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IDEALS IN THE UPPER TRIANGULAR OPERATOR
ALGEBRA ALGZL

SANG K1 LEe AnD Joo Ho Kang*

Abstract. Let H be an infinite dimensional separable Hilbert space
with a fixed orthonormal base {e1,es,--}. Let £ be the subspace
lattice generated by the subspaces {[e1], [e1, e2], [e1, €2, €3], - - - } and
let AlgL be the algebra of bounded operators which leave invariant
all projections in £. Let p and ¢ be natural numbers(p < ¢q). Let
Bpg={T¢cAlgl | Tpq) =0 }. Let A be a linear manifold in
AlgL such that {0} € A C B, 4. If Ais an ideal in AlgL, then
To,)=0,p<i<qandi<j<qforal Tin A

1. Introduction

Let H be an infinite dimensional separable Hilbert space with a
fixed orthonormal base {ej,ea,---} and let B(H) be the algebra of
all bounded operators on H. If z1,x9,- -,z are vectors in H, we
denote by [x1, 2, -, x| the closed subspace spanned by the vectors
r1,%2, - ,Tk. We denote by L the subspace lattice generated by the
subspaces {[e1], [e1,e2], - ,[e1,€2, - ,en], - }. We usually identify pro-
jections and their ranges, so that it makes sense to speak of an operator
as leaving a projection invariant. By AlgLl, we mean the algebra of
bounded operators which leave invariant all subspaces in L. It is easy
to see that all such operators have the following matrix form
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where all non-starred entries are zero. We call the algebra Algl by the
upper triangular operator algebra.

2. Examples of ideals in Algl

Let A be a linear manifold in Algl. We say that A is a left ideal in
Algl if AT € A for all A in AlgL and T in A. A is called a right ideal
in AlgC if TA € A for all A in AlgL and T in A. A is said to be an
ideal in AlgL if A is a left ideal in AlgL and a right ideal in AlgL. A is
called a prime ideal in AlgL if and only if AB € A for A in Algl and
B in AlgL, then A € Aor B € A. Ais called a mazimal ideal in Algl
if and only if A # AlgL and if there does not exist an ideal M in AlgLl
such that A in A C M C AlgL, then M = AlgL. Let I be the identity
operator on H in this paper. Let C be the set of all complex numbers
and let N={1,2,---}.

If we know the following facts, then we can easily prove the following
examples.

Let A = (ai;) and T = (t;;) be operators in AlgL. Then

(1) the (p, p)-entry of AT is aypty, for allp=1,2,---

(2) the (p, p)-entry of T'A is tppap, for all p=1,2,---

(3) the (p, q)-entry of AT is

Applpg + ap prilpr1 gt - + ap g-1tg-1 g + Apgleq(p < q)

(4) the (p, q)-entry of T'A is

toppg +tp p1ap1 g 0 + tp g—1ag—1 g + tpglge(P < q)

We denote T{; ;) by the (i, j)-component of T" for an operator 7'.

Example 1. Let Ay ={ T € AlgL | T(;;) =0, i € N }. Then Ay is
an ideal in AlgL.
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Example 2. Let A be a nonempty subset of N and let Ay ={ T €
Algl | T;; =0,i€ A }. Then Ay is an ideal of AlgL.

Example 3. Let I be the identity operator on H and let A; =
{al+T|T¢€ Ay, € C}. Then Aj is not an ideal in AlgL.

Example 4. Let p and ¢ be natural numbers such that p < q.
Let By, ={1T € AlgL [Ty =0 }. If p=gq, then B, is an ideal
of AlgL. If p < g, then B, 4 is not an ideal of AlgL.

Example 5. Let p and ¢ be natural numbers(p < gq).

i) Let BY,, ={ T € Algl | Tipirq = 0,k =0,1,2,---,g—p }.
Then B(l)pg is not an ideal in AlgL.

ii) Let B, ={T € AlgL | Tippin) =0,k =0,1,2,--- ,¢—p }.
Then 8(2)1,@ is not an ideal in AlgL.

iii) Let B®,, = { T € AlgL | Tiping = 0, Tppin) = 0.k =
0,1,2,---,g—p }. Then 8(3)qu is not an ideal in AlgL.

iv) Let B, ={T € AlgL | Tipirg) =0, Tippir) = 0, Tpikpin) =
0,k=0,1,2,--- ,¢g—p }. Then 8(4)p,q is not an ideal in AlgL.

Example 6. Let p and ¢ be natural numbers(p < ¢). Let A,, =
{TeAlgl|T;;=0,p<i<qgandi<j<q}. Then Ay, is an ideal
in AlgL.

3. Properties of ideals of Algl

Theorem 1. Let k be a natural number. Then
(1) Ay is prime and (2) Agy is mazimal.

