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WEAK HOPF ALGEBRAS CORRESPONDING TO
NON-STANDARD QUANTUM GROUPS

CHENG CHENG AND SHILIN YANG

ABSTRACT. We construct a weak Hopf algebra wX (A1) corresponding
to non-standard quantum group X4(A1). The PBW basis of X4 (A1) is
described and all the highest weight modules of WX, (A1) are classified.
Finally we give the Clebsch-Gordan decomposition of the tensor product
of two highest weight modules of Xy (A1).

Introduction

In this paper, we always assume that the base closed field is F with charac-
teristic 0. All algebras, modules are over the field F. The parameter g € F is
non-zero and not a root of unity.

Quantum groups play an important role in mathematics and physics. A new
quantum group was constructed in [2] solving exotic solution of quantum Yang-
Baxter equation. This new quantum group is called the non-standard quantum
group. Jing et al. [4] derived a new quantum group X,(2) by employing the
FRT method. All finite dimensional irreducible representations of X,(2) were
classified. It is noted that dimensions of the irreducible representations are
only one or two. In 1993, Aghamohammadi et al. (see [1]) used the method of
FRT to obtain the non-standard quantum group X,(A,—_1) corresponding to
type A,—1. Note that X,(A;) is just quantum algebra X,(2). It is shown that
this kind of quantum group has a Hopf algebra structure (see [3, 5]). On the
other hand, Li defined a kind of weak Hopf algebra on a bialgebra with a weak
antipode in [6] and many interesting results are obtained. Yang constructed
weak Hopf algebras corresponding to Cartan matrices in [9] and gave their
PBW bases. It is noted that finite dimensional integrable representations of
wsl,(2) were described and the decomposition of the tensor product of two
finite dimensional integrable modules were considered in [10].
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In this paper, we intend to study the weak Hopf algebra structure corre-
sponding to the non-standard quantum group X,(A4;). By definition, X,(A4;)
is the associative algebra over the field F with 1 generated by six generators
K KF' E, F with the following relations

KK '=K 'K, =1,i=1,2, K1Ky = K2K;,
K\E = ¢;'EK,, K,F = FK,,
KoF = 2EKy, KoF = q; 'FKo,
E? =F?=0,
KoK — KKyt

EF — FE = — ,
q-q

where ¢; = ¢ and go = —¢~!.

First we add a centeral generator J and weaken the group-likes to get an
algebra X (A;). It is verified that X, (A;) is a weak Hopf algebra but not a
Hopf algebra. Then the PBW basis of X (A1) is given in the similar way as
[9]. We also give the sufficient and necessary conditions of the isomorphism be-
tween X, (A1) and wX, (A1) as weak Hopf algebras. By applying the idea in
[10] and some well-known facts, we can construct all highest weight representa-
tions of X, (A1) and the Clebsch-Gordan decomposition of X (A )-modules.
It is indicated that the indecomposable modules of tvX,(A) are not necessarily
irreducible. These results for wX,(A;) are not the same as those in [10]. In
fact they just extend the results in [4].

The paper is arranged as follows. In Section 1, we introduce some notions
and define the algebra X, (A1), then we prove that wX,(A;) is a weak Hopf
algebra. In Section 2, We investigate the PBW basis of tvX,(A). In Section 3,
we describe the conditions of the weak Hopf isomorphisms between wX,(A4;)
and 1wX,(A1). In Section 4, we classify all the highest weight modules of
wX,(A1). Then in Section 5, we give the Clebsch-Gordan decomposition of
tensor product of two highest weight modules of X, (A1).

1. Preliminaries

In this section, we construct the weak Hopf algebra wX,(A,) by weaken K;
of X,(Ay) and the defining relation KZ-KZ-_1 = Ki_lKi =1 (i = 1,2). Firstly,
we replace {K;, K;'|i = 1,2} by {K;, K;|i = 1,2} and introduce the new
generator J such that

KiKi=K,K;=J (i=1,2).
Secondly, we give the following the definition.
Definition 1.1 (see [9]). If E satisfies
K\E = ¢;'EK,, KoF = ;EK, and K E = EK,, KoF = ¢; ' EKo,
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we say that F is of type 1. If E satisfies
K\EK, =q;'E, K;EK, = F,
we say that E is of type II.
Similarly, we can define F' is of type I (type II). That is, if F' satisfies
K\F = FK,, KoF = ¢, 'FKy and K F = ¢ 'FK,, KoF = ;F K>,
we say that F' is of type L. If F' satisfies
K\FKi=qF, KoFKy =gy 'F,

we say that F' is of type II.

Notation. (See [9]) The notation d = (k|k), k,k = 0 or 1 indicated that if
k =1 (resp. 0), the corresponding generator E is of type I (resp. type II), and if
k =1 (resp. 0), the corresponding generator F is of type II (resp. type I). The
information before | is related to E. The information after | is related to F. F
and F' are said to be of type d if £ and F' are of type I or type II according to
d.

Now, we can give the definition of the algebra X, (4;).

Definition 1.2. The algebra wX,(A;) is defined as an associative algebra over
the field F with 1 generated by J, K1, Ko, K1, K, E, F with the relations

K\K> = K>Ky, KKy = KoKy, K,K; = K;K;, i,j=1,2,
KKi=J=KK: KiJ=JK = Ki, KiJ =JK; = Ki, i = 1,2,
E and F are of type d,

FE?=F?=0,

K>Ky — K1K»

a—q '
In this case, we say wX,(A4;) is of type d.

EFF - FE =

Lemma 1.3. In wX (A1) of type d, the following statements hold.
(1) J,1—J are idempotent elements.

(2) J is in the center of wX,(A1).

(3) If E (resp. F) is of type II, then it enjoys type I.

(4)
KPE™ = U™ E™ K}, KIF™ = /" F"KY,
KyE"™ = g B K, K} F™ = g, " F" K,
K/ E™ =¢"E"K,, K\ F™ =q " F"K,
KyE™ = ;" E"Ky, Ko F™ = ¢f'""F™K,.
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Proof. (1) Easy.
(2) By definition, we have
KiJ = JK;, KiJ = JK;.
If F is type I, then
JE = K\K\E = ¢ 'K\ EK, = qi¢; 'EK\K, = EJ.
If F is type II, then
JE = K\K\E = K\ K K\ ERy = 1 K\ ER K\ Ky = EK Ky = EJ.

