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ON GRADED 2-ABSORBING PRIMARY AND GRADED
WEAKLY 2-ABSORBING PRIMARY IDEALS

KHALDOUN AL-ZOUBI AND NISREEN SHARAFAT

ABSTRACT. Let G be a group with identity e and let R be a G-graded
ring. In this paper, we introduce and study graded 2-absorbing primary
and graded weakly 2-absorbing primary ideals of a graded ring which
are different from 2-absorbing primary and weakly 2-absorbing primary
ideals. We give some properties and characterizations of these ideals and
their homogeneous components.

1. Introduction and preliminaries

Throughout this paper, all rings are assumed to be commutative with iden-
tity elements. The concept of 2-absorbing primary ideal was introduced in [9]
as a generalization of the notion of primary ideal. Let R be a ring. A proper
ideal I of R is called a 2-absorbing primary ideal of R if whenever a, b, c € R
with abc € I, then ab € I or ac € VT or be € VI. Weakly primary ideals
are also generalizations of primary ideals. Recall from [6] that a proper ideal
I of R is called a weakly primary ideal if whenever 0 # ab € I, then a € I or
b € VI. The concept of weakly primary ideal was generalized to the concept
of weakly 2-absorbing primary ideal in [10]. A proper ideal I of R is said to be
a weakly 2-absorbing primary ideal of R if whenever 0 # abc € I, then ab € |
or ac € VI or be € VI. Graded primary ideals of a commutative graded ring
have been introduced and studied by Refai and Al-Zoubi in [16]. Graded 2-
absorbing and graded weakly 2-absorbing ideals of a commutative graded rings
have been introduced and studied by Al-Zoubi, R. Abu-Dawwas and S. Ceken
in [1]. We like to point out that the concept of weakly prime ideals was initiated
by Anderson and Smith in [3] (Recall from [3] that a proper ideal I of R is
called weakly prime if whenever a,b € R and 0 # ab € I impliesa € I or b € I)
and Badawi in [7] introduced the concept of 2-absorbing ideals of commutative
rings that is a generalization of the concept of prime ideals (recall from [7] that
a proper ideal I of R is called a 2-absorbing ideal of R if whenever a,b,c € R
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and abc € I implies ab € I or ac € I or bc € I). In this paper, we introduce
and study graded 2-absorbing primary and graded weakly 2-absorbing primary
ideals of graded rings.

First, we recall some basic properties of graded rings and modules which
will be used in the sequel. We refer to [12] and [13] for these basic properties
and more information on graded rings and modules. Let G be a multiplicative
group and e denote the identity element of G. A ring R is called a graded
ring (or G-graded ring) if there exist additive subgroups R, of R indexed by
the elements g € G such that R = ®4cc Ry and RyR), C Ry, for all g,h € G.
If the inclusion is an equality, then the ring R is called strongly graded. The
elements of R, are called homogeneous of degree g and all the homogeneous
elements are denoted by h(R), ie., h(R) = UgeqRy. If x € R, then x can
be written uniquely as ¥ cqxy, where z,4 is called homogeneous component
of x in R,. Moreover, R, is a subring of R and 1 € R.. Also, if r € R,
and r is a unit, then r~! € R,_1. A G-graded ring R = @yecR, is called a
crossed product if R, contains a unit for every g € G. Note that a G-crossed
product R = @4ea Ry is a strongly graded ring (see [13, Remark 1.1.2.]). Let
R = ®4eq Ry be a G-graded ring and. An ideal I of R is said to be a graded
ideal if I = Pgec(I N Ry) := Pgecly. If I is a graded ideal of R, then
the quotient ring R/I is a G-graded ring. Indeed, R/I = ®4ec®(R/I), where
(R/I)g ={xz+I:xz € Ry}. Let Ry and Ry be G-graded rings and R = R; X R».
Then R is a G-graded ring with h(R) = h(R1) X h(Rz2). Let R be a G-graded
ring and S C h(R) be a multiplicatively closed subset of R. Then the ring
of fraction S™'R is a graded ring which is called graded ring of fractions.
Indeed, STIR = ®,ec®(S™'R), where (S7'R), = {r/s :r € R,s € S and
g = (degs)'(degr)}. Let R = ®geaDRy be a G-graded ring. A right R-
module M is said to be a graded R-module (or G-graded R-module) if there
exists a family of additive subgroups {Mg}sec of M such that M = GoecaM,
and MyRp, C Mgy, for all g,h € G. Also if an element of M belongs to
UgeaMy, = h(M), then it is called homogeneous. Note that M, is an R.-
module for every g € G. So, if I = ©g4eqly is a graded ideal of R, then I, is
an R.-module for every g € G. Let R be a G-graded ring. The graded radical
of a graded ideal I, denoted by Gr(I), is the set of all x € R such that for
each g € G there exists ny > 0 with 29 € I. Note that, if r is a homogeneous
element, then r € Gr(I) if and only if ™ € I for some n € N. A proper graded
ideal P of R is said to be a graded primary (resp. graded weakly primary)
ideal if whenever r,s € h(R) with rs € P (resp. 0 # rs € P), then either
r € P or s € Gr(P) (see[4, 16]). A proper graded ideal I of R is said to be a
graded 2-absorbing (resp. graded weakly 2-absorbing) ideal of R if whenever
rys,t € h(R) with rst € I (resp. 0 £ rst € I),thenrs €T orrt €l or st €T
(see [1]).