Proof. (1) Let A = (ai;) and T = (t;;) be elements of AlgL. If
(AT)(k,k) = apptpr = 0, then agp, = 0 or g, = 0. So A € .A{k} or
T e Agy-

(2) Let M be an ideal in Algl such that Ay, € M C AlgL. Let
Aqry # M. Then there exists an operator T' = (t;;) in M and T' ¢ Ay,
ie. Tip # 0. Let A= (a;;) € AlgL. If agr = 0, then A € Ayy,. Since
Ay CM, Ae M. Let agg, # 0. Let Ay be an operator defined by

A1) =0
Al(m) = a;; otherwise.
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Then A; € Ag,y. Since Agy C M, Ay € M. Let Ti be an operator
defined by

Ti(kry =0

Th(i ) = — 1,5 otherwise.
Then Ty € Agpy. Since Agyy C M, Ty € M. Put T = T + T1. Then
Ty € M, Tog k) = Tk ) and To(; ) = 0 otherwise. Let a = T?;fi) Then

aTly+ A1 = A and A € M. Hence M = AlgL. O

Theorem 2. Let p and q be natural numbers(p < q). Let A be a
linear manifold in AlgL such that {0} C A C B, 4. If A is an ideal in
AlgL, thenT(; jy =0,p<i<qandi < j< qforallT in A---vvvvoe (%)
i.e. ACAp,.

Proof. Let A be an ideal in Algl. Let T' € A and let A be in AlgL.
Then AT ¢ Aand TA e A.

Since (AT)(p,q) = App)Tpg) T Appt) T T+ Ape-1)Tg-19)

+A(p7q)T(q7q) = 0forall Ain AlgL, T(p’q) =0, T(erl,fI) =0,--- ,T(q,Lq)
07 T(q’q) — .
Since (T'A)(p,q) = Top)Awpa + TpprAptig T+ Tpg-1)Ag-19)
+T(p,q)A(q,q) =0forall Ain Algﬁ, T(p,p) = 0, T(p,p—O—l) =y, 7T(p,q—1)

0, Tip.q)
Since (TA)p11.9) = Tipr1pr1)Apr1q) T Tpr1pt2)Aprag + o+
Tip+1.0-1)Aq-1,0) T T(pt1,9) A(gq) = O for all Ain AlgLl, Ty py1y = 0,
Tpr1p+2) = 0 Tip1,g-1) = 0, Tipy1,9) = 0
Since (TA)g-19) = Tig-14-1)A(g-149) + T(g-1,9)A(q.9 = 0 for all A

in AlgL, Tiy—1,4—1) = 0,T(4—1,¢ = 0. Thus () holds. Since (T'A)

T(q,q)A(q,q) =0 for all A in Algﬁ, T(qﬂ) =0.

If () holds for all T"in A, then A C A, ,. O

(9,9) —

Corollary 3. Let p and q be natural numbers such that p < q and
let A be a linear manifold in AlgL such that A, C A C B,g. Then A
is an ideal in AlgL if and only if A= Ap,.

Corollary 4. Let p and q be natural numbers such that p < q and
let A be a linear manifold in AlgL such that Ay, C A C B(l)nq. Then
A is an ideal in AlgL if and only if A= A, 4.

Corollary 5. Let p and q be natural numbers such that p < q and
let A be a linear manifold in AlgL such that A,, C A C 8(2)p7q. Then
A is an ideal in AlgL if and only if A= Apq.
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Corollary 6. Let p and q be natural numbers such that p < q and
let A be a linear manifold in AlgL such that A,, C A C B®), .. Then
A is an ideal in AlgL if and only if A= A, ,.

Corollary 7. Let p and q be natural numbers such that p < q and
let A be a linear manifold in AlgL such that A,, C A C 8(4)p7q. Then
A is an ideal in AlgL if and only if A= Apq.

If we repeat the proof of Theorem 2, then we can prove Theorem 8.

Theorem 8. Let p a natural number and let A be a linear manifold
in AlgL such that Bypi1 = {T € AlgL | T(ppi1y = 0 C A C AlgL.
Then A is an ideal in AlgL if and only if A = AlgL.

Proof. Let A be an ideal in AlgL. Since B 41 is not an ideal in
AlgL, there exists an operator T in A but T' ¢ B}, 11, i.e. Ty pe1) 7 0.
Let A € Algl. If Ay, pi1y = 0, then A € By 1. Since Bypi1 C A,
A€ A Let Ay ppr) # 0. Let G be an operator defined by

Gppr1) =0

G(i,j) = —Tij otherwise.
Then G € A. Let Ty = T + G. Then T7 € A. Let Ty be an operator
defined by

Tappr1) =0
Tg(i,j) = A(Lj) otherwise.

Then Th € A. Let x = w. Then A = 2T + 15 and A € A. Hence

(p,p+1)

A= AlgL. dJ

Theorem 9. Let p be a natural number and let A be a linear manifold
in AlgL such that Appr1 C A C Dy ={T € AlgL | Ty pt1) = 0 and
Tpp) = 0}. Then A is an ideal in AlgL if and only if A = Appi1.

