
Journal of Power Electronics, Vol. 17, No. 2, pp. 501-513, March 2017                      501           

 
 https://doi.org/10.6113/JPE.2017.17.2.501 

ISSN(Print): 1598-2092 / ISSN(Online): 2093-4718 
 

JPE 17-2-18 

Fundamental Small-signal Modeling of Li-ion 
Batteries and a Parameter Evaluation Using Levy’s 

Method 
 

Xiaoqiang Zhang†, Mao Zhang*, and Weiping Zhang** 
  

†,*School of Information and Electronics, Beijing Institute of Technology, Beijing, China 
**School of Electronic and Information Engineering, North China University of Technology, Beijing, China 

 

 

Abstract  

 
The fundamental small-signal modeling of lithium-ion (Li-ion) batteries and a parameter evaluation approach are investigated 

in this study to describe the dynamic behaviors of small signals accurately. The main contributions of the study are as follows. 1) 
The operational principle of the small signals of Li-ion batteries is revealed to prove that the sinusoidal voltage response of a 
Li-ion battery is a result of a sinusoidal current stimulation of an AC small signals. 2) Three small-signal measurement 
conditions, namely stability, causality, and linearity, are proved mathematically proven to ensure the validity of the frequency 
response of the experimental data. 3) Based on the internal structure and electrochemical operational mechanism of the battery, 
an AC small-signal model is established to depict its dynamic behaviors. 4) A classical least-squares curve fitting for 
experimental data, referred as Levy’s method, are introduced and developed to identify small-signal model parameters. 
Experimental and simulation results show that the measured frequency response data fit well within reading accuracy of the 
simulated results; moreover, the small-signal parameters identified by Levy’s method are remarkably close to the measured 
parameters. Although the fundamental and parameter evaluation approaches are discussed for Li-ion batteries, they are expected 
to be applicable for other batteries. 
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I. INTRODUCTION 

A rechargeable battery pack is a key component that is 
widely used in consumer applications, from portable devices 
to uninterruptible power supplies and hybrid electric vehicles 
[1]. A rechargeable battery, acting as an electrical energy 
storage element, is an electrochemical device that converts 
electrical energy to chemical energy during charging and 
converts chemical energy to electrical energy during 
discharging. In comparison with other rechargeable batteries, 
lithium-ion (Li-ion) batteries are preferred because of their 
high specific power and energy density, high voltage, and 

low self-discharge rate [2]. Thus, Li-ion battery is selected in 
this study. To guarantee the safe, efficient, and durable 
utilization of batteries, establishing an efficient battery 
management system (BMS) is necessary for monitoring the 
operational conditions and status of the battery pack, such as 
the state of charge (SOC) and state of health (SOH) [3]. 
Although the SOC and SOH may not be directly measured by 
any sensors and controlled by exterior conditions, they can 
still be predicted from model-based estimation methods [4]. 
Therefore, accurate battery models are important. 

However, model complexity and accuracy should be 
balanced so the models can be embedded in microprocessors 
and provide accurate results in real time [5]. Therefore, 
battery models should not only be sufficiently accurate but 
they should also be simple. 

Two types of battery models are reported in the literature, 
namely: electrochemical and equivalent circuit models. 
Electrochemical models often achieve high accuracy and are 
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suitable for understanding the distributed electrochemical 
reactions in electrodes and electrolyte [5]. However, these 
models are unsuitable for actual BMS because they are based 
on partial differential equations with the following 
disadvantages: 1) A large number of parameters in the 
equations are unknown; 2) The complexity often results in 
significant requirement for memory and computation; 3) 
Over-fitting problems are frequently encountered due to 
significant number of parameters; 4) Robustness is 
remarkably poor. Conversely, equivalent circuit models can 
represent the electrical characteristics of batteries. These 
models are lumped models with relatively few number of 
parameters and are suitable for BMS development. A 
comparative study of 12 equivalent circuit models for Li-ion 
batteries has been studied, and results show that first-order 
RC model is the best choice [4]. 