It is similar to get JF' = F'J. Therefore, J is in the center of X (A;).
(3) If E is type II, the relation K1 EK; = ¢; ' E implies that K; FK K, =
q; 'EK;. The left hand side is

K\EJ=K,JE=K,E.

Hence, we get K1 F = ¢; 'EK;. Similarly, Ko F = g2 FKo.
For the generator F', the statement is similar to prove.
(4) Straightforward. O

The concept of weak Hopf algebra was defined by [6], and was studied by
[7, 9]. By definition a weak Hopf algebra W is a bialgebra with a weak antipode
T such that T« Id*T =T and Id+T * Id = Id, where % is the multiplication
of convolution algebra Homp(W, W).

In the following, we can equip a coalgebra structure with X (A;) such that
wX, (A1) is a weak Hopf algebra. Indeed, we define the coalgebra structure in
wX, (A1) as follows.

The comultiplication A : X (A1) — wX,(41) @ wX,(A4;) is

AN =J@J ,AK)=K oK;, AK;))=K,®K;, i=1,2;

A(E) = (K1K2) @ FE+E®1, if Eisof type,
T\ (KiK) @ E+ E® J, if Eis of type II;

A(F) = 1®F +F® (KyK), if Fis of type I,
T | J®F+ F®(KK,), if Fis of type II.

The counit € : wX,(A;1) — F is
e(K;) =e(K;)=¢e(J) =1, i=1,2
e(E)=¢(F)=0.
It is obvious that X (A1) is a coalgebra by the definition of A and e. In fact:

Theorem 1.4. Keeping all notations as above. Then X (A1) is a weak Hopf
algebra with J # 1, the comultiplication A, counit € and weak antipode T, but
it is not a Hopf algebra.
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Proof. Indeed, it is straightforward to see that X (A,) is a bialgebra (as the
proof in [9, Theorem 3.1]). To see that wX,(A4;) is a weak Hopf algebra, we
need to find a weak antipode T such that T« Id+«T =T and Id+T % Id = Id.
For the purpose, we define T': wX,(A41) — X, (A1) by
T(J)=J, T(K;)=K;, T(K;) =K;, i=1,2,

T(E)=-KK:E, T(F)=-FK{ K.
The left is to prove T is an weak antipode of wX,(A;1). The proof is more or
less the same as that in [9, Theorem 3.1].

We now prove that wX,(A;) is not a Hopf algebra. Otherwise, we assume
that X (A1) is a Hopf algebra and S : wX,(A;) — X, (A;) is an antipode.
Then (S *id)(J) = ue(J) = (id * S)(J) implies that S(J)J =1 = JS(J).
It follows that J is invertible. However, J(1 — J) = 0 and J # 1. It is
contradiction. Therefore, wX,(A;) is a weak Hopf algebra not a Hopf algebra.

(I

2. The PBW basis of wX,(A1)
Let wy = wX,(A41)J, Wy =wX,(A1)(J — 1), we have:

Proposition 2.1. Assume that wX, (A1) is of type d. Then wXy (A1) = w, &
Wy as algebras. Furthermore, wq and Xq(A1) are isomorphic as Hopf algebras.

Proof. Tt is easy to see that
qu(Al) = wq D Wy
as algebras for J is a center idempotent element. Consider the algebra wy, it

can be viewed as an algebra generated by EJ, FJ, K, Ky, K1, K, satisfying
the following relations:

Ki1Ky = KoKy, K1Ks = KoK1, K;K; = K;K;, i,7 = 1,2,
K\EJ = ¢ 'EJK,, K,FJ = qFJK,,
KoEJ = uEJKo, KoFJ = g5 'FJIK>,
K\EJ=qFEJK,, K,FJ=q 'FJK,,
KoEJ = gy 'EJKy, KoFJ = (oF JKo,
(EJ)? = (FJ)* =0,
K.Kq1— K1K»
q—q!
where J is the identity of w,. By the comultiplication of wX, (A1), it is deduced
in X (A1) that
AK) =K, @K;, A(K;)=K; @ K;, i =1,2,
A(EJ) = (K1K3) @ EJ + EJ ® J,
AF])=J®FJ+FJ® (K:K1),

(BINET) — (FI)(ET) =
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e(K)=e(K;)=e(J)=1, i=1,2, e(EJ) =e(FJ)=0,

T(J)=J,T(K)=K;, T(K;)=K;, i =1,2,
T(EJ) = —K1Ky(EJ), T(FJ)=—(FJ)K,K».

Let p: Xq(A1) — wq be the map defined by
p(K!)=Ki, p(K™")=K;, i=1,2, p(E') = EJ, p(F') = FJ,

K2

where K/, K; ' (i = 1,2), E', and F’ are the generators of X,(A;). Tt is straight-
forward to see that p is a well-defined surjective algebra homomorphism.

Let ¢ : X (A1) — X4(A1) be a map given by
o(1)=1, ¢(J) =1, $(B) = B, $(F) = F, ¢(K;) = K, $(K;) = K; "

We can check that ¢ is a well-defined algebra homomorphism. If we consider
the restricted homomorphism ¢|,,,, then we have ¢, o p =idx,(a,). Hence p
is injective. Therefore, wy = X (A1).

