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([r, s], [t,u])-INTERVAL-VALUED INTUITIONISTIC FUZZY
GENERALIZED PRECONTINUOUS MAPPINGS

CHUN-KEE PARK

ABSTRACT. In this paper, we introduce the concepts of ([r, s], [t, u])-
interval-valued intuitionistic fuzzy generalized preclosed sets and
([r, 8], [t, u])-interval-valued intuitionistic fuzzy generalized preopen
sets in the interval-valued intuitionistic smooth topological space
and ([r, s], [t, u])-interval-valued intuitionistic fuzzy generalized pre-
continuous mappings and then investigate some of their properties.

1. Introduction

After Zadeh [16] introduced the concept of fuzzy sets, there have been
various generalizations of the concept of fuzzy sets. Chang [5] introduced
the concept of fuzzy topology on a set X by axiomatizing a collection T" of
fuzzy subsets of X and Coker [7] introduced the concept of intuitionistic
fuzzy topology on a set by axiomatizing a collection 7" of intuitionistic
fuzzy subsets of X. Chattopadhyay, Hazra and Samanta [6,9] intro-
duced the concept of gradation of openness of fuzzy subsets. Zadeh [17]
introduced the concept of interval-valued fuzzy sets and Atanassov [1]

Received November 16, 2016. Revised December 07, 2016. Accepted December
08, 2016.

2010 Mathematics Subject Classification: 54A40, 54A05, 54C08.

Key words and phrases: interval-valued intuitionistic smooth topological space,
([ry 8], [t, u])-interval-valued intuitionistic fuzzy generalized preclosed set, ([r, s], [, u])-
interval-valued intuitionistic fuzzy generalized preopen set, ([r,s],[t, u])-interval-
valued intuitionistic fuzzy generalized precontinuous mapping.

This study was supported by 2016 Research Grant from Kangwon National Uni-
versity(No. 520160114).

© The Kangwon-Kyungki Mathematical Society, 2017.

This is an Open Access article distributed under the terms of the Creative com-
mons Attribution Non-Commercial License (http://creativecommons.org/licenses/by
-nc/3.0/) which permits unrestricted non-commercial use, distribution and reproduc-
tion in any medium, provided the original work is properly cited.



2 Chun-Kee Park

introduced the concept of intuitionistic fuzzy sets. Atanassov and Gar-
gov [2] introduced the concept of interval-valued intuitionistic fuzzy sets
which is a generalization of both interval-valued fuzzy sets and intuition-
istic fuzzy sets. Mondal and Samanta [10,15] introduced the concept of
intuitionistic gradation of openness and defined an intuitionistic smooth
topological space. In [13], we introduced the concept of interval-valued
intuitionistic gradation of openness and defined an interval-valued intu-
itionistic smooth topological space. Fukutake, Saraf, Caldas and Mishra
[8] introduced the concepts of generalized preclosed fuzzy sets and fuzzy
generalized precontinuous mappings in fuzzy topological spaces.

In this paper, we introduce the concepts of ([r, s|, [t, u])-interval-valued
intuitionistic fuzzy generalized preclosed sets and ([r, s], [t, u])-interval-
valued intuitionistic fuzzy generalized preopen sets in the interval-valued
intuitionistic smooth topological space and ([r, s|, [t, u])-interval-valued
intuitionistic fuzzy generalized precontinuous mappings and then inves-
tigate some of their properties.

2. Preliminaries

Throughout this paper, let X be a nonempty set, I = [0, 1], Iy = (0, 1]
and I; = [0,1). The family of all fuzzy sets of X will be denoted by
I*. By Ox and 1y we denote the characteristic functions of ¢ and X,

respectively. For any A € IX, A¢ denotes the complement of A, i.e.,
Ac=1x — A.

DEFINITION 2.1.[3,6,14]. A gradation of openness (for short, GO) on
X, which is also called a smooth topology on X, is a mapping 7 : IX — [
satisfying the following conditions:

(01) 7(0x) = 7(1x) = 1,

(02) 7(AN B) > 7(A) A 7(B) for each A, B € I’X,

(03) 7(User A;) > Nier T(A;), for each subfamily {4; :i € T} C I¥.

The pair (X, 7) is called a smooth topological space (for short, STS).

DEFINITION 2.2.[10]. An intuitionistic gradation of openness (for
short, IGO) on X, which is also called an intuitionistic smooth topology
on X, is an ordered pair (7,7*) of mappings from I to I satisfying the
following conditions:

(IGO1) 7(A) + 7*(A) < 1 for each A € IX,

(IGO2) 7(0x) =7(1x) =1 and 7*(0x) = 7*(1x) = 0,
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(IGO3) 7(ANB) > 7(A) A7(B) and 7" (AN B) < 7%(A) V 7*(B) for
each A, B € IX,

(IGO4) T(UieI‘ Al) > /\iEF T(Al) and T*(Uiel“ Al) < \/ier T*(AZ) for
each subfamily {A; : 1 € T} C IX.

The triple (X, 7, 7*) is called an intuitionistic smooth topological space
(for short, ISTS). 7 and 7* may be interpreted as gradation of openness
and gradation of nonopenness, respectively.

DEFINITION 2.3.[10]. Let (X, 7,7*) and (Y, 7n,n*) be two ISTSs and
let f: X — Y be amapping. f is called a gradation preserving mapping
(for short, a GP-mapping) if for each A € I, n(A) < 7(f71(4)) and
n*(A) = 7 (f71(A4)).