In this article, we define graded (weakly) 2-absorbing primary ideals of a
graded ring.
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A proper graded ideal I of a graded ring R is said to be a graded 2-absorbing
primary (resp. graded weakly 2-absorbing primary) ideal of R if whenever
r,s,t € h(R) with rst € I (resp. 0 # rst € I), then rs € I or rt € Gr(I) or
st € Gr(I).

These ideals are generalizations of (weakly) 2-absorbing primary ideals in
a graded ring. But we show that the set of all graded 2-absorbing primary
ideals and the set of all 2-absorbing primary graded ideals need not to be
equal in a graded ring (see Example 2.2(i)). According to our definition, every
graded primary ideal is a graded 2-absorbing primary ideal. But we show
that not every graded 2-absorbing primary ideal is a graded primary ideal (see
Example 2.2(i)). Also, every graded 2-absorbing ideal is a graded 2-absorbing
primary ideal. But we show that not every graded 2-absorbing primary ideal is
a graded 2-absorbing ideal (see Example 2.2(ii)). Various properties of graded
(weakly) 2-absorbing ideals and their homogeneous components are considered.
Note that every graded 2-absorbing primary ideal is clearly a graded weakly
2-absorbing primary ideal. However, the converse is not true. For example, 0
is always a graded weakly 2-absorbing primary ideal of R, but it is not always
a graded 2-absorbing primary ideal.

2. Graded 2-absorbing primary ideals

Definition 2.1. Let R = ®4cc R4 be a G-graded ring, I = ®4cqly be a graded
ideal of R and g € G.

(i) We say that I is a g-2-absorbing primary ideal of R if I, # R, and
whenever 7, s,t € R, with rst € I, then rs € I or rt € Gr(I) or st €
Gr(I).

(ii) We say that I is a graded 2-absorbing primary ideal of R if I # R and
whenever r,s,t € h(R) with rst € I, then rs € I or rt € Gr(I) or
st € Gr(I).

Example 2.2. Let R = Z[i] and G = Zy. Then R is a G-graded ring with
Ro =7 and R, = iZ.

(i) Let I = 6R. Then [ is not 2-absorbing primary ideal of R by [9, Corollary
2.12]). Also, I is not a graded primary ideal of R. Because 2,3 € Ry C
h(R) and 2-3 € I but 2 ¢ I and 3 ¢ Gr(I). However an easy computation
shows that I is a graded 2-absorbing primary ideal of R.

(ii) Let J = 12R. Then J is not a graded 2-absorbing ideal of R. Because
2,3€¢ Ry Ch(R)and2-2-3c Jbut2-2¢ Jand2-3 ¢ J. However, it
is clear that J is a graded 2-absorbing primary ideal of R.

The following result is an analogue of [9, Theorem 2.2].

Theorem 2.3. Let R be a G-graded ring. If I is a graded 2-absorbing primary
ideal of R. Then Gr(I) is a graded 2-absorbing ideal of R.
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Proof. Let r,s,t € h(R) such that rst € Gr(I), rt ¢ Gr(I) and st ¢ Gr(I).
Since rst € Gr(I), there exists a positive integer n such that (rst)" = r"s"t" €
I. Since I is a graded 2-absorbing primary ideal, rt ¢ Gr(I) and st ¢ Gr(I),
we conclude that r"s"™ = (rs)” € I and so rs € Gr(I). Thus Gr(I) is a graded
2-absorbing primary ideal of R. ]

The following result is an analogue of [9, Theorem 2.8].