It is noted that
Xy (A1)/(J —1) = Xq(A1)

as Hopf algebras, where (J — 1) is the two-sided ideal generated by J — 1 (see
the proof of Proposition 2.1).
Let us describe the structure of @j.

o If E (resp. F) is of type II, then F(1 —J) =0 (resp. F(1—J)=0).
Indeed, if E is of type II, then ¢; 'E = K1FK, = K ;EK,J = ¢ 'EJ
and E(1 — J) = 0. Similarly for F.
o If E (resp. F) is of type I, then E(1 — J) # 0 (resp. F(1—J) # 0).
To see this, if F and F are of type d = (1|1), we apply the actions of
E(1—-J)and F(1—J) on the nX,(A;)-module M(1,1) in Section 4,
we have E(1— J)X°Y0 = X1Y0 £ 0 and F(1—J)X°Y? = X0V £ 0.
Hence F(1 —J)#0and F(1—J) #0.
If E (resp. F) is of type I, we assume X = E(1 — J) (resp. Y = F(1—J)).
There are the following four cases.
(1) ¥d=(1]1), thenw, =FX +FY +FXY +F(1—J). It is easy to see
that XY = Y X;
(2) fd=(0]0), thenw, =F(1 — J);
(3) If d=(110), then Wy =FX +F(1 —J);
(4) Ifd= (0] 1), then Wy =FY +F(1 — J).
Let X (A1) (resp. X (A1), and X (A;)) be the subalgebra generated by
E (resp. F, and K', Kf'). Considering the X,f(Ar)-module V' with basis
{vo,v1}, defined by Evy = 0, Ev; = vp,1lv; = v; (1 = 0,1), accordingly we
have {1, E} is a basis of X (A;). Similarly, {1, F} is a basis of X, (A4;). On
the other hand, XJ(A4;) = FIK!, K'Y as F-algebras, where F[K: K1 is
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the algebra of Laurent polynomials. Hence, {K"K% |m,n € Z} is a basis of
X9(A1). Moreover, one has
Xq(/h) = X,;(Aﬁ ®X8(A1> ®X;(A1>.
To see these, one can refer to the statements of [3, Lemma 4.14-Theorem 4.21].
We set

Kfi, if s; >0,
(2.1) p={ if s; =0,

K™, ifs; <0.

We denote P = Py Py? if s = (s1,82). It is easy to see P* is the basis of

w0

qi%y Proposition 2.1, we have:

Proposition 2.2. Assume that wX (A1) is of type d. Then the set
{F'P°E"J|s=(s1,52) € ZxZ, and a,b € Z}|_J{0 # F'E*(1-J)|a,b € Zy}
forms a basis of wX,(A1).

3. The isomorphisms among weak quantum algebras

We assume that X,(A4;) is generated by E', F', K/, K;™', i = 1,2. The
defining relations and comultiplications of X,(A;) are the same as those of
X (A1) replaced ¢ by p.

In this section, we give the sufficient and necessary conditions as weak Hopf
algebra isomorphisms between wX,(A4;) and X, (A1).

In first, we recall some concepts about group-like elements and primitive
elements of a coalgebra.

Let C be a coalgebra, z € C. If A(x) = x®z, and e(x) = 1, then z is called
a group-like element in C. Let G(C) denote the set of group-like elements. Let
g, he G(C). If

Alz)=g@z+2®h,
then z is called a (g : h)-primitive element. Let P, ;(C) denote the space
consisting of (g : h)-primitive elements.

Lemma 3.1. The space of (K'* K22 : 1)-primitive elements of X (A1) is
FE+FFK Ky +F(1— K Ky Y, iflh =11, = —1,
Pty ez ((Xq(A1))= Lo
1 F2 F(1 — K' K3?), others.
Proof. Assume that 2 € X,(A;) is a (K K% : 1)-primitive element, then
Alx)=K'KRor+zo1.
We suppose that
= D Gijmm B KK,

1,j€ZL2, m1,m2
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we have

A@)=A1 > GijmmEF/ K" K}"

1,5,m1,ma2

Z aO,O,’ml,7ngl({nl[(;n2 ®K{angn2

miy,m2

+ Y ar0mme (K"K @ EKM KD + BEKMKS @ KM KY'™)

mi,ma

+ Y aotmime (K" K3? @ FKMKY? + FKM Y2 @ KM KT

mi,me

+ D anrmme (KK @ EFKM K

mi,ma2
+K Ky 'FK™M Ky? @ EK T Ky
(3.1) +EKM™MKY? @ FKIM Ky + EFKM K @ K K=Y
On the other hand
KilKéQ Qrt+tr®l= K{lKéZ ® Za0701m17m2[{f1[{?2

+KPKR® Y a1,0m,m, EKT K™
+EKPER @ a0t mm FET K™
+EVER © Y a1 1mym, EFKT KR
+ Y a0.0mm KTMES? @1
+ - a10mm EKTMES? @ 1
+Y a0 1mm, FKTKY? @1

(32) +Za1,1,ml,m2EFK{”1K;n2 ® 1.

Comparing the equations (3.1) and (3.2), we have if [y = 1 and lo = —1, then
x can be written as

aE +bFK Ky 4 c¢(1 - K1 Ky Y, a,b,ceT.
If I3 # 1 or Iy # —1, then x can be written as
r=d(1—-K'K}), deF.
Therefore, we finish the proof. [l
We now give the first main result.

Proposition 3.2. X, (A1) = X,(A1) as Hopf algebras if and only if p = +q*1.
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Proof. (=) Let ¢ : X,(A1) — X4(A41) be a Hopf algebra isomorphism. Then
¢ must map group-like elements to group-like elements. Therefore we can
assume that

¢(K1) = K" K3, ¢(K3) = K" Ky®.
Then we have
A(G(E") = (62 0)(A(E)) = o(K' 1K'y ") @ 6(E') + ¢(E') @ 1
= K" MK Q@(E') 4+ ¢(E') @ 1.
So ¢(E') is a (K™~ " K57 ™ : 1)-primitive element. By Lemma 3.1, if m; —
ny # 1, or mg —ng # —1, we can assume ¢(E') = d(1 — K" ™ K5?7"?) #£0.
This contradicts to the fact that ¢(K})p(E') = p~to(E")p(K7).

