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Abstract  

 

This paper discusses the measurement of frequency response functions for various dc-dc converters. The frequency domain 
identification procedure is applied to the measured frequency responses. The identified transfer functions are primarily used in 
developing behavioral models for dc-dc converters. Distributed power systems are based upon such converters in cascade, 
parallel and several other configurations. The system level analysis of a complete system becomes complex when the identified 
transfer functions are of high order. Therefore, a certain technique needs to be applied for order reduction of the identified 
transfer functions. During the process of order reduction, it has to be ensured that the system retains the dynamics of the full 
order system. The technique used here is based on the Hankel singular values of a system. A systematic procedure is given to 
retain the maximum energy states for the reduced order model. A dynamic analysis is performed for behavioral models based on 
full and reduced order frequency responses. The close agreement of results validates the effectiveness of the model order 
reduction. Stability is the key design objective for any system designer. Therefore, the measured frequency responses at the 
interface of the source and load are also used to predict stability of the system. 
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I. INTRODUCTION 

Switched-Mode Power Supplies (SMPS) are being used in 
several electronic applications [1], [2]. The pre-requisite for 
all of the design approaches regarding the analysis of SMPS 
is to have complete knowledge about the internal structure 
and parameters of the converter [3], [4]. Designers often have 
very limited information available for modeling these 
converters. This issue is commonly faced in Distributed 
Power Systems (DPSs) where different modules such as 
converters, filters and loads are designed by different 
vendors. 

This leads us to the behavioral or black-box modeling 
approach [5]. Behavioral modeling is a popular approach for 
the system level design and analysis of distributed power 
systems. In black-box modeling a frequency response 
analyzer, commonly known as network analyzer is used to 
measure the set of frequency responses called g-parameters 
which are used for the construction of black-box models. The 

advantage of this modeling approach is that various models 
can be easily interconnected in different configurations i.e. in 
cascade and parallel form. Such power distribution systems 
are widely found in telecommunication applications, data 
communication systems, more electric aircraft, electric 
vehicles, etc. [6]-[8].  

The first step in the development of a black-box model for 
any system is to carry out frequency response measurements. 
Then system identification procedure is applied to the 
measured frequency responses to get the transfer functions. 
The g-parameter transfer functions obtained via the system 
identification procedure from the measured frequency 
responses are rather high in order. In case of distributed 
power systems where there is a number of subsystems, the 
high order of identified transfer functions makes the system 
level analysis much more challenging. Hence, there is need to 
obtain low order models. The order reduction of a transfer 
function can achieve several goals, including simplification 
of the model and speeding up of the simulation process. 
During the order reduction process, it needs to be ensured 
that the states of systems with maximum energy are 
preserved. The obtained reduced order transfer functions can 
be used for the analysis of distributed power systems without 
significant loss of information. 
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Fig. 1. Two port network model for dc-dc converter. 

 
The frequency response measurements and transfer 

function derivation via system identification, both full order 
and reduced order, was done for a prototype dc-dc buck 
converter in [9]. This work extends this concept further to a 
prototype dc-dc boost converter and a commercial isolated 
dc-dc converter. The model order reduction methods e.g. the 
pole-zero cancellation technique and singular perturbations 
are more suitable only for systems where enough information 
is available about the internal dynamics of the system, which 
is not always the case. In this study, a Hankel singular values 
based method is used. Furthermore, a systematic procedure is 
developed and used to determine the maximum energy states 
to be retained for a low order model. After obtaining the full 
and reduced order transfer functions, a time domain 
validation is done by building behavioral models based upon 
the full and reduced order frequency responses. The step load 
current test is applied to the behavioral model to analyze and 
compare the responses of the full and reduced order models. 
In addition, a comparison of the simulation speeds for full 
and reduced order transfer function based behavioral models 
shows that the reduced order transfer functions based models 
are computationally more efficient and require a lot less 
simulation time.  

The integration of various modules from different vendors 
into a distributed power architecture results in complex 
dynamic behavior of the system. It also sometimes gives rise 
to concerns regarding the stability of the overall system. In 
this study, the stability of the system is analyzed using small 
signal impedance based stability criterion. The source output 
impedance and load input admittance are measured at the 
interface of source and load. They are then used to predict the 
stability of the system. 

 

II. TWO PORT MODEL OF DC-DC CONVERTERS 

Two port models have been extensively applied for the 
analysis of dc-dc converters [10]-[12].  In the use of linear 
two port representation based on g-parameters, the 
parameters represent the real internal dynamics excluding the 
source and load effects. The input and output port parameters 
constitute a set known as g-parameters.  