Let D(I) be the set of all closed subintervals of the unit interval I.
The elements of D(I) are generally denoted by capital letters M, N, - - -
and M = [M*, MVY], where ML and MV are respectively the lower and
the upper end points. Especially, we denote r = [r,r| for each r € I.
The complement of M, denoted by M€, is defined by M =1—- M =
[1— MY, 1— M¥*]. Note that M = N iff ML = N and MY = NV and
that M < N iff M* < NF and MY < NV,

DEFINITION 2.4.[17]. A mapping A = [AF AY] : X — D(I) is
called an interval-valued fuzzy set (for short, IVFS) on X, where A(z) =
[AL(z), AY(x)] for each x € X. AL(x) and AY(x) are called the lower
and upper end points of A(x), respectively.

DEFINITION 2.5.[11]. Let A and B be IVFSs on X.

(i) A= B iff A¥(z) = BY(x) and AY(z) = BY(z) for all z € X.

(i) A C B iff AL(x) < B¥(x) and AY(z) < BY(z) for all v € X.

(iii) The complement A of A is defined by A¢(z) = [1 — AY(z),1 —
AL(z)] for all x € X.

(iv) For a family of IVFSs {A; : ¢ € T'}, the union U;erA; and the
intersection N;crA; are respectively defined by

Uier Ai(z) = [Vier Al (z), Vier AY (z)],
Nier Ai () = [Nier A (2), Aier AY ()]
for all z € X.
DEFINITION 2.6.[2]. A mapping A = (a,va) : X — D(I) x D(I) is
called an interval-valued intuitionistic fuzzy set (for short, IVIFS) on X,
where 4 : X — D(I) and vy : X — D(I) are interval-valued fuzzy sets
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on X with the condition sup,¢ y 14 () +sup,cy ¥4 (z) < 1. The intervals
pa(r) = [ph(x), 4 (2)] and va(z) = [vi(2),vY (x)] denote the degree of
belongingness and the degree of nonbelongingness of the element = to

the set A, respectively.

DEFINITION 2.7.[12]. Let A = (pa,v4) and B = (up,vp) be IVIFSs
on X.

() A € Biff ph(x) < pp(r), pa(z) < pp(r) and vi(z) > vg(z),
(r) > v5(x) for all z € X.
(i) A=Biff AC Band B C A.
(iii) The complement A° of A is defined by pac(x) = va(z) and
vac(x) = pa(zx) for all x € X.

(iv) For a family of IVIFSs {4; : i € I'}, the union U;crA; and the
intersection N;erA; are respectively defined by

Huer A, (ZL’) - UiGF:uAi ('17)7 Wer4; ({L‘) = miEFVAi (:L‘)7

Hryer4; (l‘) = miEF:uAi<x>7 Vnier4; ((I}) = Uijerva, (.%’)
for all z € X.

DEFINITION 2.8.[4]. Let (X,7) be a fuzzy topological space.

(i) A fuzzy set A in X is called a preopen fuzzy set if A C int(cl(A))
and a preclosed fuzzy set if cl(int(A)) C A.

(ii) The preclosure of a fuzzy set A in X is the intersection of all
preclosed fuzzy sets containing A and is denoted by pcl(A).

(iii) A fuzzy set A in X is called a generalized preclosed fuzzy set if
pcl(A) C U whenever A C U and U is an open fuzzy set in X. The
complement of a generalized preclosed fuzzy set is called a generalized
preopen fuzzy set.

DEFINITION 2.9.[4]. Let (X,7T) and (Y,U) be two fuzzy topological
spaces. A mapping f: X — Y is called fuzzy generalized precontinuous

if f71(A) is a generalized preclosed fuzzy set in X for every closed fuzzy
set Aof Y.

3. ([r,s], [t,u])-interval-valued intuitionistic fuzzy generalized
preclosed and preopen sets

DEFINITION 3.1.[13]. An interval-valued intuitionistic gradation of
openness (for short, IVIGO) on X, which is also called an interval-
valued intuitionistic smooth topology on X, is an ordered pair (1, 7*) of
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mappings 7 = [7%,7V] : IX — D(I) and 7 = [r*F, Y] . IX = D(I)
satisfying the following conditions:

(IVIGO1) 75(A) < 7Y(A), 7F(A) < 7Y(A) and 7V (A)+ 7V (A) < 1
for each A € I,

(IVIGOQ) T(Ox) = T(lx) =1 and T*<Ox) = T*(lx) = O,

(IVIGO3) 75(AN B) > 75 (A) AT5(B), TY(AN B) > 7Y (A) A7Y(B)
and 7*H(AN B) < 74 (A) v H(B), V(AN B) < 7Y (A) v Y(B) for
each A, B € IX,

(IVIGO4) 75(Uier Ai) > Aier 7H(A;), 7V (Uier Ai) > Nier 7Y (A))
and T*L(UZ’GF A1> S \/iep T*L<Ai), T*U(UZ’GF A1> S \/iep T*U(Ai) for each
subfamily {4; :7 € T} C I¥.

The triple (X, 7,7") is called an interval-valued intuitionistic smooth
topological space (for short, IVISTS). 7 and 7" may be interpreted as
interval-valued gradation of openness and interval-valued gradation of
nonopenness, respectively.

DEFINITION 3.2.[13]. An interval-valued intuitionistic gradation of
closedness (for short, IVIGC) on X, which is also called an interval-
valued intuitionistic smooth cotopology on X, is an ordered pair (F, F*)
of mappings F = [FL, FV] . I¥ — D(I) and F* = [F*5, F*V] . [¥ —
D(I) satisfying the following conditions:

(IVIGC1) FE(A) < FY(A), F*L(A) < F*Y(A) and FU(A)+FV(A) <
1 for each A € I¥,

(IVIGC2) F(0x) = F(1x) =1 and F*(0x) = F*(1x) = 0,

(IVIGC3) FL(AUB) > FE(A)ANFE(B), FY(AUB) > FY(A)AFY(B)
and F*X(AUB) < F*¥(A) v F*X(B), F*Y(Au B) < F*Y(A) v F*Y(B)
for each A, B € I¥,

(IVIGC4) FL(Nier As) > Nier FE(A), FY(Nier Ai) > Nier FU(A;)
and F*(Mier A;) < Vier FH(A4), F*V(Nier Ai) < Vier F*YU(A;) for
each subfamily {A; : 1 € T} C IX.