Now, we focus on m; —ny = 1, me —ny = —1. By Lemma 3.1, we can assume
that

H(E') = aE +bFK Ky +c(1 — K1 K57 Y).
Applying the algebra isomorphism ¢ to the relation K| E' = p~1E'K], we get
H(KNP(E') = K"Ky (aE + bFK Kyt + (1 — K1 K5 h))
= aK"MKJ?E +bK"Ky?FK, Ky *
+cKMEY?(1 - K Ky )
(_1)—m2aq—m1—m2EK{an£n2
+ (_1)m2qu1+m2FK{nl+1K;n2*1
+ KM KT (1 - K Ky,
pLO(E)$(K]) = K"K} (aE + bFKG K5 + c(1 — K1 K )
=p NaE +bFK 1Ky ' +c(1 — K1 Ky V) KM K™
=p LaEKM K + p WFK T R
+pte(l - KKy YK K™
= (—1)"M2qq7™ ™2 = plg, (=1)M2bg™ T2 = p~lb, c=p e

Hence ¢ = 0 since p and ¢ are not a root of unity.
(1) If a # 0, then

(=1)m2g™ M =p, b=0, (E') = aF.

Let us determine ¢(F") as follows. Since F'K| Ky " is a (K, K}, : 1)-primitive
element, we can assume that

HFKIKS YY) =d E4+VFK Ky + (1 - K1 Ky ') = o(F)K KL
This implies that
G(F') = Y FE, ™M gyt memne)
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by the defining relations. Moreover, applying ¢ to the relation
K)K™' - KK

E'F —FFE = — ,
p—p
we get that
-1 -1
q9—q qa—q
b= —"—— and that ¢(F') = ———F.
alp—p~") a(p—p')

Therefore, we may assume that
my1 4+ me =nq +ng =1, Mg =m.
Then (—1)"¢' = p, the corresponding isomorphism has the form
O(KY) = KK ¢(Kg) = KUY
q—q '
¢(E") =aE, ¢(F')= ————F, (a #0).
() (F) = b= Py (a0
This isomorphism forces that there are a,b € Z such that
a b a b
P(K1")p(Ky') = Ky or ¢(K1")p(K5') = Ko.

It concludes that a(l—m)+b(l—m—1) =1, am+b(m+1) =0 or a(l —
m)+b(l—m—1) =0, am + b(m + 1) = 1. For the first case, we have [ = 1,

a=14+m,b=—-—m,orl=—-1,a=—-1—m, b= m. For the last case, we
have =1, a=m,b=1—m,orl=—1,a=—-2—m, b = m + 1. Therefore
p=(=1)"g*".

If p = (—1)™gq, then we get the weak Hopf algebra isomorphism
o(K1) = K| "K5", o(Ky) = K"Ky
G(E') = al, §(F') = (=1)"a"'F, (a #0).
The inverse ¢’ of ¢ is
¢ (K1) = (K1) (K3) ™™, ¢ (K2) = (K7)™(K3)' ™™,
¢ (E)=a"'E, ¢/(F)=(-1)"aF".
If p=(—1)"g~!, then we get the weak Hopf algebra isomorphism
O(K7) = Ky TRy o(Ky) = Ky T K
$(E') = aB, ¢(F') = (=1)""'a™'F, (a #0).
The inverse ¢’ of ¢ is
¢ (K1) = (K1) ™ (Kp)™, ¢ (Ks) = (K1) 727" (Ky)™ ™,
¢ (E)=a"'E, ¢/(F)=(-1)""taF .
(2) If b # 0, then
(_1)m2qm1+’m2 — p—l, a = O, ¢(EI) — bFK1K2_1
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We assume that
H(F'KIKSY) =d E4+VFEK Ky + (1 - KiK.
By the defining relations and more or less than the above discussion, we have
H(F') = d EK{ 'Ky,

In fact,

,_ a—q!
bp—p~1)

by applying the isomorphism ¢ to the relation

KK Ky

E/F/ _ F/E/ —
p—p "
Therefore, we have that in this case
-1
qa—4q -1
O(F')= —"K{ KyE.
blp—p~1) !

Let my +mg = I,ma = m, then p = (—1)™q~!, the corresponding isomorphism

P(K}) = KImMK, ¢(K3) = Kim™ T Ky,

1
O(E') = bFE\Ky !, 6(F') = oL B Ko, (b # 0).
bp—p~1)
The similar arguments as the case (1) show that p = (—1)™¢*!.

If p = (—1)™q, we get the weak Hopf algebra isomorphism
G(K7) = K1 'Ky, ¢(K3) = KKy
O(E') =bFE\Ky ", ¢(F') = (—1)"b" ' EK;  Ka, (b#0).
The inverse ¢’ of ¢ is
¢ (K1) = (K1) 7™ (K™, ¢/ (Ka) = (K1) ™2™ (K3)™H,
¢'(E) = (=1)"bF' K1(K3) ™, ¢/ (F) = b E'(K7) "' Kj.
If p=(—1)"q~ %, then we get the weak Hopf algebra isomorphism
O(K1) = K{~"K5, ¢(Ky) = Ki K5,
S(E) =bFEK1 Ky, ¢(F') = (-1)" b EK ' Ka, (b+#0).
The inverse ¢’ of ¢ is
¢' (K1) = (K1) (K3) ™™, ¢/ (K2) = (K7)™(K3)' ™™,
¢'(B) = (=1)"TF'K{(K3) ™!, ¢/(F) = b7 EB'(K7) "' Ky,
(«=) If p = ¢!, we can assume that p = (—1)™¢"(n = 1) and define the
map ¥ : X, (A1) — X4(A41) as
WKL) = KPP, g(ky) = Kpm= 1K,
Y(E) = aB, $(F’) = (—1)™-1ng 1R,
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where
5 1, ifn=-1,
“bmT 0, ifn# -1
It is easy to see that v is a Hopf algebra isomorphism. (I

Recall that
WX, (A1) 2w, ®wy.

Let us consider the weak Hopf algebra isomorphism between wX,(A4;) and
mXp(Al)

Theorem 3.3. For the weak Hopf algebra wX,(A1) of type (1|1), we have
X, (A1) 2 wX,(A1) as weak Hopf algebras if and only if p = £q*'.

