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A POLAR REPRESENTATION OF A REGULARITY OF
A DUAL QUATERNIONIC FUNCTION IN
CLIFFORD ANALYSIS

JI Eun Kim AND KwANG HO SHON

ABSTRACT. The paper gives the regularity of dual quaternionic functions
and the dual Cauchy-Riemann system in dual quaternions. Also, the pa-
per researches the polar representation and properties of a dual quater-
nionic function and their regular quaternionic functions.

1. Introduction

A dual number z is consisted of real numbers z and y associated with a real
unit 1 and the dual unit ¢, where €2 = 0. A dual number is denoted in the
form z = x 4 ey. Thus, the dual numbers are elements of the two dimensional
real algebra

D=Rle]={z=x+ey |z yeR,e?=0,¢e+#0}

generated by 1 and € (see [17]).

The algebra of dual numbers has been studied by Clifford [1] and its applica-
tions to mechanics are due to Study [20]. Dual algebra has been often used for
the field of displacement analysis, kinematic synthesis and dynamic analysis of
spatial mechanisms. Dual numbers can be represented as follows ([3]):

1. Gaussian representation: z = x + €y,

2. Polar representation: z = r(1 + €¢),

3. Exponential representation: z = rexp(e¢), where r = x (x #0), ¢ = £
and exp(eg) =1+ e¢.

The dual number has a geometrical property which is investigated detail in
[4, 17].

Clifford [1] also has studied the following algebra

H={p=2z+27 |21 =20+ x18, 220 =22+ 230, 2, ER (r=0,1,2,3)}
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called the set of quaternions. Here imaginary basis elements 4, j and k satisfy
the following conditions:
PP=2=k=—-1,ij=—ji=k, jk=—kj=1, ki=—ik=j.

For two quaternions p = z1 + 225 and ¢ = wy + w7, they are given the rules of
the addition and multiplication as follows, respectively,

p+a=(21+w1)+ (22 +w2)j
and

pq = (z1w1 — 20W3) + (21w2 + 22707) ],

where Wi, = Yo — Ykt for wi = yro + yr1t, vk € R, k=1,2, 7 = 0,1. Kaji-
wara et al. [5, 6] applied the theory on a closed densely defined operator and
a priori estimate for the adjoint operator in a Hilbert space and brconvex do-
mains. We [9, 10, 11, 12] researched corresponding Cauchy-Riemann systems
and properties of functions with values in special quaternions such as reduced
quaternions, split quaternions and dual split quaternions. We [13, 14, 15] in-
vestigated a regular functions defined by the differential operators of special
quaternion number systems. Porter [19] gave an explicit solution to the linear
equation in the quaternions H.

This paper gives expressions of the differential operators and the exponential
functions in dual quaternions. The paper researches the polar representation
of dual quaternionic functions by using a dual Cauchy-Riemann system and
their regularity of that functions in dual quaternions.

2. Preliminaries

For p = xg + 211 + 225 + 23k € H, we denote by Sc(p) the scalar part, and
by Vec(p) the spatial vector part:

p = Sc(p) + Vec(p),

where Sc(p) = xo and Vec(p) = x1i + x2j + sk with z, € R (r =0,1,2,3).
Then for p, ¢ € H, we have

p+q = Sc(p) + Sc(q) + Vee(p) + Vec(q),

pq = Sc(p)Sc(q) — Vec(p) - Vec(q)
+ Se(p)Vece(q) + Vee(p)Se(q) + Vee(p) x Vece(q),

where Sc(q) = yo, Vec(q) = y1i + y2j + ysk with . € R (r = 0,1,2,3), the
symbol - is a usual inner product,

Vec(p) - Vec(q) = z1y1 + z2y2 + 233,
and the symbol X is a usual outer product,
Vec(p) x Vec(q) = (v2ys — x3y2)i — (2193 — x3y1)j + (212 — 2251)k-
The norm for a quaternion is

p|* := pp* = Sc(p)® + Vec(p) - Vec(p),
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where p* = Se(p) — Vece(p), and the inverse of p is

*

-1 _ p
pl?
For a unit quaternion, |p| = 1, it is given by:

p = (cos(0/2),nsin(6/2))

p

and
xg = cos(0/2), x1 = nqysin(6/2),
o = ngsin(0/2), xs = nssin(6/2),
where an angle § and axis n = (n1,n2,n3) of rotation (see [7]).
We consider the following form:

Dy ={Z=pi1+eps | pr €H, * =0, r=1,2} 2 H* = R®,

where ¢ is the dual unit that commutes with i, 7 and k. The dual quaternion
Z = p1 +€p2 € Dy is also written as a linear combination of a scalar, denoted
by Se(Z), and a spatial vector, denoted by Vec(Z) (see [7, 8]):

Z =8c¢(Z)+ Vec(Z) = Sc(pr) + Vee(pr) + e{Se(p2) + Vec(pa)},
where
Se(Z) = Se(pr) +eSc(ps) , Vee(Z) = Vee(pr) + eVece(ps)

with p1,pe € H.