Numerous methods for Li-ion batteries have been 
investigated to evaluate the first-order RC model parameters. 
Measuring the Cole–Cole plot of the frequency responses of 
the equivalent circuit is a widely used approach [6]–[10] in 
evaluating the equivalent circuit parameters because of its 
simplicity; however, it has some shortcomings. First, the 
Cole–Cole plot is only a graphical approximation. Second, 
the approach is a curve fitting, where the calculated plot 
seldom matches the exact experimental results, because 
personal judgment is involved. One may consider a certain 
circuit to be satisfactory match of the experiment plot, but a 
more critical researcher may not accept it, because there are 
one or several fitting points which are far away from the 
experimental results [11]. Thus, the Bode plot approach has 
been proposed to evaluate circuit parameters [1] because it 
produces more accurate parameter results and reduces one’s 
subjectivity, compared with the Cole–Cole plot. However, the 
Bode plot approach also has some drawbacks. 1) The 
admittance transfer function should be normalized with a DC 
gain; this function also consists of two or three independent 
time constants, which may result in inaccurate results because 
three time constants are assumed to be independent. 2) The 
phase diagram is applied to detect circuit parameters by 
detecting the maximum, zero, and −π/4 phase. Thus, the Bode 
plot approach is also a graphical approximation. 3) The DC 
gain is detected by both charging and discharging processes.  

In this study, the fundamental small-signal modeling of 
Li-ion batteries and a parameter evaluation approach are 
investigated to describe the small and large dynamic 
behaviors of the signals accurately. The operational principle 
of the AC small signals of Li-ion batteries is revealed in 
Section II. In Section III, three small-signal measurement 
conditions are proven to ensure the validity of the frequency 
response of the experimental data in mathematical theory. In 
Section IV, an AC small-signal battery model, instead of the 
commonly used equivalent circuit, based on the internal 
structure and electrochemical mechanism of the battery is  

 
Fig. 1. Circuit diagram of measuring frequency response through 
AC signal injection. 

 
established. The above operational principle, measurement 
conditions, and model are the fundamental small-signal 
modeling of Li-ion batteries. In Section V, Levy’s method, a 
classical least-squares curve fitting of experimental data, is 
introduced and developed to identify small-signal model 
parameters. Levy’s method has a relatively straightforward 
concept and is easy to program providing upright results in a 
broad range of circumstances for improving robustness, 
compared with published evaluation methods [1], [3], 
[6]–[10]. The proposed fundamental validity and method 
accuracy are verified by several experimental and simulation 
results in Section VI. Conclusions are drawn in Section VII. 

 

II. OPERATIONAL PRINCIPLE OF SMALL-SIGNAL 
INJECTION 

The AC signal injection method is generally used for the 
AC small-signal model measurement of Li-ion batteries. The 
method inputs a series of AC sinusoidal current/voltage with 
different frequencies and measures the voltage/current 
response of a battery to obtain its frequency response, as 
illustrated in Fig. 1. 

Fig. 2(a) illustrates a typical v–q discharge characteristic 
curve for a commercial Li-ion battery of 
LFP36130180-50AH provided by China Guangdong 
Zhicheng Champion Group Co., Ltd. [12] This curve can be 
divided into three regions, referred as exponential region 
(ER), nominal discharge operation region (NDOR), and 

charge-diode region (CDR), denoted by ①  ② , and ③ , 

respectively. In NDOR, the v-–q discharge characteristic 
curve at equilibrium point Q0 can be approximated as a 
straight line when the applied AC amplitude is remarkably 
small, as shown in Fig. 2(b). 

Fig. 2(c) shows that if an AC small signal superposed on a 
DC, then Io is applied to the battery, which is expressed as: 

tIIti mo cos)(  .             (1a) 

and its charge is (Fig. 2(d)):  

t
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Qdttitq
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
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its voltage response is (Fig. 2(e)):  

tVVtv mo sin)(  ,               (1c) 

where Io, Qo, and Vo are the values of the equilibrium point.   
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Fig. 2. Typical v–q discharge curve with superimposed a small sinusoidal signal. (a) Typical v–q discharge curve. (b) Sinusoidal 
variation voltage v(t) versus charge q. (c) Current waveform. (d) Charge waveform. (e) Output voltage waveform. 
 