Proof. Let vy : 10X, (A1) — wX,(A1) be an isomorphism of weak Hopf algebra.
It is easy to see that y(J’) = J since v sends group-likes to group-likes.
By Proposition 2.1 it is well-known that

mX;D(Al) = wWp O Wp, qu(Al) = wq O Wq,

and w, 2 X,(41), w, = X,(A1). Note that w, is spanned by {E"F"7(1 —
J)|4,7=0,1}, and w, is spanned by {E'F7(1—J)|i,j =0,1}.
Assume that inj, : w, — X, (A1) is defined by

Jv—J, EJ v FEJ, F'J'v— FJ, K.+ K/, K/, — K';, i=1,2.

It is easy to see that inj, is a bialgebra homomorphism (see [8]). Moreover, we
have wy = v o inj,(wp). Since wX,(A1) = wX (A1), it follows that X, (A;) =
X,(A1). By Proposition 3.2, p = 4¢**.

(<) Assume that p = 4¢*'. Without loss of generality, we assume that
p = (—1)"¢"(n = £1) and define the map v : WX,(4:1) — WX (A1) as
follows

Y1) =1, 4(J)=1J
V(P)) = PR, y(Py) = PPTTIRM,
V() = B, A(F)) = (~1)™+=
where P; and P/ are defined by (2.1) respectively. It is straightforward to see

that v indeed can be extended to a weak Hopf algebra isomorphism.
The proof is finished. O

Remark 3.4. In general, if E, F are of type (1]0), (0|1), or (0]0), more or less
the same arguments show that Theorem 3.3 also hold.
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4. The representations of wX,(A;)

In this section, we consider the representation theory of wX,(A;) of type d.
Let V be a wX,(Aj)-module and 0 # v € V. If K1v = A, Kov = Agv,
then A = (A1, A2) is called a weight of V' and v is called a weight vector. The
subspace
{0} £ Vy ={v e V| Kiv=\v, Kov = Agv}
is called a weight space of X = (A1, Ag). If
FEv=0, Kjv= \v, Kov = A\v,

then v is called a highest weight vector of A = (A1, A2). If V = wX,(A)v
and v is a highest weight vector, then V is called a highest weight module of
wX, (A1) generated by the highest weight vector v.

Lemma 4.1. Let v X, (A1) be the weak Hopf algebra of type d, V' be a 0Xg(A1)-
module and 0 #v € V. If Kjv = \v, i = 1,2, \; €F, then there are elements
Ai € F such that K;v = M\jv. Moreover, if A; # 0, then \; = )\;1; if Ay =0,
then \; = 0.
Proof. Since K;v = \jv, we have K;v = K;K;K;v = K;\?v = \;v. Therefore,
if )\z 7& 0, F{U = )\i_l’U. If /\Z = 0, then FZ"U = FZKze’U = 0. Hence Xz =0. O
Assume that (A1, A2,0) € F* x F* x {0,1}, F* = F \ {0}, where
5:{ L=
0, if \2 #\3.

Suppose A1z # 0 let Vi, a,.6(n)(n = 0,1) be the (n + 1)-dimensional vector
space with the basis {v; |0 < ¢ < n}. The module structure of Vi, x,6(0) is a
one-dimensional highest weight tvX,(A;)-module with § = 1 and relations

E’UO = F’UO = 0, KiUO = )\Z"Uo, FZ"UO = XZ"U(), i = ]., 2.
The module structure of Vi, x,.5(1) is defined by
Kivg = Avo, K1vg = Avg, Kavg = Aavo, Kavg = Aavy,

Kivi = ghvr, Kivy = ¢ ' Mvr, Kovy = —ghevr, Kovi = —¢ " Aavy,
A2 — A1 e
Vv

q—4q
F’UO = V1, F’Ul =0.
In fact, when A1 Ay # 0, we have Mo = M & )\% = )\3.

E’UO = 0, E’Ul = 05

Lemma 4.2. Assume that wX, (A1) is the weak Hopf algebra of any type d and
MA2 # 0. Let V be a highest weight wX,(A1)-module generated by a highest
weight vector vy with weight X = (A1, A\2). Then
(1) V= Vi a8(n)(n=0,1);
(2) Vi n.6(n) = Vi a5 (n)(n = 0,1) as wX,(Ay)-modules if and only if
(/\17 >\27 5) = (/\/17 >‘/2a 5/)
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Proof. Straightforward. O

Assume that Ay A2 = 0 and v X,(A,) is a weak Hopf algebra of type d = (0]1)
or (1]1). Let W(n)(n = 0,1) be the (n + 1)-dimensional vector space with the
basis {w;|0 < ¢ < n}. It is noted that if AyA2 = 0 and W(n) is a wX,(A1)-
module, both A\; and Ay must be zero since K1K; = K3K5 = J. In this case,
the wX,(A;1)-module structure on W (n) is given as follows

Kiw;, = Kow; =0, Kiw; = Kow; =0, 0<i<n,
Fw; =0, 0<i<n,
Fuw; =wjt1, 0<j <n—1,
Fw, = 0.

Remark 4.3. If v X (A1) is a weak Hopf algebra with d = (1|0) or (0]0), we only
can define the X, (A;)-module W (0). For, if F' is of type II, then K1FKijwy =
@1 Fwy =0 and Fwg = 0. On the other hand, if X (A1) is of type d = (0]1)
or (1|1), then W(1) is an indecomposable w.X,(A;)-module of dimension 2, but
is not simple since W(0) is a proper submodule of W(1).

Theorem 4.4. Assume that wX, (A1) is the weak Hopf algebra of type d =
(k|k). Let M be a highest weight wX,(A1)-module. Then M = W (t)(0 <t <k)
or M = Vi, x,.6(n), where n =0,1.

Proof. Since M is a highest weight 10X ,(A;)-module, M has a highest weight
vector vg such that M = X (A1)vo, and

E’UO = 0, K{UO = )\iUO; 1= 1,2.

Let A1 A2 # 0. By Lemma 4.2, we have M =2V}, 5, 5(n)(n =0,1).