For an IVIGO (7,7*) and an IVIGC (F,F*) on X, we define
Tr(A) = F(A%), T5(A) = F*(4%),
Fr(A) = 7(A%), Fl.(A) = 7(A%)
for each A € IX.

DEFINITION 3.3. Let (X, 7,7*) be an IVISTS, A € I* and [r,s] €
D(Io), [t,u] S D(Il) with s + u <1
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(i) A is called an ([r, s], [t, u])-interval-valued intuitionistic fuzzy open
set (for short, ([r, s, [t, u])-IVIFOS) if 7(A) > [r,s] and 7*(A) < [¢, u].

(i) Ais called an ([r, s, [t, u])-interval-valued intuitionistic fuzzy closed
set (for short, ([r, s], [t,u])-IVIFCS) if F.(A) > [r, s] and F'.(A) < [t, u.

DEFINITION 3.4. Let (X, 7,7*) be an IVISTS, A € I and [r,s] €
D(Iy), [t,u] € D(I;) with s +u < 1. The ([r,s], [t,u])-interval-valued
intuitionistic fuzzy closure and ([r, s, [t, u])-interval-valued intuitionistic
fuzzy interior of A are defined by

Al giu)(A) = {K € I* : ACK, F.(K)>[r,s], Fr(K) < [t,ul},

ity g (A4) =U{G e I* .G CA, 7(G) > [rs], 7(G) < [t,u]}.

DEFINITION 3.5. Let (X,7,7*) be an IVISTS, A € I and [r,s] €

(i) A is called an ([r, s, [t, u])-interval-valued intuitionistic fuzzy pre-
open set (for short, ([r, s], [t, u])-IVIFPOS) if A C inty g i (i)t (A))-

(ii) A is called an ([r, s], [t, u])-interval-valued intuitionistic fuzzy pre-
closed set (for short, ([r,s],[t,u])-IVIFPCS) if A° is an ([r,s], [t, u])-
IVIFPOS, or equivalently, Cl[r,sL[t,u] (int[r75]7[t7u](14)) g A.

Note that if A is an ([r, s], [t, u|)-IVIFOS then A is an ([r, s], [¢, u])-
IVIFPOS and that if Ais an ([r, s], [t, u])-IVIFCS then A is an ([r, s], [t, u])-
IVIFPCS.

REMARK 3.6. Let (X, 7,7*) be an IVISTS, A € I* and [r, s] € D(Iy),
[t,u] € D(I;) with s +u < 1. Then

(i) Any intersection of ([r, s|, [t, u])-IVIFPCSsis an ([r, s], [¢, u])-IVIFPCS.

(ii) Any union of ([r, s], [t, u])-IVIFPOSs is an ([r, s], [t, u])-IVIFPOS.

DEFINITION 3.7. Let (X, 7,7*) be an IVISTS, A € [ and [r,s] €
D(1y), [t,u] € D(I;) with s +u < 1. The ([r, s], [t,u])-interval-valued
intuitionistic fuzzy preclosure and ([r, s], ¢, u])-interval-valued intuition-
istic fuzzy preinterior of A are defined by

peliy g (A) =N{K € I* : ACK, K is an ([r, s, [t,u])-IVIFPCS},

pintp g e (A) = U{G € I* : G C A, Gisan ([r,s], [t,u])-IVIFPOS}.

Note that int[r7s]7[t,u}(A) C pint[r7s]7[t’u](z4) CAC pCl[r,s],[t,u]<A)
C Clrs] [t,u] (A)

DEFINITION 3.8. Let (X, 7,7*) be an IVISTS, A € I* and [r,s] €
D(Io), [t,u] S D(Il) with s + u <1
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(i) A is called an ([r, s], [¢, u])-interval-valued intuitionistic fuzzy gen-
eralized preclosed set (for short, ([r, s], [t, u])-IVIFGPCS) if pcl(jr. o 1t,u) (A)
C U whenever A C U and U is an ([r, s], [t, u])-IVIFOS.

(ii) A is called an ([r, s], [t, u])-interval-valued intuitionistic fuzzy gen-
eralized preopen set (for short, ([r, s], [¢t, u])-IVIFGPOS) if A°is an ([r, s],
[t, u])-IVIFGPCS, or equivalently, U C pint}, 4 1.4 (A)) whenever U C A
and U is an ([r, s], [t, u])-IVIFCS.

Note that if A is an ([r, s, [t, u|)-IVIFPCS then A is an ([r, 5], [¢, u])-
IVIFGPCS and that if A is an ([r,s], [t,u])-IVIFPOS then A is an
([, s], [t, u])-IVIFGPOS.

EXAMPLE 3.9. The intersection of two ([r, s], [t, u])-IVIFGPCSs need
not be an ([r, s], [t,u])-IVIFGPCS and the union of two ([r,s], [t, u])-
IVIFGPOSs need not be an ([r, s], [¢, u])-IVIFGPOS.

Let X = {a,b,c}. Define Gy, G, G3 € I¥ as follows:

G = {(CL, 1)? (b7 0)7 (Ca O)}v Gy = {<a’ 1)7 (bv 1)’ (C, O)}a
Gs3 = {(aa 1)7 (b7 0)7 (Ca 1)}

Define 7,7* : I* — D(I) as follows:

(1 if Ae{0x,1x},

[0.7,0.8] if A= Gy,

7(A) =< [0.5,0.6] if A= Gy,

0.3,04] if A=Gj,

\ 0 otherwise.