The sinusoidal variations in the output voltage is the result 
of the sinusoidal variations in the input current, as shown in 
Fig. 2 and Eq. (1). However, the v–q characteristic curve 
cannot be used to evaluate the equivalent circuit parameters 
of the AC small signals because it is a steady-state curve. 

 

III. AC SMALL-SIGNAL MEASUREMENT 
CONDITION  

Experimentally, three conditions, namely stability, 
causality, and linearity, should be fulfilled to validate the 
experimental data of the measured frequency response of the 
battery. In this section, these properties related to an AC 
small-signal model of a Li-ion battery are investigated. 

Stability. The overall state of the system must be 
significantly unchanged during data acquisition in the 
experiment [13]. 

If an input current is expressed in Eq. (1a), the average 

current over a period i  is  

T
IdttII

T
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1 T

0
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0
  . (2a) 

Similarly, the average charge and voltage over a period is 

oo VvQq  , .                 (2b) 

Equations (2a) and (2b) present that the overall state of the 
battery is maintained, because all average values are equal to 
that of the equilibrium point, (Io, Qo, Vo). Therefore, AC small 

signals may not change the SOC of the battery during the 
acquisition of the frequency response data, thereby making 
the battery is stable. 

Causality. The AC response measured by the system must 
be directly correlated to the applied AC stimulus. Protecting 
the battery from outside perturbations is important in 
measuring the frequency response. 
  In signal processing, cross-correlation is a measure of 
similarity between two series as a function of the lag of one 
relative to the other [14]. In this paper, cross-correlation is 
used to verify the causality property of the battery. The 
measured voltage response of the AC small signals of the 
battery must be directly correlated to the applied AC current 
stimulus. 
  If an AC small-signal current is applied to the battery, 
which is expressed as 

tIti m cos)(  ,              (3a) 

and its voltage response is (Figs. 2(b), 2(c), and 2(e)):  

tVtv m sin)(  ,             (3b) 

then, the cross-correlation function is defined as [14]  

tdtitvRiv 





)()(
2

1
)(

2

0

*   ,       (4) 

where * denotes the complex conjugate of )(tv , and ‘τ’ is 

the lag. By inserting Eq. (3) into Eq. (4), a cross-correlation 
function can be obtained. 
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If τ=T/4, then the cross-correlation function reaches its 
maximum value. Hence, if i(t) is shifted a quarter period T 
along the t-axis, then both peaks of i(t) and v(t) are aligned, 
providing a large contribution to this integral. Therefore, the 
battery has causality property because the current value of the 
outputs v(t) only depends on the current and past values of 
the input i(t) [13]. The causality property is important in 
protecting the battery from outside perturbation interference 
in AC small-signal measure.  

Linearity. The applied AC amplitude must be sufficiently 
small to assume a linear response in the first approximation; 
however, it must also be large enough to measure a response, 
as shown in Fig. 2. 

 According to the typical v–q discharge curve shown in 
Fig. 2(a), the overall v–q discharge equation is expressed as 
follows, and the proof of the equation is given in the 
Appendix. 
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In the NDOR shown in Fig. 2(a), the v–q discharge 
equation can be simplified as 
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  If the input current is expressed as  

21o)( iiIti  ,               (8) 

where tbitai 2211 coscos   ； . 

then the discharged charge of the battery is  
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where Qo is an equilibrium point, and q1 and q2 superimposed 
at Qo are AC small signals. Thus, substituting Eqs. (8) and (9) 

into Eq. (7a) yields 
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where Q  is equal to Qd1. 

The following conditions are satisfied:  
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and the corresponding output voltages for inputs of Io, i1, and 
i2 are: 
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thus an AC small-signal model for Li-ion battery is linear, 
because the v–q discharging equation satisfies the principle of 
superposition at the equilibrium point Qo in NDOR. To 
estimate the equivalent circuit parameters of the Li-ion 
battery through frequency response, the applied AC 
amplitude must be small enough to assume a linear response 
in the first approximation but still large enough to measure a 
response. 

