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1. Introduction

The barycentric coordinates with respect to a triangle 
are widely used in CAGD(Computer Aided Geometric 
Design) as well as in Euclidean Geometry. In particular, 
the use of barycentric coordinates has played an 
important rule in a lot of methods for the conic 
representation and conic approximation[1-6]. In Euclidean 
Plane Geometry, so many works have been done based 
on the use of them[1,7-11].

Recently, Akopyan[12] presented the properties of the 
tangency of isotomically and isogonally conjugate lines 
of some special lines with respect to a triangle. Yoon and 
Ahn[13] showed that the isogonal and isotomic conjugates 
of conic tangent to two side lines at vertices are again 
conic tangent to the two side lines at vertices and 
classified them into ellipses, parabolas and hyperbolas 
using the barycentric coordinates. 

In this paper we study the two tangent lines of 
isogonal and isotomic conjugates of the line  at both 
vertices  of the reference triangle . We find 
the necessary and sufficient condition for the two tangent 

1Graduate school of Education, and 2Department of Mathematics Education, 
Chosun University, Gwangju, Korea

Corresponding author : ahn@chosun.ac.kr
(Received: February 8, 2017, Revised : March 16, 2017,
 Accepted: March 25, 2017)

lines of isogonal or isotomic conjugates of the line at 
both vertices and a median line  to be concurrent, 
where  is the midpoint of side line . We also prove 
that all lines whose isogonal conjugate tangent lines at 
both vertices are concurrent with the median line  
intersect at a unique point . Moreover we show that 
the three intersection points  are collinear. 
All of our results are based on the barycentric 
coordinates. 

I suggest that The contents of our paper are organized 
as follows. In Section 2, the basic facts in elementary 
plane geometry are provided, and in Section 3, our main 
results are presented. The results in the first half of 
Section 3 improves of the MS Thesis of the first author of 
this paper[14]. 

2. Preliminaries for Elementary 
Plane Geometry

 In this section we remind the definitions of barycentric 
coordinates, homogeneous barycentric coordinates, 
isotomic conjugate, and isogonal conjugate[4,10,13,15,16]. 

 Every point  in a reference triangle  satisfies 

 

(2.1)
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where  is the origin on the plane containing the triangle 
and  is the area of triangle [10,15]. In Eq. 
(2.1), the ordered triple

is called by the barycentric coordinates of  with resect 
to . If  is the barycentric coordinates of 

, its positive scalar multiplication

is called by the homogeneous barycentric coordinates of 
 with resect to . The definition of barycentric 

coordinates can be extended to all points on the plane 
from  as follows[4]. For every point  on the plane, 

 is uniquely expressed by 

.

At this time,  is called by the barycentric 
coordinates of . The relationship between the signatures 
of barycentric coordinates and the position of  outside 
of  is well-known[13,17].

The midpoints of the side lines , ,  are 
denoted by , , , respectively. For the point  
inside the triangle , let the points , ,  be 
the intersection points of the lines , ,  and side 
lines , , , respectively, and let , ,  be 
the symmetric point of , ,  with respect to , 

, , respectively. Then the three lines , , 
 are concurrent at a point, which is called by the 

isotomic conjugate of  and denoted by . It is also 
well-known[10,15,16] that  satisfies 

and its homogeneous barycentric coordinates is 

.

The angle bisectors at the vertices  of  
are denoted by , respectively, which are 
concurrent at the incenter of . For the point  
inside the triangle , let the lines  be the 

symmetric lines of the lines  with respect to 
, respectively. The three lines  are 

concurrent at a point, which is called by the isogonal 
conjugate of  and denoted by . It is also 
well-known[10,15,16] that 

and  has the homogeneous barycentric coordinates 

.

Ceva’s theorem[14] will be use to prove our main 
theorems.

Theorem 2.1 (Ceva’s Theorem)
Let the points  be on the side lines  

of a triangle , respectively. The lines , ,  
are concurrent if and only if

.

3. Tangent Lines of Isotomic and Isogonal 
Conjugates of Line at Vertices of Triangle

In this section, we consider a line  which intersects 
the side lines  and  of a reference triangle  
at two points , respectively. 