(0 if Ae {Ox, 1)(},
0.1,0.2] if A =Gy,
7(A) = [0.3,04] if A= Gy,

0.5,0.6] if A= G,
| 1 otherwise.
Then (X, 7,7%) is an IVISTS. Let [r, s] = [0.6,0.7] and [t,u] = [0.2,0.3].
Then int[ns]’[t’uﬂGQ) = G and Cl[ns],[t,u](Gl) = 1lx. Hence Cl[hSHtvU]
(intp g ) (G2)) = 1x € Go. Thus G is not an ([r, s], [t, u])-IVIFPCS.
Similarly, G3 is not also an ([r, s], [t, u])-IVIFPCS. Let Gy C U and let
U be an ([r, s],[t,u])-IVIFOS. Then U = 1x and so pclj .4 (G2) C
lx = U. Hence Gy is an ([r, s, [t, u])-IVIFGPCS. Similarly, G3 is also
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an ([r, s], [t,u])-IVIFGPCS. Since GoNG3 = Gy and intp g 1. (G1) = Gy
and Cl[r,s},[t,u](Gl) = 1X7 Cl[r,s},[t,u] (int[r75]7[t7u] (Gl)) = 1X ,«Q_ Gl. Hence G1
is not an ([r, s], [t, u])-IVIFPCS. Also G, is an ([r, s], [t, u])-IVIFOS. Let
G ={(a,1),(b,s),(c,t)} € I, where s,t € (0,1). Then intp, g .(G) =
G1 and so iy g (intp sy (G)) = 1x € G. Hence G is not an
([r, s], [t, u])-IVIFPCS. Therefore the set for which K is an ([r, s], [, u])-
IVIFPCS with Gy € K is only K = 1x. Hence pclpy g 1 (G1) = {K €
I : Gy C K, K isan ([r,s], [t,u])-IVIFPCS} = 1y ¢ G;. Therefore
G2 N G3 = Gy is not an ([r, s, [t, u])-IVIFGPCS.

By taking the complement in the above example, the union of two
([r, s, [t, u])-IVIFGPOSs need not be an ([r, s, [t, u])-IVIFGPOS.

DEFINITION 3.10. Let (X, 7,7*) be an IVISTS, A € IX and [r,s] €
D(Iy), [t,u] € D(Iy) with s+u < 1. The ([r, 5], [t, u])-interval-valued in-
tuitionistic fuzzy generalized preclosure and ([r, s|, [t, u])-interval-valued
intuitionistic fuzzy generalized preinterior of A are defined by

gpcliy st (A) = {K € I* : AC K, Kis an ([r, ], [t, u])-IVIFGPCS},

gpintyy g (A) = U{G € I* : G C A, Gis an ([r, s], [t, u])-IVIFGPOS}.

Note that int[r,s],[t,u]<A) - pint[r,s}’[tm](z‘l) C gpinty. )it (A) C AC
gpclips) jtu)(A) C pelpg 100 (A) S lipg it (A)-

THEOREM 3.11. Let (X,7,7*) be an IVISTS, A, B € IX and [r,s] €
D(Iy), [t,u] € D(Iy) with s +u < 1. Then
() ngl[T‘ s, [tu] (OX) = Ox.
( ) AC ngl[r‘s 1,[¢, u](A)
(ili) A = gpclyy g, (A) if A is an ([r,s], [t,u])-IVIFGPCS.
(iv) gpclyy gt (A) € gpclyy g (B) if A C B.
(v) gpclps),jtu) (AU B) 2 gpcliy g it (A) U gpcly o) .0 (B),
grclie s, it) (AN B) C gpclir o) (A) N gpcliy o .0 (B).
(vi) gpcliy. o1t (g0l 5] 1t (A)) = gpclpy g it (A)
(Vi) gpcliy st (A°) = (gpint (s it (A))°.

Proof. (i), (ii), (iii) and (iv) follow directly from Definition 3.10.

(v) It follows directly from (iv).

(vi) By (ii) and (iv), gpclirg), tu]<A) C gpclyg), [tU(nglrs [tU](A))
Suppose that gpclyy. g i (908 1.0 (A)) € gpcliy g0 (A). Then there
exists € X such that (gpcly g 1 (4))(x) < (gpcl[r st (9Pl o) 110 (A))) ().
Choose a € (0,1) with (gpclpy g0 (A))(x) < a < (gpcliy o, 1t,0 (9P ot
(A)))(z). Since (gpcly.s,iu(A))(x) < a, by Definition 3.10, there ex-
ists an ([r, s|, [t,u])-IVIFGPCS K such that A C K and K(z) < a.



([r, 8], [t, u])-IVIFG precontinuous mappings 9

Since K is an ([r, s, [t, u])-IVIFGPCS with A C K, gpcly q,1tu(A) € K
and also gpcliy, g (1.1 (9Pl s 11,0 (A)) € K. Hence (gpclyy s, (90 s),tu)
(A)))(xz) < K(x) < a. This is a contradiction. Hence gpclyy g 1,4 (90 5] ]
(A)) C gpclyq) it (A). Therefore gpcly o it (g0l 8) 1t (A)) = 9Pl o) 14
“ >(V1 ) By Definition 3.10, we have

9Py o) jtu (A%)