Therefore, acquiring the experimental data of the 
frequency response data of Li-ion batteries can be used to 
evaluate its equivalent circuit parameters when the three 
conditions of stability, causality, and linearity are satisfied. 
 

IV. AC SMALL-SIGNAL MODEL FOR LI-ION 
BATTERY 

A Li-ion battery is usually composed of two electrodes and 
an electrolyte, as shown in Fig. 3(a). Electrodes are electronic 
conductors that contain an active material, whereas the 
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electrolyte ensures the ionic conduction between electrodes. 
A porous separator is employed to avoid any internal short 
circuit between electrodes [15]. The dynamic behavior of the 
Li-ion battery can be represented by an AC small-signal 
model, as shown in Fig. 3(b). Series resistance Rs is used to 
depict pure ohmic voltage drops in the electrode and the 
electrolyte, which is dominant. The capacitance Cdl, called 
the double layer capacitance, is physically associated with the 
space charge that appears at the electrode–electrolyte 
interface. This charge spreads in the electrode and the 
electrolyte over some nanometers. The capacitance is induced 
by the difference of the internal potentials of the electrodes 
and electrolyte and is theoretically nonlinear, because the 
charge density in the electrolyte is remarkably weak to 
achieve surface distribution [16]. The parallel resistance Rpr, 
called polarization resistance, describes the charge transfer 
phenomena that occur at the electrode–electrolyte interface, 
and the active material diffusion in the electrodes and 
electrolyte. 

Fig. 3(c) shows a simplified AC small-signal model, which 
has a single equivalent parallel-connected RC circuit [1]. 
Difference is not observed between the series connection of 
two parallel-connected RC circuits in Fig. 3(b), Instead, twice 
the equivalent capacitance C is equal to the capacitance Cdl 
based on the stored energy in battery, because the two 
series-connected capacitances are presented as a single 
equivalent capacitance. Likewise, the equivalent resistance 
Rp=2Rpr, because the two series-connected resistances are 
replaced by a single equivalent resistance. Moreover, the 
simplified AC small-signal model is considered as the best 
equivalent circuit [4].  

The electrolyte resistance Rs mainly depends on its 
concentration and the dimension of the measured electrolyte. 
Given that the electrolyte is cylindrical, with a cross-sectional 
area (A) of and a length (L), with the conductance coefficient 
(K), the electrolyte resistance Rs can be expressed as [17]  

A

L

K
Rs 

1
.                (13) 

The resistance Rs value increased for deteriorating the 
electrolyte. 

As long as the amplitude of the AC small-signal 
superimposed on the circuit is small (e.g., 5 mV), the 
resistance across the double layer (at 298 K) can be regarded 
as [17] 

o
p I

T
R

298

026.02
 ,             (14) 

where T is the ambient temperature, and Io is the DC current 
through the battery. The resistance Rp value increases when 
the electrodes deteriorate. 
 Double layer is used to describe the capacitance C property, 
because the impedance of the double layer is frequency 
dependent. The capacitance value is high at low frequencies 

 
(a) Li-ion battery constitution. 

 
(b) AC small-signal model of the Li-ion battery. 

 
(c) Simplified AC small-signal model of the Li-ion battery. 

Fig. 3. Li-ion battery constitution and its AC small-signal model. 

 
and low at high frequencies [17]. The value of the double 
layer capacitance depends several variables, including 
electrode potential, temperature, ionic concentrations, types 
of ions, oxide layers, electrode roughness, and impurity 
adsorption [18].  

For polymer coated substrates, the coating capacitance is 
determined by 

d

A
C o

C


 ,                  (15) 

where ε is the dielectric constant of the coating, εo is the 
dielectric constant of vacuum, A is the coating area, and d is 
the thickness of the coating. Typical dielectric constants of 
coatings range from 3 to 4 and of water around 80. When the 
water penetrates the coating, its dielectric constant increases, 
which results in an increased coating capacitance. Hence, the 
method can be used to measure the water absorbed by the 
coating [18]. 