The input port is represented by a Norton equivalent circuit 
while the output port is represented by a Thevenin equivalent 
circuit as shown in Fig. 1 [5]. 

A two port network model is used to build a small signal linear 

model of a dc-dc converter around a particular operating point. 

The four transfer functions required for the behavioral model 
are the input admittance, back current gain, 
audiosusceptibility and output impedance denoted by Yi, Hi, 
Go and Zo, respectively. Mathematically the g-parameter set 
can be written as shown in equation (1).  

̂

0

̂

̂
0

0
̂

0

    (1) 

The small signal input variables of the two port model are 

the input voltage and output current	 , ̂ while the small 
signal output variables are the output voltage and input 

current , ̂ . In terms of these variables, the two port 
network model of Fig. 1 can be represented as: 

	
̂ 			

̂          (2) 

The negative sign in equation (2) is due to the direction of 
output current as shown in Fig. 1. 

 

III. FREQUENCY RESPONSE MEASUREMENTS 

To measure the frequency response of a power supply, 
certain signals need to be perturbed. The source of the 
network analyzer generates a sinusoidal perturbation signal to 
be injected into the circuit through an isolation transformer. 
The injected signal is used to perturb the input voltage or 
output current. The perturbation signal is amplified before 
injection into the circuit. The amplitude of the injection signal 
should not be too small, so that it is dominated by noise, or 
too large, which would affect the normal operation of the 
circuit. 

An Agilent’s network analyzer E5061B, which has a 
frequency range of 5Hz-3GHz, is used in this study to 
measure the frequency response of the system [13]. The 
measurement results plot the gain and phase as a function of 
the frequency. It is important to mention that the 
measurements made by network analyzer are valid up to half 
of the switching frequency. Measurements after half of a 
switching frequency are not reliable since the aliasing 
phenomenon becomes an issue [14]. 

The measurement setup in Fig. 2, is used for the 
measurement of the input admittance and audiosusceptibility. 
For introducing perturbation into the input voltage, an 
injection signal is connected in series with the source. For 
both of these measurements, channel  measures the input 
voltage. For input admittance, channel 	measures the input 
current so that the ratio 	 ⁄  gives the input 
admittance 	 ̂ ⁄ . For audiosusceptibility, channel  
measures the output voltage so that the ratio	 ⁄ 	gives 
audiosusceptibility ⁄ . 

The measurement setup in Fig. 3, is used for the 
measurement of the output impedance and back current gain. 
For introducing a perturbation into the output current, the 
injection signal is connected in parallel across the load. For  
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Fig. 2. Measurement setup for input admittance and 
audiosusceptibility. 
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Fig. 3. Measurement setup for output impedance and back 
current gain. 

 
both of these measurements, channel R measures the output 
current. For the output impedance, channel T measures the 
output voltage so that the ratio 	 A B⁄  gives the output 
impedance v ı̂⁄ . For the back current gain, channel T 
measures the input current so that the ratio C B⁄ 	gives the 
back current gain ı̂ ı̂⁄ . 

 

IV. IDENTIFICATION OF MEASURED FREQUENCY 
RESPONSE FUNCTIONS 

The identification process deals with the identification of 
transfer functions from the measured frequency response data 
[15]. The MATLAB software package is used to get the 
identified transfer functions. The measured frequency 
responses are imported to MATLAB and the command csvread 
is used to read the data from the imported files. The 
magnitude and phase data is changed into complex form, 
while frequency to rad/s, for the creation of a data object in 
the next step. The data object is created using the command 
frd from the magnitude and phase data in complex form, the 
frequency values in rad/s and the sampling time which is zero 
for a continuous system. 

data_object = frd (response, frequency, Ts) 
The most important step is to choose a model from the 

available set of models to fit the data. Some of the commonly 
used models are FRD, ARX, OE and PEM. In this study, the 
state space model based structure FRD is used. The MATLAB 
command fitfrd is used to achieve this. The data object 
created in the previous step and the required order of the 
transfer function are provided as arguments. 

model_frd = fitfrd (data_object, order) 
Normally a few iterations are required to best fit the  

Perform the frequency 
response measurements of 

Zo, Hi, Yi and Go

Import the measurements 
data to MATLAB

Create data object

Apply ident if ication algorithm

Compare measured 
and identified results

Full order model ident if ied

Results match

Results don’t 
match

Change the order

 
 

Fig. 4. Algorithm to obtain identified transfer functions. 
 

identified result into the measured data. Fig. 4 gives a 
summary of the steps involved in the identification process. 