=n{K € I*:A°CK, K isan ([r,s], [t,u])-IVIFGPCS}

=n{G° € I*: A°C G° G°is an ([r, 8], [t, u])-IVIFGPCS}

= (U{GeI*:GCA, Gisan (r,s],[t,u])-IVIFGPOS})*

= (gpinty o jtu) (A))°
Il

THEOREM 3.12. Let (X,7,7*) be an IVISTS, A, B € I* and [r,s] €
D(Iy), [t,u] € D(Iy) with s +u < 1. Then
(i) gpintp g (1x) = 1x.
( ) gpzntrs 1,[t, u](A) C A.
(iii) A = gpinty g 10 (A) if A s an ([r,s], [t,u])-IVIFGPOS.
(iv) gpinty g pu(A) C gpinty g (B) if A C B.
(v) gpinty. g (AU B) 2 gpinty g iu(A) U gpinty o0 (B),
gprint s t.u (AN B) C gpintp. g .0 (A) 0 gpintp. g . (B).
(Vi) gpintp s t.u) (gPINT 8] 1) (A)) = gPint}r o 10 (A).
(Vii) gpintq) 1) (A°) = (gpelirs)ju (A))°

Proof. The proof is similar to Theorem 3.11.
O

4. ([r,s], [t,u])-interval-valued intuitionistic fuzzy generalized
precontinuous mappings

DEFINITION 4.1. Let (X, 7,7*) and (Y,n,n*) be two IVISTSs and
[r,s] € D(Iy), [t,u] € D(I;) with s+u < 1landlet f: X — Y bea
mapping.

(i) f is called an ([r, s, [t, u])-interval-valued intuitionistic fuzzy gen-
eralized precontinuous mapping (for short, ([r,s], [t,u])-IVIFG precon-
tinuous mapping) if f~'(A) is an ([r, s], [t, u])-IVIFGPCS of X for each
([, s], [t,u])-IVIFCS A of Y.
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(ii) f is called an ([r, s|, [t, u])-interval-valued intuitionistic fuzzy gen-
eralized preopen mapping (for short, ([r,s|, [t,u])-IVIFG preopen map-
ping) if f(A) is an ([r, s], [t, u])-IVIFGPOS of Y for each ([r,s|, [¢,u])-
IVIFOS A of X.

(i) f is called an ([r,s], [t,u])-interval-valued intuitionistic fuzzy
generalized preclosed mapping (for short, ([r,s], [t,u])-IVIFG preclosed
mapping) if f(A) is an ([r,s], [t, u])-IVIFGPCS of Y for each ([r,s],
[t, u])IVIFCS A of X.

(iv) f is called an ([r, s, [t, u])-interval-valued intuitionistic fuzzy gen-
eralized preirresolute mapping (for short, ([r, s, [t, u])-IVIFG preirreso-
lute mapping) if f~'(A) is an ([r, s], [t,u])-IVIFGPCS of X for each
([r,s], [t, u])-IVIFGPCS A of Y.

Note that f : X — Y is an ([r, s, [t, u])-IVIFG precontinuous map-
ping if and only if f~'(A) is an ([r, 5], [t, u])-IVIFGPOS of X for each
([r, s], [t,u])-IVIFOS A of Y.

THEOREM 4.2. Let (X, 7,7*) and (Y, n,n*) be two IVISTSs and [r, s] €
D(1y), [t,u] € D(I;) with s+u < 1 andlet f : X — Y be a mapping. If f
is an ([r, s|, [t, u])-IVIFG precontinuous mapping, then f(gpcly. g it (A)) C
Cliyitu) (f(A)) for each A € I¥.

Proof. Let A € I’*. Then ¢l 1. (f(A)) is an ([r, s], [t,u])-IVIFCS
of Y. Since f is ([r, s, [¢, u])-IVIFG precontinuous, f~'(cly. 1.0 (f(4)))
is an ([r, s, [t,u])-IVIFGPCS of X. Since A C f~!(clp g 1 (f(A))), by
Definition 3.10 gpclyy. o tu (A) € 71 (el sl ) (f(A))). Hence f(gpclpy st

(4)) € S elpsjeal (F(A)))) € clirs ) (f(A))- .

THEOREM 4.3. Let (X, 7,7) and (Y,n,n*) be two IVISTSs and [r, s] €
D(1y), [t,u] € D(I;) with s+u < 1 and let f : X — Y be a mapping.
If f(pclpgiu(A)) S clipgpu(f(A)) for each A € IX, then f is an
([r, s], [t,u])-IVIFG precontinuous mapping.

Proof. Let A be an ([r,s], [t,u])-IVIFCS of Y. Then f~!(A) € I'*.
Let f~'(A) C U and let U be an ([r,s], [t,u])-IVIFOS. By hypothe-
sis, f(pelirs el (f7(A)) S i)t (f(FT(A))) C €l jpa)(A) = A.
Hence pellys) ru (f7(A)) € F7(f (pelipsy ) (71 (A)))) € f7H(A) S U.
Thus f~1(A) is an ([r,s], [t,u])-IVIFGPCS of X. Therefore f is an
([r, s, [t, u])-IVIFG precontinuous mapping,.

[



([r, 8], [t, u])-IVIFG precontinuous mappings 11

DEFINITION 4.4. An IVISTS (X,7,7%) is called an interval-valued
intuitionistic fuzzy pre Tis» space (for short, IVIFPT;, space) if for
each [r,s] € D(1y), [t,u] € D(I) with s +u < 1, every ([r, s], [t, u])-
IVIFGPCS in X is an ([r, s, [t, u])-IVIFPCS in X.

THEOREM 4.5. Let (X, 7,7*) be an IVIFPT), space and (Y,n,n")
an IVISTS and [r,s] € D(ly), [t,u] € D(I;) with s +u < 1 and let
f X — Y be amapping. Then the following statements are equivalent.

(i) f is an ([r, s], [t, u])-IVIFG precontinuous mapping.

(i) f(gpclpy,q, tu](A)) C cljy g 10 W (f(A)) for each A € I*.