Fig. 3(c) shows that if an AC small-signal voltage is 
applied to the battery model as input, and the current through 
which it will be measured is the output, then the admittance 
transfer function of the simplified model is expressed as 
follows:  
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Fig. 4. High-frequency model. 

 
where 

Sp
o RR

A



1 ,               (17a) 

 
Sp

p

RR

CR
A


1

,               (17b) 

Sp

Sp

RR

CRR
B


1

.              (17c) 

The circuit parameters of the battery can be expressed as:  
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For the high-frequency behavior of the battery, a 
parasitical inductance should be considered in the model, as 
shown in Fig. 4. 

By applying the high-frequency model, the transfer 
function of the measured battery is expressed as:  
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  The high-frequency model parameters of the battery can be 
expressed as: 
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If the coefficients of the transfer functions of Eqs. (16) or 
(19) can be evaluated by some methods through frequency 
response, then the model parameters can be determined by 
Eqs. (18) or (21). Furthermore, the evaluated equivalent 
circuit parameter can be used to predict the battery health. 

 

V. FREQUENCY RESPONSE CURVE FITTING USING 
LEVY’S METHOD 

Levy’s Method [19] is introduced in this section to 
evaluate the small-signal model parameters of the Li-ion 
battery by fitting the measured frequency response curve of 
its admittance transfer functions, as shown in Eqs. (16) and 
(19). 

Let s=jω, the frequency response of the admittance 
transfer function in Eq. (19) of the high-frequency model, is 
determined by  
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where coefficients A0, A1 and B1, B2 are real values and 
dependent on the high-frequency model parameter shown in 
Fig. 4. Eqs. (17a)–(17c) demonstrate the relationship between 
the model parameter and the coefficients. 

Separating the numerator and denominator of )( jGh
 

into their real and imaginary parts yields 
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Where 
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  Suppose that F(jω) is an ideal frequency response of the 
Li-ion battery, which coincides exactly with the values 
indicated by the measured frequency response curve. Then, 
F(jω) also has real and imaginary parts. 

)()()(  jIRjF           (24) 

The numerical difference between the two functions Gh(jω) 
and F(jω) is defined as the error in fitting, such that  
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  Multiplying both sides of Eq. (25) by D(ω), weighting 
function, which is a weighted error, is obtained.  

)()()()()(  NjFDD         (26) 

The right side of Eq. (26) can be separated by a function of 
real and imaginary parts, as shown as follows: 

)()(a)()(  jjbD  ,           (27) 

where a(ω) and b(ω) are functions not only of the frequency 
but also of the unknown coefficients A0, A1 and B1, B2. If the 
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magnitude is  
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The sum E of the squared function in Eq. (29) assumes 
all frequency ωk at which F(jω) has been measured and is 
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])()([)()(
0

22

0

2 



m

k
kk

m

k
kk jbaDE  . (30) 

By using Eqs. (28b) and (28c), Eq. (30) can be written as: 
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(31) 
where αk stands for α (ωk) for brevity, and so on.  

The unknown polynomial coefficients A1, A0 and B1, B2 
shown in Eq. (22) are evaluated by minimizing the function 
E.  

As shown in Eq. (26), the absolute error ε(ω) is generally 
large when the frequency ω is approaching the pole 
frequency, D(ω)≈0. Therefore, for a given frequency ω, the 
magnitude error is roughly proportional to the magnitude of 
the function being fitted. A larger number of measured 
frequency points should be selected in a pole point region to 
reduce the error. 

A necessary condition for E to be minimized is: 
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(32b) 
Equations (32a) and (32b) denote that the polynomial 

coefficients can be solved by minimizing E in all the 
experimental points. Then, the problem can be formulated by 
a set of simultaneous algebraic linear equations of the form 
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where 
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Thus, the numerical value of the unknown coefficients in 
Eq. (22) may be obtained from Eq. (33) once the elements in 
matrices of [A] and [B] have been evaluated by the formulas 
in Eq. (34). The low-frequency model of the Li-ion battery is 
shown in Fig. 3(c), and its transfer function is expressed in 
Eq. (16). The unknown coefficients in Eq. (16) can be 
obtained by the following set of linear equations. 
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The model parameters of the Li-ion battery can be 
computed numerically based on Based on Levy’s method 
using the Matlab program. 