Proof. Let A be an ideal in AlgL. Suppose that A # A, ,+1. Then
there exists an operator T'in A and T' ¢ Ay p11, i.e. Tipiqpy1) # 0. Let
AeDy. If A(p—f—l,p—‘rl) =0, then A € .Ap7p+1. Since .Ap7p+1 CA Aec A
Let Apy1p41) # 0. Let Ay be an operator defined by

A1(pt1p+1) =0
Al(i,j) = —T(i,j) otherwise.

Then A; € Appy1. Since Ay i1 C A, Ay € A Put Ty =T + Ay. Then
Ty € A. Let T be an operator defined by
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{ T(pt1,p+1) =0

TQ(i,j) = A(Lj) otherwise.
Then T5 € Aj, 41. Since A, pp1 C A, Th € A. Put z = % Then
p sP
2y e A, A=x2T1 +T5 and A € A. So A= D;. It is a contradiction.
Hence A = Ay, 41. O

We can prove the following theorem by the similar proof of Theorem
9.

Theorem 10. Let p be a natural number and let A be a linear
manifold in AlgL such that Ap i1 C A C Do ={T € AlgL | T(ps1) =0
and Tpy1p+1) = 0} Then A is an ideal in AlgL if and only if A =

Appti-
We denote A, , NAg by A, 0.

Theorem 11. Let p and q be natural numbers(p < q). Let A be a
linear manifold in AlgL such that Ap7p+1(0) c AcC Ay. Then A is an
ideal in AlgL if and only if A = Ay, 1Y or A = Ay.

Proof. Let A be an ideal in AlgL. Assume that A # A;?I), +1- Then
there exists an operator T' € A and T ¢ A(O)p,p_i_l, ie. T(ppi1) # 0 and

Tiiy =0 forall i € N. Let A € Ag. If Ay, 41 =0, then A € Ay,
and so A € A. Let A, 1) #0. Let Ay be an operator defined by

Arppr1) =0
1(i,5) = A(i,j) otherwise.

Then A; € A(O)p,pﬂ. Since A(O)p7p+1 C A, A; € A. Define an operator
Ty by

Tippt1) =0
Tl(i,j) = _T(Lj) otherwise.
Then Ty € A, 1. Since A, 11 C A, 71 € A Let Th = T + Th.
Then Tp € A and Toppr1) = Tipp1) T Tipp+1) = Tippr1) and Do) =
0 otherwise. Put z = %. Then 715+ A; = A and so A € A. Hence
p,p
A= Ap. O
Theorem 12. Let p and q be natural numbers(p < q). Then
i) App+1 D Appra D Appig Do
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i) Appi1®@ D Appio® D Appis® o

W) Apq C Apti,g C Aprog C - C Ag—1,4-

) Apg® € Api14® € Apio @ o AO .
v) Apg D Apgi1 D Apgia Do

vi) Ap @ D Ap g1 D Ay D

Let A be an ideal in Algl. Let X = { (p,q) | T(;4 = 0 for all
T € A }. Let i,j be natural numbers and let E; ; be the operator
whose (i, j)-component is 1 and all other entries are 0. Let k € N
and let n € N. Put E,®) =7 E; 1y, E® =% E; ;1. Then
E,*®) — E®) (strongly).

Lemma 13. Let A be a strongly closed ideal in AlgL. Assume that
X={(0a | Tpq =0foralTec A} =0. Then E®) ¢ A for all
ke N.

Proof. Let k be a natural number. Since X = (), there exists
T®) e A such that T(k’i)@”k) # 0 for each i € N. Let T) =
B T*IEi i = T(k7i)(z-7i+k)Ei irk- Then T;' € A because A is an
ideal in AlgL. Since T(k7i)(i,l~+k) # 0 and A is an ideal in Algl, E; ;1 €
A for each 7 € N. Since A is an ideal in AlgL, E;F) = Y Eiipre A
for all n € N. Since E,*) — E®*) (strongly) and A is strongly closed,
E®) € Afor all k € N. O

Theorem 14. Let A be a strongly closed ideal in Algl. If X =),
then Ay C A.

Proof. Let A = (a;j) € Ao. Let B be an operator defined by

Bijy=ai-1(i=2,3,--- and j =1,2,---).

Then B € Algl. By Lemma 13, E) = "% F; ;4 is in A. Hence
EMB=Ac A O

Theorem 15. Let A be a linear manifold in AlgL such that Ay C
A C Ay. Then A is an ideal in AlgL if and only if A= Ayp.

Proof. Let A be an ideal in AlgL. Since A; is not an ideal in AlgL,
there exists an operator T'in Ay such that T' ¢ A. Let Tj; ;) = a(i =
1,2,---). Let A€ Aandlet Aj; = B(i = 1,2,--+). If 3 =0, then
Ae Ay If 5 #0, then A— (A—pI)=p1 € A. Since 5 #0, I € A. So
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IS =5 ¢€ Aforall §in Algl. Hence A = AlgL. It is a contradiction.
So 5 =0 and hence A = Ajg. d
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