 

V. MEASURED AND IDENTIFIED FREQUENCY 
RESPONSE RESULTS 

The frequency response functions obtained through the 
system identification procedure discussed above are 
compared with the measurement results and presented for 
three dc-dc converters. 

The output impedance frequency response measurement 
contains information regarding the response of the converter 
to dynamic load changes at different frequencies. The output 
impedance shows how a converter regulates and responds to 
various load changes. The output impedance gives ideas 
about any changes in the load, while the input admittance 
does so concerning any interaction from the source. This 
determines the sensitivity of a power system to input filter or 
input power components. The input admittance measurement 
gives the designer idea about the integration of a power 
supply into another system. An audiosusceptibility frequency 
response measurement determines the transmission of noise 
from the input of the system to the output. It tells about the 
ability of the converter to reject noise appearing at the input. 
Compared to the output impedance and back current gain it is 
more difficult to measure the audiosusceptibility and input 
admittance because the small signal injection is in series with 
the DC source [16]. Fig. 5 shows a comparison of the 
measured and identified frequency response plots of the four 
g-parameters for a prototype buck converter, whose 
parameters are given in Table I. 
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TABLE I 
BUCK CONVERTER PARAMETERS 

Input 
Voltage 

Inductor Capacitor 
Output 
Voltage 

Output 
Power 

Switching 
Frequency

      

20  100μ  320μ  10  20  100  

 

TABLE II 
BOOST CONVERTER PARAMETERS 

Input 
Voltage

Inductor Capacitor 
Output 
Voltage 

Output 
Power

Switching 
Frequency

      

20  350μ  330μ  30  50  100  

 

 
    (a)                                                  (b) 

 
    (c)                                                  (d)                                       

Fig. 5. Frequency response comparison of (a) Output impedance (b) Back current gain (c) Input admittance (d) Audiosusceptibility. 
 

 

Fig. 6 shows a comparison of the measured and identified 
frequency response plots of the four g-parameters for a 
prototype boost converter, whose parameters are given in 
Table II.  

To further validate the procedure for the measurement and 
identification of frequency response functions, a 
commercially available converter V24C5C100BL is used [17]. 
The 100W, 24/5V converter’s high frequency ZCS/ZVS 
switching provides a high power density with a low noise and 
a high efficiency. Fig. 7 shows a comparison of the measured 
and identified frequency response plots of the four 
g-parameters for a commercial dc-dc converter. 

The results clearly show that the identified models closely 
match the measured frequency response functions in the 
given frequency range of interest. 

VI. FREQUENCY RESPONSE FUNCTIONS FOR 
REDUCED ORDER MODELS 

System order reduction is a mathematical process that aims 
to replace high order transfer functions with transfer 
functions of considerably lower dimensions, while ensuring 
that it has the same response characteristics. Two methods 
which can be employed for system order reduction are the 
pole-zero cancellation technique and the Hankel singular 
values based method. 

A. Pole-Zero Cancellation Technique 

The pole-zero cancellation technique is a relatively simple 
technique, which can be easily employed if a pole is located 
at exactly the same point as a zero [18]. It may seem all right 
to cancel a pole and a zero if they are close to each other.  
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    (a)                                                 (b)                                        

 
      (c)                   (d) 

Fig. 6. Frequency response comparison of (a) Output impedance (b) Back current gain (c) Input admittance (d) Audiosusceptibility. 

 

However, in order to achieve this, it is necessary to have 
information about the dynamics of the system. The poles and 
zeros that are associated with the dominant dynamics of the 
system cannot be cancelled even if they are apparently 
located close to each other. This technique is more suitable 
for models where the relationship between different 
parameters and certain states is well known. 

 
The output impedance of the buck converter shown in Fig. 

5 (a) is identified with the 3rd order transfer function given in 

equation (3). 

. 	 . 	 . 	 .

. 	 	 .
   (3) 

The MATLAB command minreal is used to cancel the 
pole-zero pairs in transfer functions. It can be applied equally 
to eliminate uncontrollable and unobservable states for 
state-space models. 

model_reduced = minreal (mod_full) 
Since there are no poles and zeros having the same value, it 

results in the same transfer function as above. However, it 
will be shown next that the order of  can be reduced while 

preserving the dominant dynamics of the system. 

B. Hankel Singular Values Based Method 

For transfer functions obtained via identification, as is the 
case in this study, the pole-zero cancellation technique is not 
effective because the converter parameters and the identified 
models cannot be directly related. In order to overcome this 
drawback, a reduction technique based upon the Hankel 
singular values of the system is employed. Hankel singular 
values are parameters which determine the energy contained 
by each state of a system. During the process of transfer 
function order reduction it is important to keep the states with 
high energy so that the main features, e.g. dynamic response 
and stability, are preserved. The Hankel singular values based 
system order reduction technique presented here, can achieve 
a reduced order model that preserves the important system 
characteristics. 