 

VI. SMALL-SIGNAL EXPERIMENTS AND RESULTS 
 

A. Small-Signal Test System 

Fig. 5 shows a small-signal test system for measuring 
battery frequency responses. The test system is composed of 
a programmable electronic DC load (EL 9000 HP) for 
discharging, a thermal chamber (Terchy Technology Corp.) 
for environment control, a computer for user–machine 
interface and data storage, as well as process, and an 
impedance measurer SI 1260 (Solartron Metrology) for 
recording battery frequency responses at various excitation 
frequencies. During the charging/discharging of the battery, 
voltage, current, and temperature are measured and recorded 
from 0.01 Hz to 104 Hz . 

This small-signal test system can be divided into two parts, 
the charge and discharge equipment, and the measurement 
device of the small-signal model parameters,. The charge and 
discharge equipment comprises the electronic load, dynamic 
load interface, and impedance measurer. The equipment is 
designed as a flowing system for accurately regulating the 
discharging or charging current or voltage of a battery being 
tested. The electronic load begins to discharge or charge the 
battery when a DC reference magnitude is sent to the 
electronic load through the impedance measurer DAC port, 
the dynamic interface, and the control port of the electronic 
load. Subsequently, its output current or voltage is used as the 
feedback magnitude, which is sent to the impedance measurer 
through the V/I feedback port, the dynamic interface, and the 
ADC port of the impedance measurer. A PI controller inside  
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Fig. 5. Battery test system. 

 
the impedance measurer regulates the output voltage or 
current until the DC feedback magnitude is equal to the DC 
reference. A sinusoidal input is modulated on top of a 
precisely generated DC reference to measure the frequency 
response of the battery being tested. Another part of this test 
system is the measurement system of the small-signal model 
parameters, which is designed to record battery frequency 
response and evaluate model parameters. The equipment 
comprises the impedance measurer for AC small-signal 
generation and data collection, and a computer for data 
storage and process. A convolution method is adopted to 
identify the phase delay of the impedance, thereby reducing 
measurement noise; moreover, Parseval’s theorem is used to 
calculate its magnitude [20]. To evaluate the model 
parameters precisely, Levy’s method in Section V is 
employed to fit the measured frequency response curve, and 
the formulas in Eq. (21) are utilized to calculate the model 
parameters of Rs, Rp, and C. 

B. Frequency Response Measurement and Results 

Li-ion batteries of LFP36130180-50AH, provided by 
China Guangdong Zhicheng Champion Group Co., Ltd [12], 
are selected for the tests to verify the correction of 
small-signal modeling and parameter identification. This 
frequency response is measured by the battery test system 
shown in Fig. 5. The battery SOC is calculated by integrating 
the DC current input per second. The SOC recognized in the 
impedance measurer is set to 100% after the battery is fully 
charged and paused for 1 h to standardize the initial SOC.  

Then, the SOC is calculated by integrating the current at each 
discharging rate. The tested battery is discharged at 0.5 °C, 
and the temperature is maintained at room temperature 
(25 °C). The frequency response data are measured at 71 
points between 0.01 Hz and 104Hz, whereas its SOC is 
maintained at 60%. The blue curve shown in Fig. 6 illustrates 
the frequency response data measured by the battery test 
system. Levy’s method is employed to fit the measured 
frequency response curve based on the measured data, and 
the formulas in Eq. (21) are utilized to evaluate the equivalent 
circuit parameters of Rs, Rp, L, and C shown in Table I. The 
simulated frequency response curve (red curve in Fig. 6) is 
attained using the calculated circuit parameter and the 
transfer function shown in Eq. (16). Fig. 6 shows that the 
measured frequency response curve fits well into the 
simulated frequency response curve, which parameters are 
calculated by the Levy’s method. Some errors in the 
low-frequency phase region can be observed, because a good 
fit cannot be obtained at low frequency using Levy’s method 
[21]. The small-signal model parameters are identified every 
10% from 0% to 100% of the SOC discharged at 0.5 °C 
at room temperature (25 °C). The identified and experimental 
results are shown in Fig. 7(a). The blue and red curves 
represent the identified and experimental values, respectively. 
Figure 7(a) shows that the experimental value is close to the 
identified value. Fig. 7(b) shows Nyquist plot under each 
20% from 20% to 80% of the SOC, in which X-axle and 
Y-axle are real and imaginary parts of the Li-ion battery  
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Fig. 6. Bode plot from the frequency response of the Li-ion battery. 