Theorem 2.4. Let R be a G-graded ring and I be a proper graded ideal of R.
If Gr(I) is a graded prime ideal of R, then I is a graded 2-absorbing primary
ideal of R.

Proof. Let rst € I and rs ¢ I for some 7,s,t € h(R). Since (rt)(st) = rst? €
I C Gr(I) and Gr(I) is a graded prime ideal of R, we have st € Gr(I) or
rt € Gr(I). Therefore I is a graded 2-absorbing primary ideal of R. O

In [11], the concept of 2-absorbing primary ideal of a ring was extended to
the notion of 2-absorbing primary submodule of a module. Let R be a ring
and M be an R-module. A proper submodule N of M is called 2-absorbing
primary, if whenever a, b € R, m € M and abm € N, then am € M-rad(N) or
bm € M-rad(N) or ab € (N :g M).

Theorem 2.5. Let R be a G-graded ring and I = ©g4eqly be a graded ideal of
R. Then the following hold.
(1) If I is a graded 2-absorbing primary ideal of R, then I, is a 2-absorbing
primary submodule of the Re-module R, for every g € G with 14 # Ry.
(ii) If R is a crossed product and I, is a 2-absorbing primary ideal of R., then
I is a graded 2-absorbing primary ideal of R.

Proof. (i) Let g € G and I; # R,. Assume that a,b € R. and m € R, with
abm € I,. Since I is a graded 2-absorbing primary ideal of R, we have either
ab e I or am € Gr(I) or bm € Gr(I). If ab € I, then ab € (I; :r, Ry). If
bm € Gr(I) or am € Gr(I), then bm € Gr(l,) or am € Gr(l,), respectively.
Therefore, I, is a 2-absorbing primary R.-submodule of R,.

(ii) Clearly, I # R. First we show that if I. is a 2-absorbing primary
ideal of R., then I, is a 2-absorbing primary submodule of the R.-module
R, for every g € G. Let g € G. If I; = Ry, then it can be easily seen
that I = Re, a contradiction. So I, # R4. Let a,b € R., m € R, such that
abm € I,. Let u be a unit in R,-1. Then ab(mu) € I.. Since I, is a 2-absorbing
primary ideal of R., we have ab € I, or a(mu) € Gr(I.) or b(mu) € Gr(I.).
If ab € I, then ab € (I, :r, Ry). If a(mu) € Gr(l.) or b(mu) € Gr(l.),
then am € Gr(I) or bm € Gr(I), respectively. Now, let a,b,c € h(R) with
abc € I. There exist g,h,A\ € G such that a € Ry, b € Ry and ¢ € Rj.
Also, R,-1 contains a unit, say ¢’ and Rj-1 contains a unit, say o’. Thus
(aa’)(bb')c € I,. Since Iy is a 2-absorbing primary submodule of the R.-module
Ry, we have (aa’)c € Gr(Iy) or (bb')c € Gr(Iy) or (ad')(DV') € (I :gr, Ry). If
(aa’)e € Gr(Iy) or (bb')e € Gr(Iy), then ac € Gr(I) or be € Gr(I), respectively.



ON GRADED 2-ABSORBING PRIMARY 679

If (aa’)(bV') € (Ix :r, R»), then ab(a’b')Ry € I. Since R is strongly graded,
ab(a’t’) € I., we conclude that t ab € I. Therefore I is a graded 2-absorbing
primary ideal of R. (]

For G-graded rings R and R’, a G-graded ring homomorphism ¢ : R — R’
is a ring homomorphism such that ¢(R,) C R} for every g € G. The following
result is an analogue of [9, Theorem 2.20].

Theorem 2.6. Let R and R’ be two G-graded rings and ¢ : R — R’ be G-
graded ring homomorphism. Then the following statements hold:
(i) If I' is a graded 2-absorbing primary ideal of R, then ¢~*(I') is a graded
2-absorbing primary ideal of R.
(ii) If ¢ is a graded epimorphism and I is a graded 2-absorbing primary ideal
of R containing ker(p), then o(I) is a graded 2-absorbing primary ideal
of R'.

