) such that

(3.2) Wiy (€) = 2"  fy (2, (14 €)) = w(2)

spherically locally uniformly on A.
If w(0) # oo, from (3.1) and (3.2), and noting that z,/p, — 0o, we have

W(erk)(g) = lim fé:nJrk) (an + pn]f))

= Tim 0, (14 22¢))

j—oo J n;
— Y (MR (Priey _(metk)
jlggo Wy (va §) =w (0).

J

This implies that W (m+%)(¢) is a finite constant, and then W (£) is a polyno-
mial. But this is impossible since W (£) is a non-constant meromorphic function
and W (&) # 0.

If w(0) = co. From (3.3), we have

—m— —m— Pn;
Z"j kfnj (Z"j + pnjg) = an kf’nj (an (1 + _Jg))
nj
pnj
:wnj(z 5) —>w(0) = 00
and hence
: —k—m . Zn; m_—m—
W(f) = .hm pn]k fnj (an +pn]§) - _hm (—)k+ an kfnj (an +pn]§) =0
j—o00 j=00 Pp.

that is, W (&) = oo, a contradiction.
Case 1.2. z,/pn — «, a finite complex number. We have

W) = pr™ (2 + pr€) ™ B(2n + pu€) = WE(E) — (a + &)™
on C{—a}, and
W(E) = pr™ (2 + prE)™ D (2n + pu&) = P ™ (fF) (20 + pn€) — (20 + pnf)).
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Hurwitz’s theorem implies that all zeros of W) (¢)—(a+£)™ have multiplicities
at least k + 3. It follows from Lemma 5 that W(§) must be a constant, a
contradiction.

Case 2. m > 0.

Consider the family G = {g(z) = 1’;8 : f € F,z € A}. Since f # 0 for
f € F, we have that ¢g(0) = oco for each g € G.

We first prove that G is normal in A. Suppose, on the contrary, that G is
not normal at zo = 0. By Lemma 1, there exist a sequence of functions g,, € G,
a sequence of complex numbers z, — 0, and a sequence of positive numbers
pn — 07, such that

Gn(§) = p;kgn(zn + pn§) — G(§)

spherically uniformly on compact subsets of C, where G(£) is a non-constant
meromorphic function on C. Hurwitz’s theorem implies that G(§) # 0.

We now consider two subcases:

Case 2.1. z,/pn — 0.

By simple calculations, we have

(k) k ()
k) () — In (2) koY =iy, YV (z)
) = LS (8 ) gt

2 0)
(33) _ P —Xk: ( k )g(k_j) (Z)zj: L1600
. 7/)(2) = j n yn Ji =i d)(z) )

where Ajj = 1, Aji :m(m—l)(m—j—i—z—i—l)

7 N
SR e

.)ifij,andAji:0

ifl1<m<jfori=0,1,...,5—1.
Thus, from (3.3), we have

G (€) = 9P (2n + pu)
_ PGt paf)
Z/J(Zn + pnf)

Zk kO -9 Zj 1 ¢ (zn + pu)
st ( j )g” G 0] 2 At o 7 e + )

=0
— 7(’k) (zn + pnf)
"/’(zn + pn)
k (k—3) J i (i
k 9n (zn + P’ng) 1 pn¢( )(Zn + pnf)
- . - A i n - .
j; l:( J ) Ph ; ! (Zn/pn €778 d(2n + pnb)

On the other hand, we have

1
lim 0

n—00 (Zn/Pn +¢) -
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and e

n=oo P(zn + pnk)
for ¢ > 1. Noting that gr(lk_j ) (zn + pn€)/pl is locally bounded on C minus
the set of poles of G(£) since gn(zn + pné)/pk — G(€). Therefore, on every

compact subset of C which contains no poles of G(&), we have

(k)

Z(iznjppg) = 6P

thus
W (20 4 pu€) = zn + puf)
V(20 + pnf)
Noting that ¢ (2, + pn€) has only one zero £ = — % — 00, by the assumption
of theorem, we have that all poles of G(£) are multiple. Since all zeros of
ék)(zn + pn€) — Y(zn + pn€) have multiplicities at least k + 3, and It follows
from Lemma 5 (for [ = 0) that G(£) must be a constant, which contradicts the
fact that G(&) is a non-constant meromorphic function.
Case 2.2. z,/pn — «, a finite complex number. We have

p;kgn(pnf) = p;kgn(zn + pn(E - Zn/pn)) = Gn(§ - zn/pn) — G(§ - a)

spherically uniformly on compact subsets of C. Clearly, G(§ — «) # 0, and the
pole of G(§ — &) at & = 0 has multiplicity at least m. Now

~ falpn8)  falpn§) Y(pné)  gn(pnf) Y(pnf)
(3:4) 8= phtm pk(pnl) pm o pk

Noting that % — &M, we get
Fo(§) = "G —a) = F(§)

spherically uniformly on compact subsets of C. Since the pole of G(§ — «) at
¢ = 0 has multiplicity at least m, we have F(0) # 0, hence F(§) # 0.
From (3.4), we have

- G®(g) 1.

(k)

By the assumption of Theorem and (3.5), Hurwitz’s theorem implies that all
zeros of F(F)(€) — €™ have multiplicities at least k 4 3. It follows from Lemma
5 that F(§) must be a constant, a contradiction.

We thus have proved that G is normal in A. Thus the family G is equicontin-
uous on A with respect to the spherical distance. We see that f,(z) and 9(z)
have no common zeros. On the other hand, g(0) = oo for each g € G, so there
exists § > 0 such that |g(z)| > 1 for all g € G and each z € Ay = {z: |2] < d}.
Suppose that F is not normal at z = 0. Since F is normal in A}, the family
Fi = {% : f € F} is normal in A}, but it is not normal at z = 0. Then

(3.5)
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there exists a sequence {fL} C F1 which converges locally uniformly in Aj,
but not in As. Noting that f, # 0 in A, it follows that fl is holomorphic

in A for each n. If fi converges a analytic function locally uniformly in A’,

by maximum modulus principle, we have that f% is locally bounded uniformly

on A, which contradicts the assumption that F; is not normal at z = 0. So
we have fi — oo in A’. Thus f,, — 0 converges locally uniformly in A’, and

hence so does {gn} C G, where g, = f,/t¢, which contradicts |g(z)| > 1 for
z € As ={z:]|z| < é}. Thus F is normal in D.
This proves the theorem.
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