For two elements Z and W = Se(W) 4+ Vec(W) = Sc(q1) + Vee(q) +
e{Sc(q2) + Vec(ga)} of Dy, we give the addition and the multiplication on Dy
as follows:

Z4+W =5c¢Z)+ Sc(W)+e{Vec(Z) + Vec(W)}
and
ZW = Se(Z)Se(W) —Vee(Z) - Vec(W) + Se(Z)Vec(W)
+ Sc(W)Vee(Z)+ Vec(Z) x Vee(W),
where
Vec(Z)-Vec(W) =Vec(pr) - Vece(qr) +e{Vec(pr) - Vec(ge) + Vee(pz) - Vee(qr)}
and
Vec(Z)xVec(W)=Vec(p1) x Vec(q1)+e{Vec(pr) x Vec(qa)+Vec(pa) x Vec(qr)}
We give the complex conjugate element of Dy:
2" = Sc(pr) = Vee(pr) + {Sc(p2) — Vee(p2)}
It is also written as
Z*=8Se(Z)—Vece(Z),
and the modulus of Z, denoted by |Z], is described by
|Z|? := Sc(2)Sc(Z*)4+Vec(Z)-Vee(Z*) = {Sc(pr) 2+ Vec(pr)-Vee(pr) = |p1]?.
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Since every element of the set {ep | p € H} has no inverse, the inverse of a dual
quaternion is given by

7= cn, (m£0)
a2~ ° ’
where
Z% = (Ip1* — ep2pi)py
where pfl = pﬂz, called the dual conjugate of Z with ZZT = ZT2Z = p,p} =

o2 "

Plucker [18] gave screw coordinates so that we can rewrite dual quaternions
in a form of the spherical linear interpolation. Screw parameters have the form
(0,d,I,m), where

0 is the angle of rotation,
d is the translation along the axis,
I is the vector line direction,

m = p x I isthe line moment with p is a point on a given line.

From the above components, Daniilidis [2] converted a unit dual quaternion
to screw coordinates as follows:

(2.1) Sc(p1) = cos(6/2), Vee(pr) =1Isin(6/2), Se(ps) = —g sin(6/2),

(2.2) Vec(ps) = Ig cos(0/2) + msin(6/2).

Referring [2], we can write the following representation of a unit dual quaternion
ed 0+ ed

Z:cos(9+ ) +(I+€m)sin( ) = cos(¢) + vsin(¢),

where v =1+¢ecm and ¢ = @. By the properties of trigonometric functions,
we have the representation of a unit dual quaternion

Z = peos(9) + vpsin(g)
- () () - sin(§)n(§)
. (0 d 0\ . (ed
+ v{sm(i) cos(%) + cos(i) sm(%)}.

From the representation of a Taylor series, since cos (%d) = 1 and sin (%d) — &d

Z = cos(g) — sin(g)%l + V{sin(g) + COS(g)%Z},

where p = |Z]2. From the equations (2.1), we have

we have

2 d
Z = Sc(p1) + eSc(ps) + v{—ESc(pg) + ESC(pl)i} = p+ vgq,
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where

2 d
p=Sc(p1) +eSc(p2) , ¢ = fESc(pg) + sSc(pl)i.

Since we have
vi=T%= -1,
we obtain a corresponding Euler’s formula for a unit dual quaternion:

o0

exp(vo) = Y

n=0

L (vo)" = cos(@) + vsin(9).

n!
Proposition 2.1. For any unit dual quaternion, we have
1. exp(ver) exp(ves) = exp(v(¢1 + ¢2)),

_ % = exp(v(¢1 — ¢2)).