Let AyA2 = 0. If F' is of type II, then we have Fvg = 0 because of the
relations K1 FK; = ¢;F and K;FKo = g, ' F. Hence we obtain M = W(0).
If F is of type I, it is easy to check that M = W(0) when dimM = 1. If
dimM # 1, we have Fvg # 0 by Proposition 2.2. If Fvy = avy for some non-
zero a € F, then FFvy = a?vg = 0 and it is a contradiction. So {vg, Fvg} is
linearly independent. If we take vy = Fvg, then we have

E’UO = 0, E’Ul = EF’UO = FE’UO :0,
F’UO =V, Fv1 =0.
Since M is generated by vo, we have M = W (1).
In conclusion, M 2 W (t)(0 <t < k) or M 2 V), »,s(n), n=0,1. O
Assume 7} = 73, wX, (A1) is of type d = (k[k). Let M,, ,,(m,n) be a vector
space spanned by {XY7|0<i<m,0<j<n},where0<m<k, 0<n<
k. Then it is straightforward to see that M, ,,(m,n) is a wX,(A;)-module
defined by

K{(XY7) = @7 XY, Ko(X'Y7) = (—q) "' XYY,

K1 (XY7) = ¢ XY, Ko(X'Y7) = (—q) I, XY,
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E(X'Y))=X"YI 0<i<m, B(X"Y?) =0,
F(X'Y7) = XY/t 0<j<n, F(X'Y")=0.

Remark 4.5. If my = n2 = 0, we denote Mo o(m,n) by M(m,n) for simplicity.
Specially, M(0,n) = W (n). Under the condition of 1 = 12 = 0, if wX,(A4;)
is of type d = (1]1), we can define the wX,(A;)-modules M (0,0), M(1,0),
M(0,1), M(1,1); if wX,(A,) is of type d = (1]|0), we can define M(0,0),
M(1,0); if wX,(A1) is of type d = (0|1), we can define M(0,0), M(0,1); if
wX,(A4;) is of type d = (0|0), we can only define M(0,0).

If we can define X, (A;)-modules M,, ,,(1,0), My, ,,(0,1), My, ,,(1,1) for
some type d, then they are indecomposable and M, ,,(0,0) is simple. For
example, assume that wX,(A;) is of type d = (1|1). Let 0 # M; be any

submodule of M, ,,(1,1). For any 0 # x € M, x can be written as

Tr = aooXOYO + a10X1Y0 + a01X0Y1 + aquYl.
There is at least a nonzero coefficient. It yields that X'Y' € M; for all
cases. This means that FX!'Y! is the submodule of any non-zero submodule of
My, n.(1,1). Hence My, »,(1,1) is indecomposable. The other cases are similar

n1,M2 n1,M2
to see.

5. The Clebsch-Gordan decomposition for wX,(A1)

In this section, we assume that the weak Hopf algebra X (A1) is of type
(1]1) and consider tensor products of their two the highest weight roX,(A1)-
modules.

Let V and W be two 10X, (A1)-modules, recall that V@W is also a wX,(A;)-
module defined by

We denote

m copies
Theorem 5.1. Assume that the weak Hopf algebra wX (A1) is of type d =
(1]1). Then
(1) Vayae,s(m) @ Vs ag.60(n) = Vi xong,s8 (m+n), m+n<1;
(2) IF A2X,% # A2X,°, then
Vauae,0(1) @ Vi xg (1) 2 Vi xong,0(1) @ Voa s (—aprang,0(1);
if A2X 2 = A2N,2, then
Vai2,0(1) @ Vi x50 (1) =2 Mga, x, (—gaeng (1, 1);
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Vi, 1(1) @ Vi ag 60 (1) =2 Vagag g, (1) € Voa, ar (—g)aang.sr (1);
Vaiae1(m) @ W(n )g( +1)W( )y Vaiae,0(1) @ Wi(n) = M(1,n);
( )®V)\17>\27 ( ( ) ( ®V>\17)\2, ( ) (n+1)W(1);
(m) @ W(n) (m+U (n),

where m,n =0 or 1.

Proof. Keeping all notations as Section 4.
(1) We consider the following cases, the others can be obtained in a similar
way.
Case 1. For V), x,1(0) ® Vs x, 1(1), we have
Ki(’UO ® ’U(I)) = )\Z‘)\;’UO ® ’U(I),FZ‘(’UO ® 1)6) = XiX/iUO ® 1)6,
E(vo ®v)) =0, B(vo @ v1) = 0, F(vp ® vy) = vo ® vy, Fvg @ v}) = 0.
So
Vi x2,1(0) @ Var ar 1(1) = Vi, ar g1 (1)
Case 2. For V), x,1(0) ® Vs x; 0(1), note that
Ki(’UO ® ’U(/)) = )\Z‘)\;’UO ® ’U(l), Fi(’l)o ® ’06> = XiX/iUO ® 1)6,
E(vo ®@v)) =0, F(vg ®v)) =v9 @0}, Flvg®v]) =0,
M ANy — A A XXy
q—q!

E(vg ® v}) = K1Kavg ® Ev] = vy ® v) # 0.

Then
Vi x2,1(0) @ Var az 0(1) = Vi, ar agng,0(1)-
Case 3. Considering V, x,,0(1) @ Var y;.1(0), note that
Ki(’UO ® ’U(/)) = )\Z‘)\;’UO ® ’U(l), Fi(’l)o ® ’06> = XiX/iUO ® 1)6,
E(vo® 1)) =0, Flvg ®v}) = NjAgur @ v, F(NjAqv1 @ v))) =0,
NN AN, — AlA AQAQ
q9—q9

B(F(vo & vh)) = Xy Xo(Evr © vj) =
So

® vy # 0.