In control theory, eigenvalues define the system stability, 
whereas Hankel singular values define the energy of each 
state of a system. The general state space representation of a 
system is given as: 
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         (a)               (b)                                    

 
         (c)               (d)                                   

Fig. 7. Frequency response comparison of (a) Output impedance (b) Back current gain (c) Input admittance (d) Audiosusceptibility. 

 

     (4) 

For a given stable state-space system, the Hankel singular 
values are calculated as the square root of the product of 
controllability and observability gramians [19]. 

λ    (5) 

In equation (5), the Hankel singular values of the system 
are represented by , , , … . . , the eigenvalues 
are represented by λ λ , λ , λ , … . . λ , while and 
	represent the controllability and observability gramians, 

which can be obtained by solving the following Lyapunov 
equation: 

    (6) 

The Hankel singular values are represented as the entries of a 
diagonal matrix in descending order 

, ,∙∙∙∙∙, , ,∙∙∙∙∙,      (7) 
where         ⋯ ⋯ 0 

For system order reduction, if the values in (7) are related 
so that ≪ , this implies that the states related to 

, … ,  are less controllable and less observable than the 
preceding states, i.e. … . This means that the states up 

to  are the dominant states of the system, while the 
remainder of the states have a negligible effect upon the 
overall dynamic response of the system. Thus, these states 
can be discarded without a loss of the main characteristics of 
a system. 

In order to have a uniform criterion for keeping the 
maximum energy states while neglecting the others it is 
decided to retain the states that add up to have 80% or more 
of the total energy of the system. If  represents the 
percentage contribution of state , then it can be written as: 

,∙∙∙∙∙, 80%   (8) 
By having a plot of the energy contained by each state, it is 

possible to have an idea of the maximum energy states of the 
system. For transfer functions with unstable poles, only the 
Hankel singular values of the stable part are computed, and 
the entries of the corresponding unstable modes are set to 
infinity.  

MATLAB is used to get a plot for the energy of each state. 
The label stable modes, indicates that all of the poles of the 
transfer function are stable. The following MATLAB command 
gives numeric values of the energy associated with each state. 

state_energy = hsvd ( ) 
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Fig. 8. Hankel singular values graph for buck converter. 

Fig. 9. Full and reduced order plots for buck converter. 

The full and reduced order models obtained through system 

identification are compared and presented in Fig. 9.  

Using the state_energy vector, the percentage contribution 
of each state is computed and the states that add up to 80% 
energy or more are retained, while the remaining states are 
discarded. The states selection criterion developed for order 
reduction is applied to three different type of converters. It 
will be shown next that it works equally well for each type, 
which suggests the effectiveness of the proposed method. 

The model order reduction criterion is applied to the 
Hankel singular values graph shown in Fig. 8 for a buck 
converter. In each case, only the first two states are sufficient 
to meet the chosen limit. Therefore, the reduced order 
identified transfer functions are of second order. 

A Hankel singular values graph for a boost converter is 
shown in Fig. 10. Here only the first two or three states fulfill 
the required state energy limit. Therefore, the reduced order 
identified transfer functions are of second or third order. 

Fig. 10. Hankel singular values graph for boost converter. 

Fig. 11. Full and reduced order plots for boost converter. 

Fig. 12. Hankel singular values graph for Vicor converter. 
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Fig. 13. Full and reduced order models for Vicor converter. 

TABLE III 
COMPARISON OF FULL AND REDUCED ORDER 

TRANSFER FUNCTIONS 

Buck Boost Vicor 
Transfer 
Function 

Full Reduced Full Reduced Full Reduced

 3 2 16 2 6 2 

 7 2 6 3 19 3 

 5 2 5 2 7 3 

 3 2 10 2 12 3 

The full and reduced order models obtained through system 
identification are compared and presented in Fig. 11.  

A Hankel singular values graph for a V24C5C100BL 
converter is shown in Fig. 12. Here the first two or three 
states fulfill the required state energy limit. Therefore, the 
reduced order identified transfer functions are of second or 
third order. 

The full and reduced order models obtained through system 
identification are compared and presented in Fig. 13.  

The full and reduced order models shown above match 
very well except for a slight mismatch in few of the phase 
plots. It can be further improved by increasing the set limit 
for the percentage contribution of the states. However, the 
cost will be in terms of increase in the number of states in the 
reduced order models. 