587

Proof. From the corresponding Euler’s formula for a dual quaternion, we have

exp(vor) exp(vez) = {cos(d1) + vsin(dr)}{cos(¢2) + vsin(¢2)}
= cos(p1 + ¢2) + vsin(¢1 + ¢2)
= exp(v(d1 + ¢2))
and
% = {cos(¢1) + vsin(¢1) }{cos(¢2) — vsin(p2)}
= cos(¢1 — ¢2) + vsin(¢1 — ¢2)
= exp(v(¢1 — ¢2)).

Therefore, we obtain the results.

O

Proposition 2.2. Let Z = cos(¢) + vsin(¢) be a unit dual quaternion. Then

we have
(2.3) Z" = (cos(¢) + vsin(¢))"™ = cos(ng) + vsin(ne)
for all integer n.

Proof. From the induction for integers n, the equation (2.3) is obtained.

3. Hyperholomorphic function in dual quaternions
Let Q be a bounded open set in H2. A function F is given by
F:Q — Dg; F(Z) = fi(p1,p2) + £f2(p1, p2);
where
f1 = g1(21, 22, w1, w2) + g2(21, 22, w1, w2)j and

f2 = h’l(zlszawlvw?) + h2(215227w15w2)j

O

are quaternionic functions, g, and h, (r = 1,2) are complex-valued functions.
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Definition. A function F'is said to be hyperholomorphic on 2 = DN L, where
D is an open subset of D, and L = H\ {0} + ¢H, with values in D, if the limit

(3.4)
dF(z) _ L AF(Z+0 - F(2))¢
= m (P2 +0) ~ F(Z)) = lim p (m #0)

exists, where ( = n; + eny — 0 means 71 — 0 and 72 — 0 which are referred
by [16].

Theorem 3.1. A function F is hyperholomorphic on ) with values in Dy if
and only if the following conditions are held:

hrno {F(Z+¢)—F(2)}n;*  exists and

1—0,
7172%0

S {f(py 41 p2 4+ 712) — filpr,p2) ' = 0.
772H07

(3.5)

Proof. Since the dual part of a dual quaternion has no inverse elements, we use
the dual conjugation of Z as follows:

{F(Z+¢) - F(Z)}(ni —enb)

lm{F(Z+¢) = F(Z)}™ = lim

777712:%’ mm
= lim {F(Z+ ()~ F(Z)}n;!
7]1—)0,
7]2—>O

2
- En}i—>mo {fi(p1 +m1,p2 +m2) — fi(p1,p2)}03 " (U277f1) .

n2—0
For the existence of the above limit, the limit

Jim {fi(pr 12 + 1) = fo (p1,p2) 3 "
772H07

has to be independent to (n2n; 1)2. Thus, we obtain the following equation:
i {1 (pr+ 1, p2 +12) — filpr,p2)}ng ' =0.
0
Conversely, if the conditions (3.5) are satisfied for the function F, then the
limit
Lm{F(Z+¢) - F(Z)}¢!
¢—0

exists. From the definition of a hyperholomorphic function in D, the function
F' is hyperholomorphic. ([

We give the left differential operators in Dj,.
0 0 0 0

Dii=2 L and Di=—— 4j—,
V=90 o MM 1T o5
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where é% and a;% (r = 1,2) are usual complex differential operators and j is

an imaginary basis element in H.

Remark 3.2. From the representation of differential operators in D, we have

0 0
FDy = {g1 + g2j + (b + o)} (= — j =)

(091  0g2 dga 8g1621, ag@m Ohs Ohs  Ohq\ .
*{a—zﬁa—g*(a%*a@)ﬁ“b?ﬁa%*(a?—fa@)ﬁ

and

FD} = {g1 + g2 +e(h1 +h2])}(a—z_1 +]a—5)

= {a—f—a—%+ (%+%)j}+s{—a—]f+a—ff+ (%4‘%)]}.
821 (92’2 (92’1 822 (92’2 821 (92’2 821
Definition. Let Q be a bounded open set in H2. Then a function F is said
to be hyperholomorphic on  with values in D, if F' satisfies the following
conditions:
(i) each component of F', f; and fo, is a continuously differentiable function

and
(ii) F satisfies the following equations

FD7} =0 and
(3.6) Oh _ (r=0,1,2,3).
Oy

In detail, the equations (3.6) is equivalent to the following system

agg % 691 6h1 th th 6h1

991 _ 992 = O Ohy O
071 0z 0z 0zg) 071 07 Oz Dz’
called the corresponding Cauchy-Riemann system on D,.
Let Q be an open set in H2. A function can be written by

F:Q — Dg;
F(Z) = F(p(p,®),q(p, ) = M(p(p, d),a(p; 9)) + vN(p(p, ), a(p, ¢)),

where
2 d
M = SC(fl) + ESC(fQ) and N = 7ESC(f2) + ESC(f1)§
are dual-valued functions and Se(f;) and Sc(f2) are real-valued functions.