Vaiae,0(1) @ Vi ag 1(0) = Vg asag,0(1).
For Vi, 2,,1(0) @ Vi, x,1(0) and Vi, 5, 1(1) ® Var z;1(0), we also can get the
similar result.
It follows that

Vs ae,s(m) @ Var xr /(1) = Va,ar agng,s60(m +n), m+n < 1.
(2) Considering Vi, x,.6(1) ® Vi, x;.6:(1), we have
Ki(vo ® vh) = MiXivo @ 05, Ki(vo ® vh) = XJZ—UO ® vy,
E(vg ®v}) = K1Kovg ® Ev)) + Evg @ v}y = 0,
F(vo ®v4) = vo @ Fuy + Fug @ K1 Kav) = vg ® v} F NN ® g,
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R— — —
A A A2, — A A Ao
1A A2A79 ,11221)0@7}6)
qa—4q
F(F(vo ®))) = F(ug ® v} + XAy @ v)) = 0.
So vp ® vy is a wX,(A1)-module highest weight vector and
X, (A1) (vo @ vp) = Vi, ar anag.sn (1),

E(F(vo ®vh)) = E(vg @ v} + A\ Xyo1 ® vh) =

where
g { L XN =007
0, if A2X,% £ A2\,°
Now we consider other submodules of
Varae,s (1) @ Vi g o0 (1).
If § = 0, this means that A\; Ao — A\;\o # 0, we take
Vg = (Xl)\g — )\1X2)1}0 ® ’Ull — (Xll)\é — )\&X;))qXQUl ® ’U6 7é 0.
Then
K11/0 = q)\l)\lluo, KQ(V) = —q)\Q)\IQVO,
Ky = tflxlxlﬂ/o, Koy = *(leQXIQVO,
and
EZ/O = 0,
FI/O = (AlA/lXQX; — X1X;A2>\/2)Ul (24 ’Ui =,
Y Yy /
E(m) = B(F(np)) = 21212220 ~ M 2ads
q—q
F(F(n)) = 0.

If Al)\ngX; - Xlxll)\g)\g # 0, hence §” = 0, then vy is another wX,(A;)-
module highest weight vector and

10X, (A1)vo = Vix,a (—greng,0(1)-

It follows that
Varae,0(1) @ Vi ag,s0 (1) = Vaiar aong,0(1) © Vox,ar (—gaeng,0(1)-

If )\1)\'1X2XI2 - XlX'l)\QXQ =0, hence §” = 1, then vy is a constant multiple of
F(vo ® v}). We have

Ki(v1 ®v)) = g\ Njv1 @ v, Ka(v1 @ v)) = —gladyvr @ vy,

Ad2 — A1
E('Ul ®U6) = Ev ®'U6 = %Uo@?)(),E(E’Ul ®’U6) =0,
F(v1 @ vy) =v1 @ Fvj = v Qvy, F(v; ®v}) =0,
Atd2 — AL\
F(E(v; ®v))) = =222 Fvg @ vp),

qa—q
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-/
A da — A\ A, — NN
E(v; ®v]) = E(F(v1 @) = #vo @) — ¥)\1)\21}1 ® v
q—q q—q
_ Mde— )\1)\2
q—q-
Let X'YJ = E'FJ(v; ® v),), where 4,5 = 0 or 1.
Ki1(X%Y%) = g AN XOY0) Ko(XOY0) = —gAa Ny XOVY,
E(X°Y?) = XY" = E(vy ®vp), B(X'Y?) =0,
F(X°Y%) = X! = F(v @), F(X°Y!) =0,
E(X°YY) = BE(F(v; ®v))) = X'Y! = B(v; @), E(X'Y') =0,
F(X'Y%) = F(BE(v ®@v)) = XY F(X'Y!) =o.

(vo ® v} + ¥ 1501 ®v)) = F(E(v1 @ vg)).

Thus
Vaiae,0(1) @ Vi ag (1) = Mg, a —ganng (1, 1).
(3) Assume that A\? = A3, this means that § = 1. We have
Ki(v1 ® v) = ghi AN jv1 @ v)y, Ka(v1 @ v) = —gAa\yu1 ® vy,
Ki(v @) =q~ )\1)\101 ® vy, K2 (v1 @ v)) = —q~ )\2)\21)1 ® v},
E(vy ®@v)) =0,
F(vy ®v)) = vy ®v£,

— =
)\)\)\)\ A1 AL A2,
1 279 — 71122,01 U6,

E(F(v1 @) = B(vy @) = -
F(F(v; @ v))) = 0.
So v1 ® vy is a WX, (A1)-module highest weight vector and
X (A1) (01 @ vh) = Voa,xy, (—geng.e (1):
On the other hand, from the proof of the statement (2) we see that

X, (A1) (vo ® vh) = Vi, ay anag.e (1)-

It follows that
Vaiae,1(1) @ Vi ag60(1) = Vagag g0 (1) @ Vor,ar (—g)aang,sr (1)

(4) We consider the following cases.
Case 1. For Vy, »,,1(0) ® W(0), we have

Ki(’Uo X ’wo) =0,
E(’UO X w()) = Klfgvo ® Ewo + E’UO & wg = 0,
F(v0®w0) = vg ® Fwy —l—F’Uo@FlKQ’LUO =0,
hence
Var.20,1(0) ® W(0) =2 W(0).
Case 2. For Vy, »,,1(1) ® W(1), we get
Ki(vo @ wo) =0, K;i(v1 ® wg) =0,
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E(vg ®wp) =0, F(ug ® wp) = vg ® wr,
E(vo®@w1) =0, F(vg®w;y) =0,
E(v1 @ wg) =0, F(v; @ wp) = v1 ® wy,
E(vi @w) =0, F(vy @w;y) =0.
Thus
Vaiae,1(1) @ W(1) 2 2W(1).