 
TABLE I  

SMALL-SIGNAL MODEL PARAMETERS FOR THE LI-ION BATTERY USING LEVY’S METHOD 

Parameters L/H Rs/Ω Rp/Ω C/F 

Value 3.718×10−7 5.864×10−4 8.654×10−4 5.639 

 

 
(a) Identified circuit parameters versus measured circuit parameters under different SOCs. 
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(b) Simulated Nyquist plot versus measured Nyquist plot under different SOCs. 

Fig. 7. Experimental results versus simulation results under different SOCs. 
 

 
Fig. 8. Identified values of small-signal model parameters under different discharge rates. 
 

impedance, respectively. The dotted line is the experimental 
results, whereas the real line is the simulated results, 
employing the identified circuit parameters in Fig. 7(b). The 
experimental Nyquist plot is close to the simulation results. 
The model shown in Fig. 4 is selected to simulate the Nyquist 
plot; thus, the simulated results in low frequency cannot 

describe diffusion impedance that shows a 45° slope, which is 
typical in Warburg impedance [9] from Fig. 7(b). Figure 8 
shows identified values of small-signal model parameters 
under different discharge rate. Small-signal model parameters 
change under different discharge rates. With the discharge 
currently increasing, the value of C and L increases, whereas 
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that of Rs and Rp decreases. 
 

VII. CONCLUSIONS 

Some fundamentals of the modeling of the small signals of 
Li-ion batteries are investigated as follows. 1) The 
operational principle of the small signals in this study shows 
that the battery sinusoidal variations in the output voltage is 
the result of an AC small-signal sinusoidal input current. 2) 
Battery satisfies the three small-signal measurement 
conditions (stability, causality, and linearity), which are 
mathematically proven in this work. These conditions are 
important in validating the measured frequency response of 
the experimental data. 3) An AC small signal model is 
established to describe its dynamic behaviors, based on the 
internal structure and electrochemical operational mechanism 
of the battery. 

The mathematical analysis of the dynamic behavior of 
Li-ion batteries often requires the frequency response to be 
fitted by a transfer function, which is a ratio of two 
frequency-dependent polynomials based on experimental test 
results. The Levy’s method is introduced and developed to 
evaluate polynomial coefficients. This approach is based on 
the minimization of the weighted sum of the squares of the 
errors between the absolute magnitudes of the measured 
frequency response data and the transfer function considered 
at various values of the measured frequency. The small-signal 
equivalent circuit parameters of the Li-ion battery can be 
computed numerically using the Levy’s Method through the 
Matlab program. The experimental and simulation results 
provided in this paper concludes that: (1) the measured 
frequency response data fit well into the simulated result of 
the transfer function; (2) the small-signal model parameters 
are almost independent of SOC. Although the fundamentals 
and approaches for obtaining model parameters are 
developed for Li-ion battery, they can also be applied for 
other batteries. 

 

APPENDIX 

Fig. A1 shows a typical v–q discharge characteristic curve 
for a commercial Li-ion battery of LFP36130180-50AH, 
provided by China Guangdong Zhicheng Champion Group Co., 
Ltd. To balance simplification and accuracy, a v–q discharge 
curve of the battery is divided into three regions, namely ER, 
NDOR, and CDR, respectively denoted by (1), (2), and (3), in 
Fig.A1. 