(iii) gpcl[r it (THA) C fHelp g, tu (A)) for each A € I

(iv) f (Znt,«s 1L, u](A)) - gpint[,«ysL[t’u](f_l(A)) for each A € I" .

Proof. (i)=(ii). It follows from Theorem 4.2.
(ii)=-(iii). Let A € IY. Then f~1(A) € I*. By (ii), we have
Fgpclpo) it (fT(A))) C clips e (F(FH(A)))
C clip,s) 1) (A)-
Hence we have
9pClip,s e (F1(A)) S f7H(f(gpelips) e (1 (A))))
FH el g (A))-
i),

-
-

we have

(iii)=(iv). Let A € I. By (ii

9PCliy, e (F 71 (A))%) = gpel g o (F 7 (A%))
C [N (g (A°)).
Thus (gpintp s i (f7H(A)))S C (fHintp om0 (A)))S. Hence f=1(inty g .
(A)) € gpintys) iru (1 (A)).
(iv)=(i). Let A be an ([r, s], [t, u])-IVIFCS of Y. Then f~'(A) € I¥
and A°is an ([r, s], [t,u])-IVIFOS of Y and so int}, 4 . (A°) = A°. Let
Y A) C U and let U be an ([r,s], [t,u])-IVIFOS of X. By (iv), we

have
(FHA)) = fH(A%) = [ (intp g 1 (A°))
C gpinty g jou (S (A))
= (gpelips) e (f 71 (A)))°.

Hence gpclyys) 10 (f 7 (A)) € f7(A) and so gpeljy,s jr. (f 1 (A ) f H(A).
Since (X, 7,7*) is an IVIFPT) 5 space, gpcli, s i (f 1 (A)) U st ul
Th (

(F7(A)). Hence pelyq ou(f'(A)) = f(A) C U. ) is

us
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an ([r, s, [t, u])-IVIFGPCS of X. Therefore f is an ([r, s], [¢, u])-IVIFG
precontinuous mapping.
O]

THEOREM 4.6. Let (X, 7,7*) and (Y, n,n*) be two IVISTSs and [r, s] €
D(Iy), [t,u] € D(I) with s+u <1 and let f : X — Y be a mapping. If
), [t] (iNt[r,s],[t,u}(f ( ) C f~ (Cl[rs 1It, u](A)) for each A € IV, then
f is an ([r, s, [t, u])-IVIFG precontinuous mapping.

Proof. Let A be an ([r, s], [t,u])—IVIFCS of Y. Then cly g 1.u(A) =
A. By hypothesis, clipq) o (intlns) e (£ H(A))) € 7 (s ra(A))
f~1(A). Thus f~'(A) is an ([r,s], [t,u])-IVIFPCS of X. So f~!(
is an ([r, s], [t,u])-IVIFGPCS of X. Hence f is an ([r,s], [t, u])-IVIF

precontinuous mapping.

0 o=l

We can obtain the following corollary from Theorem 4.6.

COROLLARY 4.7. Let (X,7,7*) and (Y,n,n*) be two IVISTSs and
[r,s] € D(1y), [t,u] € D(I;) withs+u < 1 andlet f: X — Y be a
mapping. If 7 (inty g 1un(A)) C intp e (s (71 (A))) for each
A€ IY, then f is an ([r, s],[t,u])-IVIFG precontinuous mapping.

THEOREM 4.8. Let (X, 7,7*) be an IVIFPT) ), space and (Y,n,n")
an IVISTS and [r,s] € D(ly), [t,u] € D(I;) with s +u < 1 and let
f X — Y beamapping. Then the following statements are equivalent.

(i) f is an ([r, s], [t, u])-IVIFG precontinuous mapping.

(ii) s, tu] (Z'nt[ns]’[t’u}(f_l(A))) - f_l(cl[r,s},[tm](A)) for each A € IV

Y(iii) f_l(int[rvs]v[t’u]@‘l)) - int[r,s],[t,u](Cl[r,s},[t,u](f_l(A)» for each A €
I,

Proof. (i)=(ii). Let A € I. Then clj g 1q(A) is an ([r,s], [t, u])-
IVIFCS of Y. Since f is an ([r, s], [t, u])-IVIFG precontinuous mapping,
F el (A)) is an ([r,s], [t,u])-IVIFGPCS of X. Since X is an
IVIFPT; 5 space, [~ (clp.e0(A)) is an ([r,s], [¢,u])-IVIFPCS of X.
Thus Cl[r,s},[t,u] (iNt[r,s],[t,u} (f_l(cl[,, s t, u](A)))) - f_l(cl[r75]7[t7u](z4)). Hence

sl e (108 5] (FH(A))) € s o (005t (F (s 1 (A)))
C f7Hclpa) ) (A)).

(ii)=(iii). Let A € IY. Then A¢ € IY. By (ii), lip s 0 (@0 o] 10 (F 71

ii ).
(A9)) € f Nl (A%)). Thus (intpq e (Clps, e (f1(A))S C
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(f (iglt[r,sut,u}(z‘l)))c- Hence f='(intp. g 1u)(A)) S intpg ) (Clis) bl
A

(iii)=(i). It follows from Corollary 4.7.
[

THEOREM 4.9. Let (X, 7,7*) be an IVISTS and (Y, n,n*) an IVIFPT )
space and [r, s] € D(Iy), [t,u] € D(I;) withs+u <landlet f: X —Y
be a mapping. Then the following statements are equivalent.

(i) f is an ([r, s], [t,u])-IVIFG preopen mapping.

(ii) f(int[r,s],[t,u} (A)) - gpint[r sl.lt, u}(f(A)) for each A € IX.