Case 3. Considering the case Vi, x,,0(1) @ W(0). Note that A; A2 # A1 Aa, we
have

K;(vo ® wp) =0, K;(v1 ® wp) =0,
E(vg @ wp) =0, F(vg ® wg) =0,
X1>\2 — A1X2

E(vi ® wy) = Evy @ wo = W?Jo@wo #0,

E(E(v1 ®wp)) =0, F(v; ® wy) =v1 ® Fwy = 0.
Now, we assume that X'Y7J = E‘FJ(v; ® wp), where i = 0 or 1, and j = 0.
Ki(XY?%) =0,
EXY") = XY = E'FO(v; ® wo) = E(v1 ® wy),
E(X'Y?) = E(E(v; ® wp)) =0,
F(X°Y?) = X% = E°F'(v; ® wo) = F(v1 ® wp) = 0.
Therefore
Varae,1(1) ® W(0) = M(1,0).
Case 4. For Vy, »,.0(1) ® W(1), this means that Ay A2 — A1 A2 # 0. We have
Ki(v, @w;) =0, E(vgQwp) =0, F(ug® wg) = vp ® wr,
E(vg @ w1) =0, F(vg®@w;y) =0,

Aidg — Aidg
q—q!
F(v1 @wp) =v1 ® Fwg =v1 @ wy, Fvy @ wp) =0,
A2 — A1 e

. . . . q B q_l
Let X'Y? = E*FJ(v; ® wyg), where i,5 = 0 or 1.
Ki(X°Y°) =0,
E(XYY) = XY = E'FO(v; ® wo) = E(v1 ® wy),
) =E(E(n ®wy)) =0,
=XV = E'Fl(v; @ wp) = E(v; ® wy),
)
)
)

E(’Ul ®’LUO):E’L)1®U)0: ’U0®’LUO,

E(’Ul ®’LU1):E’L)1®U)1: ’U0®’LU1.

= E(E(’Ul X wl)) = 0,
= X%V = E'Fl(v; @ wo) = F(v; @ wo),
(F(’Ul & ’LU())) = 0,

I
|
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FX'WW9 = XYW = E'F'(v; @ wo) = E(vy @ wy),
F(X'Y') = F(F(v; ® wp)) = 0.
Therefore
Vaiaeo(1) @ W(1) = M(1,1).
For Vi, »,,1(0) ® W(1) and Vi, x,1(1) ® W(0), in a similar way we get
V)\h)\z,l( ) ( = ( )’
Ve 1(1) © W(0) = W(0) © W(0).
(5) Note that E(W(m) ® Vi, .a,,6(n)) = 0. We consider the action of F' on

W(m) ® VALAZ#;(R)'
Case 1. Considering W(0) ® Vi, x,.6(0), we have

Ki(wo ®v) =0, F(wo® o) =0,
hence
W(0) ® Vi, x,.6(0) = W(0).
Case 2. For W(0) ® Vi, x,,6(1), it is easy to see that
Ki(’wo X ’Uo) =0,
F(w0®v0) :w0®FUO :w0®v1, F(’LUO®’L)1) =0.
Therefore
W(O) ® V)\17)\275(1) ~ W(l)
Case 3. For W(1) ® Vi, .x,.6(0), note that A\; A2 # 0, and we get
Ki(’wo ® ’Uo) = 0,
F(’LUO ®’Uo) = wo X F’UO + F’LUO ®F1K2’U0 = XlAQ’wl & vo 7& 0,
F(Xl)\g’wl X ’Uo) = Xl)\g’wl ® Fvg = 0.
Thus
wW(l)® VA17A275(0) > W(1).
Case 4. Considering the case W(1) ® Vi, x,,6(1), we have

Ki(wo ® ) =0, Fwg ®vp) = wo @ v1 + A\ Awi @ vg,

F(wo ® v1 + M dow; @ vg) = Fwy @ v1) + F( A Aawy @ vg)
= Fwo @ K1Kov1 + w1 ® FA\y vy = 0.
This means that
10X (A1) (wo ® vo) = W(1).
Assume that w = awg ® v1 + bwy ® vy, b # al e,
Kyw = K;(awy ® v1 + bwy @ vg) = 0,
Fw = aF(wy ®v1) + bF(w; @ vg) = (b — aXiA2)w; @ vy # 0,
F(F(w)) = 0.
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It follows that wX,(A;)w = W(1). Hence
W (1) ® Vay x,,6(1) = 10X (A1) (wo ® vo) B wXy(A)w =W (1) e W(1).

(6) It is easy to see that E(W(m) ® W(n)) = 0. Consider the action of F’
on W(m) ® W(n).
Case 1. For W(0) ® W(0), F(wo ® wy) = 0, hence

W(0) @ W(0) = W(0).
Case 2. For W(0) ® W(1), we have
Ki(wo ® wy) =0,
F(wo @ wg) = wo @ Fw), = wy @ w), Fwy®w)) = 0.
So
W(0)® W(1)=W(1).
Case 3. For W (1) ® W(0), we get
Ki(wo @ wy)) =0, F(wy ® wy) =wo @ Fw)y =0,
Ki(w @ w) =0, F(w; ® wy) =w; @ Fw) = 0.
Consequently
W(1) ® W(0) = W(0) ® W(0).
Case 4. For W (1) ® W(1), we get
Ki(wo @ wpy) =0, K;(wy ®w;) =0,

F(wy ® w)) = wo @ Fwj = wo @ w, F(wy ®@w)) =0,
Flw @ w)) = w1 @ Fuw, =w; @ wj, F(w; @ w)) =0
Therefore
W(1) @ W(n) 2 W(n) @ W(n) =2W(n).
The proof is finished. ([

Theorem 5.1 for X, (A1) of other types d can be discussed in a similar way.
It is noted that if E' (resp. F) is of type II, for two wX,(A;)-module V, W, we
have to define the wX,(A;)-module on V@ W by

E(v®w) =K Kyw® Ew+ Ev® Jw,

(resp. F(v @ w) = Jv ® Fw + Fv® K Kow).
Theorem 5.1 should be restated. Explicitly,

o If vX,(Ay) is of d = (0]1), Theorem 5.1(4) is replaced by
(4) Vi aai6(m) @ W(n) = (m + 1)W(n).
o If wX (A1) is of d = (1]0), Theorem 5.1(4)(5)(6) are respectively re-
placed by
(4') VA, 20,0(0) @ W(0)
(5) W(0) ® Vay e (1)
(6") W(0) @ W(0) =W

W(0), Vayx,.5(1) @ W(0) = M(1,0),
)(” HW(0),

8 R
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o If wX (A1) is of d = (0]0), Theorem 5.1(4)(5)(6) are respectively re-
placed by
(41) V>\17)\2,5(m) ® W(O) = (m + 1)W( )’
(5) W(0) Vi, agus () = (n + 1)V (0),
(6") W(0) ® W(0) = W(0).
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