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IDEALS IN THE UPPER TRIANGULAR OPERATOR

ALGEBRA ALGL

Sang Ki Lee and Joo Ho Kang∗

Abstract. LetH be an infinite dimensional separable Hilbert space
with a fixed orthonormal base {e1, e2, · · · }. Let L be the subspace
lattice generated by the subspaces {[e1], [e1, e2], [e1, e2, e3], · · · } and
let AlgL be the algebra of bounded operators which leave invariant
all projections in L. Let p and q be natural numbers(p 6 q). Let
Bp,q = { T ∈ AlgL | T(p,q) = 0 }. Let A be a linear manifold in
AlgL such that {0} ( A ⊂ Bp,q. If A is an ideal in AlgL, then
T(i,j) = 0, p 6 i 6 q and i 6 j 6 q for all T in A.

1. Introduction

Let H be an infinite dimensional separable Hilbert space with a
fixed orthonormal base {e1, e2, · · · } and let B(H) be the algebra of
all bounded operators on H. If x1, x2, · · · , xk are vectors in H, we
denote by [x1, x2, · · · , xk] the closed subspace spanned by the vectors
x1, x2, · · · , xk. We denote by L the subspace lattice generated by the
subspaces {[e1], [e1, e2], · · · , [e1, e2, · · · , en], · · · }. We usually identify pro-
jections and their ranges, so that it makes sense to speak of an operator
as leaving a projection invariant. By AlgL, we mean the algebra of
bounded operators which leave invariant all subspaces in L. It is easy
to see that all such operators have the following matrix form
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where all non-starred entries are zero. We call the algebra AlgL by the
upper triangular operator algebra.

2. Examples of ideals in AlgL

Let A be a linear manifold in AlgL. We say that A is a left ideal in
AlgL if AT ∈ A for all A in AlgL and T in A. A is called a right ideal
in AlgL if TA ∈ A for all A in AlgL and T in A. A is said to be an
ideal in AlgL if A is a left ideal in AlgL and a right ideal in AlgL. A is
called a prime ideal in AlgL if and only if AB ∈ A for A in AlgL and
B in AlgL, then A ∈ A or B ∈ A. A is called a maximal ideal in AlgL
if and only if A 6= AlgL and if there does not exist an ideal M in AlgL
such that A in A (M⊂ AlgL, then M = AlgL. Let I be the identity
operator on H in this paper. Let C be the set of all complex numbers
and let N = {1, 2, · · · }.

If we know the following facts, then we can easily prove the following
examples.

Let A = (aij) and T = (tij) be operators in AlgL. Then

(1) the (p, p)-entry of AT is apptpp for all p = 1, 2, · · ·
(2) the (p, p)-entry of TA is tppapp for all p = 1, 2, · · ·
(3) the (p, q)-entry of AT is

apptpq + ap p+1tp+1 q+ · · · + ap q−1tq−1 q + apqtqq(p < q)

(4) the (p, q)-entry of TA is

tppapq + tp p+1ap+1 q+ · · · + tp q−1aq−1 q + tpqaqq(p < q)

We denote T(i,j) by the (i, j)-component of T for an operator T .

Example 1. Let A0 = { T ∈ AlgL | T(i,i) = 0, i ∈ N }. Then A0 is
an ideal in AlgL.
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Example 2. Let Λ be a nonempty subset of N and let AΛ = { T ∈
AlgL | T(i,i) = 0, i ∈ Λ }. Then AΛ is an ideal of AlgL.

Example 3. Let I be the identity operator on H and let A1 =
{ αI + T | T ∈ A0, α ∈ C }. Then AI is not an ideal in AlgL.

Example 4. Let p and q be natural numbers such that p 6 q.
Let Bp,q = { T ∈ AlgL | T(p,q) = 0 }. If p = q, then Bp,q is an ideal

of AlgL. If p < q, then Bp,q is not an ideal of AlgL.

Example 5. Let p and q be natural numbers(p < q).

i) Let B(1)
p,q = { T ∈ AlgL | T(p+k,q) = 0, k = 0, 1, 2, · · · , q − p }.

Then B(1)
p,q is not an ideal in AlgL.

ii) Let B(2)
p,q = { T ∈ AlgL | T(p,p+k) = 0, k = 0, 1, 2, · · · , q − p }.