Theorem 3.3. Let Q be a bounded open set in H?. If a function F = M +vN
is hyperholomorphic on Q0 with values in Dy, then the following equations hold:

9Sc(f1)  9Sc(fa) 4 0Sc(fa)  0Sc(f1)

(37) 0Sc(p1)  9Sc(p2) d29Sc(py)  9Sc(pa)

and
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Proof. From the definition of the hyperholomorphic function F on € with val-
ues in D, and Definition 3, if the following limit

i SeU) +eSe(f2) + v{=FSc(f2) +e5Sc(f1)}

AAlzi%y A+ X +V(SEAe +edN)

exists, then the function F is hyperholomorphic, where Ay = Se¢(n1) and Ao =
Sc(nz). By the definition of the existence of the limit and calculating of the
complex conjugation of a dual quaternion, we have

dSc(f1)(1 +12) + Sc(f2)(e — 2v)
95e(p)(1 +1=9)
_0Sc(f1)(1+ IE%) + 0Sc(fa2)(e — %v)
dSc(pz)(e — 2v) '
By arranging the above equation, we have

0Sc(f1)  9Sc(f2) 2 9Sc(f1) 4 9Sc(f2)
{aSC(pl) - aSC(pz)}<26 - —v) + {350(172) - ﬁaSc(pl) }(1 +1ed) = 0.

d
Therefore, we obtain the equations (3.7). O

Theorem 3.4. Let Q be a bounded open set in H? and a function F = M +vN
be hyperholomorphic on Q with values in Dy. Then the following equations hold:

(3.8) g(1+5)%—ﬂj=%—g and g(1+5)%=_%.
Proof. From the chain rule of multi variables calculus, we have
OM _0pOM  0q0M OM _0poM  0qoM
Op Opdp Opdqg Oy O¢ Op  O¢ Oq’
ON _9pON _0qON ON _0pON _0q0N
Op Opdp 0Opdq’ Oy OpIp 9P g’

Since we have the following equations:

op B
6_/) = CoS ¢, 5, sin ¢,
op _ : dq
96 p(1 4+ ¢)sin ¢, ad)fp(lJrs)cosgb,
we have
oM ¢8M i ¢8M
=7 2T Gingl—
p cos o S 9
oM oM oM
Y sing(146) 1+¢e)o—
a(b pSln¢( +E) ap +pCOS¢( +€) aq I
ON

ON . ON
8_/) = COS¢a—p + smqba—q,
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ON ON ON
90 = —psine(l + 5)6— +pcosp(l 4 ¢e)— g’
where
OM  0Sc(f1) + E@Sc(fg) n aSc(pg){aSc(fl 350 (f2) }
ap  0Sc(p1) dSc(p1) Op 0Sc(p2) aSc (p2)

(
oM _ _08c(p1) {aSc(fl) E@Sc(fg)} B @{aSc(fl) EaSc( )}
dq Jq 0Sc(p1) 0Sc(p1) 0Sc(p2) 0Sc(p2)
ON _ _205cfa)  _d0OSc(f1) 350(1’2){_2350(f2> Egasc(fl)}
Op d 9Sc(p1) 20Sc(py) Op d 9Sc(p2) 2 0Sc(p2)

ON _ 350(1’1){72350@2) EéaSc(fl)}igl{izaSc(fz) 8 3Sc(f1)}
dq dq d dSc(p1) 2 0Sc(p1) d 0Sc(p2)  20Sc(p2) )’

2

From Theorem 3.3, we have the following equations by comparing with the
equations (3.7) and the derivative of Sc(f1) and Se(fz2) for Sc(p1) and Se(ps):

oM  ON oM  ON
— =—-— and — = ——.
g Ip g Iq
Therefore, the equations (3.8) are obtained. O

Example 3.5. Let F(Z) = Z = pcos¢ + vpsing on Q in H2. Then we have

ON  O(psing) 1

96 30 2pcosq§+ pcosgb,
oM
a—p cos @, 3 = cos¢

and oM &
1
8—¢ = (p(;i;sqﬁ) = —ipsinqb — %psinqﬁ.
Therefore, the function F' satisfies the equations (3.8).
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