Proof. (i) Suppose that I’ is a graded 2-absorbing primary ideal of R’ and let
r,s,t € h(R) such that rst € ' (I’). Then ¢(rst) = ¢(r)p(s)p(t) € I'. Since
I’ is a graded 2-absorbing primary ideal of R, ¢(r)¢(s) € I' or p(s)p(t) €
Gr(I') or p(r)p(t) € Gr(I'), and hence rs € p~L1(I') or st € ¢~ (Gr(I')) =
Gr(p=t(I") or 1t € p=1(Gr(I')) = Gr(¢~1(I")). Therefore ~1(I')is a graded
2-absorbing primary ideal of R.

(ii) Suppose that I is a graded 2-absorbing primary ideal of R containing
ker(o) and let 7/, s",t" € h(R') such that 's't’ € p(I). Since ¢ is a graded
epimorphism, there exist r, s,t € h(R) such that o(r) =17, p(s) = ¢, o(t) =t
and @(rst) = r's't’ € o(I). Since Kerf C I, we have rst € I. Since I is
a graded 2-absorbing primary ideal of R, we have rs € I or rt € Gr(I) or
st € Gr(I). Sor's’ € p(I) or 't € p(Gr(I)) C Gr(p(I)) or s't' € o(Gr(I)) C
Gr(p(I)). Therefore p(I) is a graded 2-absorbing primary ideal of R'. O

Let I be a proper graded ideal of G-graded ring R. Then G-Z;(R) = {r €
h(R)|rs € I for some s € h(R) — h(I)}.
The following result is an analogue of [9, Theorem 2.22].

Theorem 2.7. Let R be a G-graded ring, S C h(R) be a multiplicatively closed
subset of R, and I be a proper graded ideal of R. Then the following hold:

(i) If I is a graded 2-absorbing primary ideal of R such that INS = ¢, then
S~ is a graded 2-absorbing primary ideal of ST'R.

(i) If S71I is a graded 2-absorbing primary ideal of ST*R and SNG-Z;(R) =
o, then I is a graded 2-absorbing primary ideal of R.

Proof. (i) Suppose that {3223 € S~ for some T3P h(S~'R). Then

there exists v € S such that vrirers € I. Since [ is a graded 2-absorbing

primary ideal, we conclude that either vrire € I or rors € G.(I) or vrirs €

Gr(I). If vrirg € I, then 1122 = Y172 ¢ G=1T If porg € G,.(I), then 2213 ¢

81 82 V8182 S2 83

S7IGr(I) = Gr(ST). If vrirg € G,.(I), then L2 = Y113 ¢ Gp(S—1]).

S1 S3 VS183
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(ii) Suppose that riror3 € I for some ry,72,73 € h(R). Then =727 =
nr2ls ¢ S~ Since S~ is a graded 2-absorbing primary ideal of S™!'R, we

conclude that either 2122 € S™'] or 2% € Gr(S™'1) or 2% € Gr(S™'I).

I TTlTTQ = % € S~ then vriry € I, for some v € S. Since v € S and
SNG-Zi(R) = ¢, we have rirp € I. If L252 = 1218 € Gr(S~1T) = S~1Gr(),
then there exists ¢ € S and n € ZT such that (trerg)™ = t"rir% € I. Since
t € S, we have t" ¢ G-Z;(R). Thus r§ry € I, and so rerg € Gr(I). With
a same argument, we can show that If 222 € Gr(S~'I), then rir3 € Gr([).
Therefore I is a graded 2-absorbing primary ideal of R. O

Lemma 2.8 ([16, Lemma 1.8]). Let R be a G-graded ring and I be a graded
primary ideal of R. Then P = Gr(I) is a graded prime ideal of R, and we say
that I is a graded P-primary ideal of R.

The following result is an analogue of [9, Theorem 2.4(2)].

Lemma 2.9. Let R be a G-graded ring. Suppose that I is a graded Py -primary
ideal of R for some graded prime ideal P; of R and Iy is a graded Ps-primary
ideal of R for some graded prime ideal Py of R. Then I NIz is a graded
2-absorbing primary ideal of R.