Then B(2)
p,q is not an ideal in AlgL.

iii) Let B(3)
p,q = { T ∈ AlgL | T(p+k,q) = 0, T(p,p+k) = 0, k =

0, 1, 2, · · · , q − p }. Then B(3)
p,q is not an ideal in AlgL.

iv) Let B(4)
p,q = { T ∈ AlgL | T(p+k,q) = 0, T(p,p+k) = 0, T(p+k,p+k) =

0, k = 0, 1, 2, · · · , q − p }. Then B(4)
p,q is not an ideal in AlgL.

Example 6. Let p and q be natural numbers(p < q). Let Ap,q =
{ T ∈ AlgL | T(i,j) = 0, p 6 i 6 q and i 6 j 6 q }. Then Ap,q is an ideal
in AlgL.

3. Properties of ideals of AlgL

Theorem 1. Let k be a natural number. Then
(1) A{k} is prime and (2) A{k} is maximal.

Proof. (1) Let A = (aij) and T = (tij) be elements of AlgL. If
(AT )(k,k) = akktkk = 0, then akk = 0 or tkk = 0. So A ∈ A{k} or
T ∈ A{k}.

(2) Let M be an ideal in AlgL such that A{k} ⊂ M ⊂ AlgL. Let
A{k} 6=M. Then there exists an operator T = (tij) inM and T /∈ A{k},
i.e. T(k,k) 6= 0. Let A = (aij) ∈ AlgL. If akk = 0, then A ∈ A{k}. Since
A{k} ⊂M, A ∈M. Let akk 6= 0. Let A1 be an operator defined by{

A1(k,k) = 0
A1(i,j) = aij otherwise.



96 Sang Ki Lee and Joo Ho Kang∗

Then A1 ∈ A{k}. Since A{k} ⊂ M, A1 ∈ M. Let T1 be an operator
defined by {

T1(k,k) = 0
T1(i,j) = −T(i,j) otherwise.

Then T1 ∈ A{k}. Since A{k} ⊂ M, T1 ∈ M. Put T2 = T + T1. Then
T2 ∈M, T2(k,k) = T(k,k) and T2(i,j) = 0 otherwise. Let α = akk

T(k,k)
. Then

αT2 +A1 = A and A ∈M. Hence M = AlgL.

Theorem 2. Let p and q be natural numbers(p < q). Let A be a
linear manifold in AlgL such that {0} ( A ⊂ Bp,q. If A is an ideal in
AlgL, then T(i,j) = 0, p 6 i 6 q and i 6 j 6 q for all T in A · · · · · · · · · (∗)
i.e. A ⊂ Ap,q.

Proof. Let A be an ideal in AlgL. Let T ∈ A and let A be in AlgL.
Then AT ∈ A and TA ∈ A.

Since (AT )(p,q) = A(p,p)T(p,q) +A(p,p+1)T(p+1,q) + · · ·+A(p,q−1)T(q−1,q)

+A(p,q)T(q,q) = 0 for allA in AlgL, T(p,q) = 0, T(p+1,q) = 0, · · · , T(q−1,q) =
0, T(q,q) = 0.

Since (TA)(p,q) = T(p,p)A(p,q) +T(p,p+1)A(p+1,q) + · · ·+T(p,q−1)A(q−1,q)

+T(p,q)A(q,q) = 0 for allA in AlgL, T(p,p) = 0, T(p,p+1) = 0, · · · , T(p,q−1) =
0, T(p,q) = 0.

Since (TA)(p+1,q) = T(p+1,p+1)A(p+1,q) + T(p+1,p+2)A(p+2,q) + · · ·+
T(p+1,q−1)A(q−1,q)+T(p+1,q)A(q,q) = 0 for all A in AlgL, T(p+1,p+1) = 0,
T(p+1,p+2) = 0, · · · , T(p+1,q−1) = 0, T(p+1,q) = 0.
· · · · · · · · ·
Since (TA)(q−1,q) = T(q−1,q−1)A(q−1,q) + T(q−1,q)A(q,q) = 0 for all A

in AlgL, T(q−1,q−1) = 0, T(q−1,q) = 0. Thus (∗) holds. Since (TA)(q,q) =
T(q,q)A(q,q) = 0 for all A in AlgL, T(q,q) = 0.

If (∗) holds for all T in A, then A ⊂ Ap,q.

Corollary 3. Let p and q be natural numbers such that p < q and
let A be a linear manifold in AlgL such that Ap,q ⊂ A ⊂ Bp,q. Then A
is an ideal in AlgL if and only if A = Ap,q.

Corollary 4. Let p and q be natural numbers such that p < q and
let A be a linear manifold in AlgL such that Ap,q ⊂ A ⊂ B(1)

p,q. Then
A is an ideal in AlgL if and only if A = Ap,q.