A comparison of the full and reduced order identified 
transfer functions for the three converters is given in Table 
III. 

It is quite evident that even after the system order reduction, 
the reduced order transfer functions match very well with the 
full order transfer functions. 

A comparison of the simulation speed for the full vs. 
reduced order transfer functions based behavioral models 
constructed in MATLAB/SIMULINK is given in Table IV. When 
computing the simulation time, the parameters e.g. step size  

TABLE IV 
COMPARISON OF SIMULATION SPEED 

Converter Full Reduced 
Percentage 
decrease 

Buck 0.203s 0.145s 28.6% 
Boost 0.633s 0.117s 81.5% 
Vicor 0.261s 0.104s 60.2% 

and solver type, effect the speed. Therefore, these 
computations are made by having all the parameters same for 
each model. 

Table IV confirms a significant decrease in the simulation 
time for the reduced order transfer functions based models. 
These can be highly effective in large distributed power 
systems, resulting in short simulation time. 

VII. DYNAMIC ANALYSIS

Both the full and reduced order transfer functions obtained 
via system identification need to be validated to determine 
the effectiveness of the model order reduction. A two port 
network based behavioral model of the system is build using 
the procedure described in [20]. For the validation and 
comparison of the full and reduced order models, a step load 
current test is applied to both models and the results obtained 
are compared for the three converters as shown in Fig. 14 (a, 
b and c). The time domain results clearly show very good 
agreement between the full order and the reduced order 
system responses, which validates the effectiveness of the 
order reduction for the measured transfer functions.  

VIII. STABILITY ANALYSIS

An analysis of the distributed power system’s stability can 
be done by making use of small signal impedance based 
models [21], [22]. This is based upon analyses of the 
equivalent source output impedance and load input 
admittance. The criterion is valid for the small-signal stability 
analysis of a distributed power system with multiple 
interconnected systems. According to this criterion, if  and 

 represent the source output impedance and load input 
admittance at the interface, as shown in Fig. 14, the 
corresponding small signal transfer function is represented as 
given in equation (9). 

	 	
	

       (9) 

The system is stable if the impedance ratio ⁄   
satisfies the Nyquist criterion. 

This shows that the stability of the system depends upon 
the ratio called the minor loop gain  as shown in 
equation (10) [23]. 

	 	       (10) 

Therefore, the Nyquist stability criterion can be applied to 
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(a) 

 
(b) 

 
(c) 

Fig. 14. Behavioral model response for full and reduced order 
transfer functions (a) Buck converter (b) Boost converter (c) 
Vicor converter. 

 
 for the stability analysis of interconnected power 

modules. 
Fig. 15 shows a general view of two interconnected 

subsystems. 
For three converters, the Nyquist diagram of the return 

ratio is shown in Fig. 16 (a, b and c).  
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Fig. 15. Source and load subsystems interaction. 
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Fig. 16. Stability analysis using Nyquist diagram (a) Buck 
converter (b) Boost converter (c) Vicor converter. 
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For each of the three converters, the interaction between 
the source and load sub system is stable as shown by the 
non-encirclement of point (-1, 0) in the return ratio Nyquist 
diagram. 

 

IX. CONCLUSIONS 
 

The model order reduction technique presented in this 
paper finds application in DPSs involving numerous 
converters, most of which are from different vendors with 
very limited information available on the internal design and 
parameters. These converter are integrated to make large 
DPSs. Due to the lack of information concerning the internal 
structure of these black-box type converters it is not possible 
to construct analytical models. Therefore, a behavioral 
modeling procedure is adopted for their analysis. The 
behavioral modeling based system level analysis is very 
suitable for DPSs. Since the originally identified models are 
of high order, to increase the computational efficiency and to 
reduce the simulation time, the model order reduction 
technique can be effectively employed. This work shows that 
high order behavioral models can be systematically reduced 
to lower dimensions, which helps speed up the design process 
by lowering model setup and simulation time. The purpose of 
using three different converters is to validate the effectiveness 
of the presented model order reduction technique and the 
procedure to select the high energy states for the reduced 
order models. Along with buck and boost prototypes, a 
commercial converter which serves as a complete black-box 
is used for the validation of the presented model order 
reduction technique. The close agreement of the results for 
the full vs. reduced order behavioral models verifies the 
effectiveness of the model order reduction technique. The 
measured frequency responses for all three converter systems 
are used to analyse the dynamic interaction between the 
source and the load using Bode plots and Nyquist diagrams. 
In each case the Nyquist contour does not encircle the (-1, 0) 
point, which indicates the stable operation of the converters. 
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