(iil) ity o (1 (A)) C fH (gpinty. g (A)) for each A € I

Proof. (i)=(ii). Let A € I’*. Then intp. 4 1.q(A) is an ([r, s], [t, u])-
IVIFOS of X. Since f is an ([r,s],[t,u])-IVIFG preopen mapping,
flintp g 10 (A)) is an ([r, s, [t, u])-IVIFGPOS of Y and f(inty. g .4 (A))
C f(A). By Definition 3.10, f(intrs 1, [tu] (A)) C gpint[r’s],[t,u](f(A)).

(ii)=(iii). Let A € IV. Then f~'(A) € I*. By (ii), we have

F ity 0. (P (A))) € gpintieag e (F(F7(4)))
C gpinty s it (A).

Hence

L f (it (FHA))
“Hgpinty.q e (A))-

t,u])-IVIFOS of X. Then inty. g 4 (A)
)¢ € U and let U be an ([r, s], [t,u])-

ints) e (f '(4))

(iii)=(i). Let A be an ([r, s],
= A and f(A) € IV, Let (f(
IVIFOS of Y. By (iii), we have

A= int[r,s],[t,u](A) - Znt[r sl,[t, u}(f_l(f(A)))
Cf (gpznt [r,s],[t,u] (f(A)))

Hence f(A) S ( “Hgpintps, 1 (f(A)))) € gpintirs) e (f(A)) a
gp

-
-

[
A

OO S (it AT o A s (D
gpcl[rs] [tu((f( ) ) Since Y is an IVIFPT, /5 space, gpclyy. o) it ((f(A))°)
= pClip,s) 10 ((f(A))%). Hence pelp g 1) ((F(A))) = (f(A))C c U. So
(f(A))¢is an ([r, s], [t, u])-IVIFGPCS of Y. Thus f(A) is an ([r, s], [t, u])-

IVIFGPOS of Y. Therefore f is an ([r, s], [t, u])-IVIFG preopen map-

ping.
[
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THEOREM 4.10. Let (X, 7,7*) be an IVISTS and (Y, n,n*) an IVIFPT) /,
space and [r, s] € D(Iy), [t,u] € D(I;) withs+u <1landlet f: X —-Y
be a mapping. Then f is an ([r,s|, [t,u])-IVIFG preclosed mapping if
and only if gpcliy g 1. (f(A)) C f(cly g1, (A)) for each A € I*.

Proof. Suppose that f is an ([r, s, [t, u])-IVIFG preclosed mapping.
Let A € I, Then cly g 1.4 (A) is an ([r, 8], [t, u])-IVIFCS of X. Since f is
an ([r, s|, [t, u])-IVIFG preclosed mapping, f(clpyq, 0 (A))isan ([r, s], [t, u])-
IVIFGPCS of Y and f(A) C f(clpyq,tu(A)). By Definition 3.10, gpcly. o it.u
(F(A)) S F(elps) e (A))-

Conversely, suppose that gpclp. o i, (f(A)) € f(clj.q, 10 (A)) for each
A e I*. Let Abean ([r,s], [t,u])-IVIFCS of X. Then clj 4 q(A) = A.
Let f(A) C U and let U be an ([r, s, [t, u])-IVIFOS of Y. By hypothesis,
9plis), it (f (A)) € fclpps) 1) (A)) = f(A). Thus gpely,, e (f(A)) =
f(A) Since Y is an IVIFPT1/2 Space, ngl[r,s],[t,u] (f(A)) = pd[r,s],[t,u] (f(A))
Hence pcljy g0 (f(A)) = f(A) € U. Thus f(A) is an ([r, s], [t, u])-
IVIFGPCS of Y. Therefore f is an ([r, s], [t, u])-IVIFG preclosed map-
ping.

[

THEOREM 4.11. Let (X, 7,7*) be an IVISTS and (Y, n,n*) an IVIFPT s,
space and [r, s] € D(1y), [t,u] € D(I;) withs+u <1 andlet f: X =Y
be a bijective mapping. Then f is an ([r,s],[t,u])-IVIFG preclosed
mapping if and only if f~(gpclyy. g (A)) C clips ) (fTH(A)) for each
Ael”.

Proof. Suppose that f is an ([r, s], [t,u])-IVIFG preclosed mapping.
Let A € IV. Then cly g (f 1 (A4)) is an ([r, s], [t, u])-IVIFCS of X.
Since f is an ([r, s, [t, u])-IVIFG preclosed mapping, f(clj g, u}(f 1(A)))
is an ([r, 8], [t, u])-IVIFGPCS of Y. Since f is surjective, A = f(f~1(A)) C
fely st (FH(A))). By Definition 3.10, gpclyy, o i, (A) € f(clp s, (F 71
(A))). Since f is injective, we have

F~Hgpelps i (A) S (s (£ (A))))
:Cmﬂ%mU'%AD-
Conversely, suppose that f~'(gpcly o tu(A)) C clipo e (fH(A)) for

cach A € IV. Let A be an ([r, s], [t,u])-IVIFCS of X. Then clj 4114 (A)
= A. Let f(A) C U and let U be an ([r,s], [t,u])-IVIFOS of Y. By
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hypothesis and the injectivity of f, we have

S gpeli g (F(A))) C sl (FH(F(A)))
== CZ[T,S],[t7u](A) = A.

Since f is surjective, gpcliys tu(f(A)) = f(f 7 (gpelps,a(f(A)))) S
f(A). Thus gpcly, g0 (f(A)) = f(A). Since Y is an IVIFPT, 5 space,

gpcli st (F(A)) = pelp s (f(A)). Thus pely g (f(A)) = f(A) S
U. Hence f(A) is an ([r, s], [t,u])-IVIFGPCS of Y. Therefore f is an
([r, s, [t, u])-IVIFG preclosed mapping.