Corollary 5. Let p and q be natural numbers such that p < q and
let A be a linear manifold in AlgL such that Ap,q ⊂ A ⊂ B(2)

p,q. Then
A is an ideal in AlgL if and only if A = Ap,q.
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Corollary 6. Let p and q be natural numbers such that p < q and
let A be a linear manifold in AlgL such that Ap,q ⊂ A ⊂ B(3)

p,q. Then
A is an ideal in AlgL if and only if A = Ap,q.

Corollary 7. Let p and q be natural numbers such that p < q and
let A be a linear manifold in AlgL such that Ap,q ⊂ A ⊂ B(4)

p,q. Then
A is an ideal in AlgL if and only if A = Ap,q.

If we repeat the proof of Theorem 2, then we can prove Theorem 8.

Theorem 8. Let p a natural number and let A be a linear manifold
in AlgL such that Bp,p+1 = {T ∈ AlgL | T(p,p+1) = 0} ⊂ A ⊂ AlgL.
Then A is an ideal in AlgL if and only if A = AlgL.

Proof. Let A be an ideal in AlgL. Since Bp,p+1 is not an ideal in
AlgL, there exists an operator T in A but T /∈ Bp,p+1, i.e. T(p,p+1) 6= 0.
Let A ∈ AlgL. If A(p,p+1) = 0, then A ∈ Bp,p+1. Since Bp,p+1 ⊂ A,
A ∈ A. Let A(p,p+1) 6= 0. Let G be an operator defined by{

G(p,p+1) = 0
G(i,j) = −Tij otherwise.

Then G ∈ A. Let T1 = T + G. Then T1 ∈ A. Let T2 be an operator
defined by {

T2(p,p+1) = 0
T2(i,j) = A(i,j) otherwise.

Then T2 ∈ A. Let x =
A(p,p+1)

T(p,p+1)
. Then A = xT1 + T2 and A ∈ A. Hence

A = AlgL.

Theorem 9. Let p be a natural number and let A be a linear manifold
in AlgL such that Ap,p+1 ⊂ A ⊂ D1 = {T ∈ AlgL | T(p,p+1) = 0 and
T(p,p) = 0}. Then A is an ideal in AlgL if and only if A = Ap,p+1.

Proof. Let A be an ideal in AlgL. Suppose that A 6= Ap,p+1. Then
there exists an operator T in A and T /∈ Ap,p+1, i.e. T(p+1,p+1) 6= 0. Let
A ∈ D1. If A(p+1,p+1) = 0, then A ∈ Ap,p+1. Since Ap,p+1 ⊂ A, A ∈ A.
Let A(p+1,p+1) 6= 0. Let A1 be an operator defined by{

A1(p+1,p+1) = 0
A1(i,j) = −T(i,j) otherwise.

Then A1 ∈ Ap,p+1. Since Ap,p+1 ⊂ A, A1 ∈ A. Put T1 = T +A1. Then
T1 ∈ A. Let T2 be an operator defined by
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{
T2(p+1,p+1) = 0
T2(i,j) = A(i,j) otherwise.

Then T2 ∈ Ap,p+1. Since Ap,p+1 ⊂ A, T2 ∈ A. Put x =
A(p+1,p+1)

T(p+1,p+1)
. Then

xT1 ∈ A, A = xT1 + T2 and A ∈ A. So A = D1. It is a contradiction.
Hence A = Ap,p+1.

We can prove the following theorem by the similar proof of Theorem
9.

Theorem 10. Let p be a natural number and let A be a linear
manifold in AlgL such that Ap,p+1 ⊂ A ⊂ D2 = {T ∈ AlgL | T(p,p+1) = 0
and T(p+1,p+1) = 0}. Then A is an ideal in AlgL if and only if A =
Ap,p+1.

We denote Ap,q ∩ A0 by Ap,q
(0).

Theorem 11. Let p and q be natural numbers(p < q). Let A be a

linear manifold in AlgL such that Ap,p+1
(0) ⊂ A ⊂ A0. Then A is an

ideal in AlgL if and only if A = Ap,p+1
(0) or A = A0.

Proof. Let A be an ideal in AlgL. Assume that A 6= A(0)
p,p+1. Then

there exists an operator T ∈ A and T /∈ A(0)
p,p+1, i.e. T(p,p+1) 6= 0 and

T(i,i) = 0 for all i ∈ N. Let A ∈ A0. If A(p,p+1) = 0, then A ∈ Ap,p+1
(0)

and so A ∈ A. Let A(p,p+1) 6= 0. Let A1 be an operator defined by{
A1(p,p+1) = 0
A1(i,j) = A(i,j) otherwise.