The discharge model is similar to the basic equivalent circuit 
model. However, two new elements have been initially 
presented to improve model accuracy. One is defined as a 
charge-controlling voltage source (QCV), which is used to 
describe battery behaviors in NDOR, whereas the other is 
referred as a q-diode for depicting CDR characteristics. Both 
electrical characteristic equations are investigated. The battery  

 
(1) ER; (2) NDOR; (3) CDR 

Fig. A1. Typical v–q discharge curve. 

 
discharge circuit model is illustrated in Fig. A2(a). The 
proposed discharge circuit model consists of six cascaded 
lumped elements, including a DC voltage source Voc, a current 
controlling resistance R1, a parallel branch Rp and Cp, a QCV, 
and a discharge controlling diode, as well as a current 
integrator. Vbt(q, t) is the battery terminal voltage; Io is a 
constant discharge current acting as a battery load; a switch SW 
is employed to control the battery should be discharged. 
Calculation of Voc and R1  

When t<to, the switch SW is turned off, and the battery is in 
open circuit. The battery terminal voltage is measured as the 
open voltage Voc, which can be found in the manufacturer 
datasheet or on its discharge curve shown in Fig. A1. For 
example, Voc=3.6 V. The voltage across the parallel branch is 
zero, because the capacitor has zero energy; V2(to) is zero. 
At to, the SW is turned on; the constant current source is 
applied to the battery and goes into the discharge process. 
When the constant current source is considered as a step 
current source, the equivalent circuit begins a dynamic 
process. At to, the voltage across the parallel branch should 
remain zero ( V2 (to)=0 V), because the capacitor Cp voltage 
cannot change instantaneously. However, the voltage across 
the QCV and q-diode is zero, because the current integrator 
has zero-charge output (q(to)=0). The voltage drop is applied 
to the internal resistance R1, yielding the expression: 
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where V1 can be determined in the discharge curve shown 
in Fig. A1. 
Time constant τ and charge constant Qτ of parallel 
branches Rp and Cp 

After t0, the capacitor Cp begins to be charged by the 
constant current source, and the voltage across the parallel 
branch increases. Hence, the terminal voltage of the battery 
descends during the charging process of the capacitor, as 
illustrated in (1) ER of Fig. A1. In the exponential region, the 
voltage across QCV and q-diode is considered to be zero,  
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(a) Proposed discharge circuit model. 

 
(b) Numerical simulation discharge model.  

Fig. A2. Proposed discharge circuit model and numerical 
simulation discharge model. 

 
because the integrator produces a few charges. Thus, the 
terminal voltage of the battery, defined as v–q discharge 
equation, can be modeled as an exponential function. 
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Fig. A1 illustrates that the terminal voltage of the battery 
arrives at a relative flat region after t1; thus, the parallel 
branch must have reached the final state or steady state at t1. 
Hence, V2 and Qd1/3 are defined as the magnitude and 
charge constant of the charging process for the parallel 
branch, respectively, as shown in Fig. A1. 
QCV and q-diode region 

Figure A1 shows that the discharge curve can be replaced 
by a straight line in the NDOR. Therefore, a linear charge 
controlling voltage source is utilized to model the discharge 
curve, yielding the v–q discharge equation. 
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In this region, q is remarkably larger than Qd1, and the 
slope can be attained by  
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where Q and V3 can be obtained from Fig. A1. 
In the charged-diode region, the discharge curve is 

remarkably similar to the forward characteristic of a diode. 
Consequently, a charge-controlling diode is used to describe 
the discharge curve in CDR, yielding the following diode 
equation: 
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In comparison with a general diode, the coefficient B is 
defined as a reverse-saturation voltage, and the coefficient x 
is referred as the thermal capacity. Both parameter values 
increase with the rise of temperature. 

In Eq. (A7), B and x are two unknown parameters. Two 
arbitrary points in CDR of Fig. A1 are selected to estimate 
both parameters. 

Overall v–q discharge equation and simulation model  
Based on the above discussion, a battery characteristic 

curve can be modeled by an overall v-q equation as follows: 

)1(

)1(),(

1

3

1
d1









x

q
d

Q

q

oocbt

eB
C

Qq

eARIVtqV
     (A9)  

where 
final

t
QqttttIdtIq ~0,~, 30o0 o   . 

Equation (A9) is a standard v–q discharge equation 
because it can be used to predict the discharge characteristic 
of a battery at standard discharge mode (0.5 °C, 25 °C). A 
numerical simulation discharge model has been presented 
using the overall v-q equation, as illustrated in Fig. A2(b). 
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