[

THEOREM 4.12. Let (X, 7,7*) be an IVIFPT,, space and (Y, n,1*)
an IVISTS and [r,s] € D(ly), [t,u] € D(I;) with s + v < 1 and let
f X — Y be amapping. Then the following statements are equivalent.

(i) f is an ([r, s], [t,u])-IVIFG preirresolute mapping.

(ii) f(gpclyg 1, u](A)) C gpcly,, sl W (f(A)) for each A € TX.

(iii) ngl[r Qi) (F7HA)) € FH(gpelyy o 1. (A)) for each A € IV,

(iv) f~ gpinty. g 10 (A)) C gpinty g i (f 1 (A)) for each A € TY.

Proof. (i)=>(ii). Let A € I*. Then f(A) € I'. Since f is an
([r, s], [t,u])-IVIFG preirresolute mapping, we have
FHgpelyp.s) ) (F(A)))

YN{K eIV f(A) CK, K isan ([r,s],[t,u])-IVIFGPCS})
DMK el AC fYK), K is an ([r,s], [t,u])-IVIFGPCS})
=n{f Y (K)eI*: AC fY(K), Kisan ([r,s],[t,u])-IVIFGPCS}
DN{f M K)el*:AC fYK), [Y(K)isan ([r,s],[t,u])-IVIFGPCS}
OD{W eI*: ACW, Wisan ([r,s], [t,u])-IVIFGPCS}
= gpclis) ftu) (A)-

Hence
Fgpeliys) e (A)) € F(FH (gpelps), i (F(A))))
- nglrs [tu]( (A))

The proofs of (ii)=-(iii), (iii)=-(iv) and (iv)=-(i) are similar to Theo-
rem 4.5.
[l



16 Chun-Kee Park

THEOREM 4.13. Let (X, 7,7") and (Y,n,n*) be two IVISTSs and
[r,s] € D(1y), [t,u] € D(I;) with s+ u < 1 and let f : X — Y be
a mapping. If cly g 0 (0t 10 (fTH(A) € FHgpclys i (A)) for
each A € IV, then f is an ([r, s], [t, u])-IVIFG preirresolute mapping.

Proof. 1t is similar to Theorem 4.6.

We can obtain the following corollary from Theorem 4.13.

COROLLARY 4.14. Let (X, 7,7*) and (Y,n,n*) be two IVISTSs and
[r,s] € D(1y), [t,u] € D(I;) with s+ u < 1 and let f : X — Y be
a mapping. If [~ (gpinty. g 1.0 (A)) S intp g (s (fH(A))) for
each A € IV, then f is an ([r, s|, [t,u])-IVIFG preirresolute mapping.

THEOREM 4.15. Let (X, 7,7*) be an IVIFPT, , space and (Y,n,n")
an IVISTS and [r,s] € D(ly), [t,u] € D(I;) with s +u < 1 and let
f X — Y beamapping. Then the following statements are equivalent.

(i) f is an ([r, s], [t,u])-IVIFG preirresolute mapping.

(ii) gpd[r,s},[t,u](Cl[r,s],[t,u](int[r,s},[t,u](f71<A)))) - fﬁl(A) for each ([T, S],
[t,u])-IVIFGPCS A of Y.

(iii) f_l(A) - gpint[r,s],[t,u}(int[r,s},[t,u](Cl[r,s],[t,u}(f_l(A»)) for each ([7", 8],
[t,u])-IVIFGPOS A of Y.

Proof. (1)=(ii). Let A be an ([r, s, [t, u|)-IVIFGPCS of Y. Since f is
an ([r, s], [t, u])-IVIFG preirresolute mapping, f~'(A) is an ([r, 5], [t, u])-
IVIFGPCS of X and so gpclyqia(fH(A) = f7'(A). Since X is
an IVIFPT,, space, f~1(A) is an ([r, s], [t, u])-IVIFPCS of X and so
Cl[r,s],[t,u] (int[nsut’u}(f*l(z‘l))) - fﬁl(A) Hence

PClirs) . (Clirs] ) (0] 1) (' (A))))
C gpclip,s e (f 71 (A)) = f7H(A).
(ii)=-(iii). Let A be an ([r,s], [t,u])-IVIFGPOS of Y. Then A¢ is an

([ r ]7[ ,U]) IVIFGPCS of Y. By (11) QPCZ[T s],[t,u (Cl[rs 1,[t,u] (Zntl[r s),[¢, u}(f !
(A%)))) € f~1(A°). Thus (gpm?[r,s],[t,u}(mt_[r,s},[t,u](Cl[r,s],[t,u}(f - (,?)))))C C
(f~(A))e. Hence f~H(A) C gpintpy,sj it (intp,s) ) (Clp o 1) (F 7 (A))))-

(iii)=(i). Let A be an ([r,s], [t,u])-IVIFGPCS of Y. Then A€ is an
([r, s, [t, u])- IIVIFGPOS of Y. B%f (iii), f~1(A°) C GPint(y s t.u] (z:nt[mutvu]
(Clprs) 1100 (/7 (A%)))). Thus (f71(A))° € ,(gpcl[r,s},[tm(cl[r S, u}(mt[rs} Lol
(f71(A)))))e. Hence gpcliy .t (lirs),tu) (i)t (fTH(A)))) € fH(A).
Since cliy g ft.u] (0t prs) it (f T (A)))) S 90t (st (0t ) o, u]( -1
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(A)): clips)ta) (it e (f71(A)))) S f7(A). Hence f7'(A) is an
([r, 8], [t, u])-IVIFPCS of X and so f~'(A) is an ([r, s], [t,u])-IVIFGPCS
of X. Therefore f is an ([r, s], [¢t,u])-IVIFG preirresolute mapping.

[1]

]
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