Then A1 ∈ A(0)
p,p+1. Since A(0)

p,p+1 ⊂ A, A1 ∈ A. Define an operator
T1 by {

T1(p,p+1) = 0
T1(i,j) = −T(i,j) otherwise.

Then T1 ∈ A(0)
p,p+1. Since A(0)

p,p+1 ⊂ A, T1 ∈ A. Let T2 = T + T1.
Then T2 ∈ A and T2(p,p+1) = T(p,p+1) +T1(p,p+1) = T(p,p+1) and T2(i,j) =

0 otherwise. Put x =
A(p,p+1)

T(p,p+1)
. Then xT2 +A1 = A and so A ∈ A. Hence

A = A0.

Theorem 12. Let p and q be natural numbers(p < q). Then
i) Ap,p+1 ⊃ Ap,p+2 ⊃ Ap,p+3 ⊃ · · · .
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ii) Ap,p+1
(0) ⊃ Ap,p+2

(0) ⊃ Ap,p+3
(0) ⊃ · · · .

iii) Ap,q ⊂ Ap+1,q ⊂ Ap+2,q ⊂ · · · ⊂ Aq−1,q.

iv) Ap,q
(0) ⊂ Ap+1,q

(0) ⊂ Ap+2,q
(0) ⊂ · · · ⊂ A(0)

q−1,q.
v) Ap,q ⊃ Ap,q+1 ⊃ Ap,q+2 ⊃ · · · .
vi) Ap,q

(0) ⊃ Ap,q+1
(0) ⊃ Ap,q+2

(0) ⊃ · · · .

Let A be an ideal in AlgL. Let X = { (p, q) | T(p,q) = 0 for all
T ∈ A }. Let i, j be natural numbers and let Ei j be the operator
whose (i, j)-component is 1 and all other entries are 0. Let k ∈ N
and let n ∈ N. Put En

(k) =
∑n

i=1Ei i+k, E(k) =
∑∞

i=1Ei i+k. Then

En
(k) −→ E(k)(strongly).

Lemma 13. Let A be a strongly closed ideal in AlgL. Assume that
X = { (p, q) | T(p,q) = 0 for all T ∈ A } = ∅. Then E(k) ∈ A for all
k ∈ N.

Proof. Let k be a natural number. Since X = ∅, there exists
T (k,i) ∈ A such that T (k,i)

(i,i+k) 6= 0 for each i ∈ N. Let Ti
′ =

Ei iT
(k,i)Ei+k i+k = T (k,i)

(i,i+k)Ei i+k. Then Ti
′ ∈ A because A is an

ideal in AlgL. Since T (k,i)
(i,i+k) 6= 0 and A is an ideal in AlgL, Ei i+k ∈

A for each i ∈ N. Since A is an ideal in AlgL, Ei
(k) =

∑n
i=1Ei i+k ∈ A

for all n ∈ N. Since En
(k) −→ E(k)(strongly) and A is strongly closed,

E(k) ∈ A for all k ∈ N.

Theorem 14. Let A be a strongly closed ideal in AlgL. If X = ∅,
then A0 ⊂ A.

Proof. Let A = (aij) ∈ A0. Let B be an operator defined by{
B(1,k) = 0(k = 1, 2, · · · )
B(i,j) = ai−1 j(i = 2, 3, · · · and j = 1, 2, · · · ).

Then B ∈ AlgL. By Lemma 13, E(1) =
∑∞

i=1Ei i+1 is in A. Hence

E(1)B = A ∈ A.

Theorem 15. Let A be a linear manifold in AlgL such that A0 ⊂
A ⊂ A1. Then A is an ideal in AlgL if and only if A = A0.

Proof. Let A be an ideal in AlgL. Since A1 is not an ideal in AlgL,
there exists an operator T in A1 such that T /∈ A. Let T(i,i) = α(i =
1, 2, · · · ). Let A ∈ A and let A(i,i) = β(i = 1, 2, · · · ). If β = 0, then
A ∈ A0. If β 6= 0, then A− (A− βI) = βI ∈ A. Since β 6= 0, I ∈ A. So
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IS = S ∈ A for all S in AlgL. Hence A = AlgL. It is a contradiction.
So β = 0 and hence A = A0.
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