Theorem 3.1
The two tangent lines of the isotomic conjugate curve 

of  at the vertices , and the median line  are 
concurrent if and only if the line  is parallel to the side 
line .

Proof.
Let , , . There are real 

numbers  such that

 
. 

The line  has the parametric equation 

(3.1)
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and the homogeneous barycentric coordinates 

(3.2) 

So, the isotomic conjugate curve  has the 
homogeneous barycentric coordinates

and the parametric equation of  is

where

.

Note that  is passing through the points  when 
, respectively. For , let  be the tangent line 

of  at , and let  be the intersection points of 
 and ,  and , respectively. Since

,

we have 

.

By Ceva’s Theorem, the three lines, , , and  
are concurrent if and only if 

.

Since

is equivalent to , the two tangent lines , , and 

the median line  are concurrent if and only if the line 
 is parallel to the side line .  

Figs. 1-2 illustrate Theorem 3.1. In Figs. 1-5, 
 and . In the case that the line  

(orange color) and the side line  are parallel, the two 
tangent lines  (blue line) of the isotomic conjugate 
curve  (magenta color) at vertices , and the 
median line  (green color) are concurrent, as shown 
in Fig. 1. If the line  and the side line  are not 
parallel, then , and  are not concurrent, as 
shown in Fig. 2.

Theorem 3.2
The two tangent lines of the isogonal conjugate curve 

of the line  at the vertices  of triangle , and 
the median line  are concurrent if and only if the line 

 satisfies 

Fig. 1. Isotomic conjugate for 

Fig. 2. Isotomic conjugate for , 
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 (3.3)

Proof.
By Eqs. (3.1)-(3.2), the isogonal conjugate curve 

 of the line  has the homogeneous barycentric 
coordinates

and the parametric equation of  is
  

where

.

For , let  be the tangent line of  at 
, and let  be the intersection points of  and 

,  and , respectively. Since

we have

.

Since

,

the two tangent lines , , and the median line  
are concurrent if and only if the line  satisfies 

.  

Figs. 3-4 illustrate Theorem 3.2. In Fig. 3, 

 and it shows that if the line  (orange 

color) passes through  satisfying Eq. (3.3), then the 
two tangent lines  (blue line) of the isogonal 
conjugate curve  (magenta color) of the line  at 
vertices , and the median line  are concurrent. 
Fig. 4 shows that if the line  does not satisfy Eq. (3.3), 
then , and  are not concurrent.

Definition 3.3
The tangent lines of isogonal conjugate curve of the 

line  at  are called by the isogonal conjugate 
tangent line of  at , respectively.

Fig. 3. Isogonal conjugate for .

Fig. 4. Isogonal conjugate for .
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Theorem 3.4
All lines whose isogonal conjugate tangent lines at 

 are concurrent with the median line  intersect 
at a unique point  which is the externally dividing 
point of  in the ratio of , i.e.,

(3.4)

proof.
If , then the assertion is clearly true. If , then, 

by Eq. (3.4),

and by Eq. (3.3),

Thus we have , and so, all 

lines passing through  intersect at the point . 
Since the slopes of all lines are different mutually, the 
intersection point  is unique.

Similarly as  denotes the unique intersection point 
in Theorem 3.3, we define the point  (or ) by the 
unique intersection point of all lines whose isogonal 
conjugate tangent lines at  (or ) concurrent with 
the median line  (or ). Then  and  are the 
externally dividing point of  in the ratio of , 
and of  in the ratio of , respectively. 

Theorem 3.5
The three points  are collinear.

proof.
If  is a isosceles triangle, then at least one of 

three points , ,  is the infinite point. Thus the 
three points are trivially collinear. Otherwise, 

yeld that

Fig. 5. Lines satisfying Eq. (3.3).

Fig. 6. The collinearity of three points.
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Thus we have , and so, the three 

points  are collinear.

Fig. 6 illustrates Theorem 3.5. It shows that the three 
points  are collinear for the triangle  
with .
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