Proof. Let J = I1NI5. Then Gr(J) = PiNP,. Suppose that rst € J, rt ¢ Gr(J)
and st ¢ Gr(J) for some r,s,t € h(R). Then r,s,t ¢ Gr(J) = Py N P,. Since
Gr(J) = Py N Py, we conclude that Gr(J) is a graded 2-absorbing ideal of R.
Since Gr(J) = P1 N P is a graded 2-absorbing ideal of R and rt, st ¢ Gr(J),
we have rs € Gr(J). We show that rs € J. Since rs € Gr(J) C P, we may
assume that r € P;. Since r ¢ Gr(J) and rs € Gr(J) C P, , we conclude that
r ¢ Pyand s € P. Since s € P, and s ¢ Gr(J), we have s ¢ P. If r € I
and s € I, then rs € J and we are done. Assume that r ¢ ;. Since I; is a
graded Pj-primary ideal of R and r ¢ I, we have st € P;. Since s € P, and
st € Py, we have st € Gr(J), which is a contradiction. So r € I;. Similarly,
assume that s ¢ Iy. Since Iy is a graded Ps-primary ideal of R and s ¢ Io,
we have rt € Py. Since rt € P, and r € Py, we have rt € Gr(J), which is a
contradiction. So s € I. Thus rs € J. O

The following result is an analogue of [9, Theorem 2.23].

Theorem 2.10. Let Ry and Rs be two graded rings and let Iy and Iy be a
proper graded ideals of Ry and Rs, respectively. Then the following statement
are equivalent.

(i) I x I is a graded 2-absorbing primary ideal of Ry X Rs.

(ii) Iy and Iz are graded primary ideals of R1 and Rz, respectively.

Proof. (i) Assume that I; x I5 is a graded 2-absorbing primary ideal of R; x Ra.
Suppose that I; is not a graded primary ideal of Ry. Then there are r, s € h(R)
such that rs € I; but neither r € I) nor s € Gr(Iy). Let z = (r,1), y = (1,0)
and z = (s,1). Then zyz = (rs,0) € I; X Iy but neither zy = (r,0) € I x I
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nor zz = (rs,1) € Gr(I; x I3) nor yz = (s,0) € Gr(l; x I3), which is a
contradiction. Thus [ is a graded primary ideal of Ry. Similarly, we can show
that I is a graded primary ideal of Rs.

(ii) Assume that I; and I are graded primary ideals of Ry and Ra, respec-
tively. Then I = I} X Ry and J = R; X Iy are graded primary ideals of R.
Hence I NJ = I; x I3 is a graded 2-absorbing primary ideal of R by Lemma
2.9. ([l

3. Graded weakly 2-absorbing primary ideals

Definition 3.1. Let R = ®4cq Ry be a G-graded ring, I = $4ecqly be a graded
ideal of R and g € G.

(i) We say that I is a weakly g-2-absorbing primary ideal of R if I, # R,
and whenever 7, s,t € R, with 0 # rst € I, then rs € I or rt € Gr(I) or
st € Gr(I).

(ii) We say that I is a graded weakly 2-absorbing primary ideal of Rif I # R
and whenever r, s,t € h(R) with 0 # rst € I, then rs € I or rt € Gr(I )
or st € Gr(I).

The following result is an analogue of [10, Theorem 2.10].

Theorem 3.2. Let R = ©4ecqRy be a graded ring and I = ©yea®ly be a
graded weakly 2-absorbing primary ideal of R. Then, for each g € G, either I
is a g-2-absorbing primary ideal of R or Ig’ = (0).

Proof. Tt is enough to show that if Ig’ # (0) for g € G, then I is a g-2-absorbing
primary ideal of R. Let abc € I where a,b,c € Ry. 1f 0 # abc, then ab € I or
bc € Gr(I) or ac € Gr(I) by the hypothesis. So we may assume that abc = 0.
Suppose first that abl, # (0), then there exists ¢ € I, such that abi # 0. Hence
0 # ab(c+14) = abi € I. Since I is a graded weakly 2-absorbing primary ideal of
R, we have ab € I or a(c+1) € Gr(I) or b(c+ i) € Gr(I), and hence ab € T or
ac € Gr(I) or be € Gr(I). So we can assume that abl, = (0). Similarly, we can
assume that acl, = (0) and bel, = (0). If aI; # (0), then there exist u,v € I,
such that auv # 0. Hence 0 # a(b + u)(c +v) = auv € I. Since [ is a graded
weakly 2-absorbing primary ideal of R, we have a(b+u) € I or a(c+v) € Gr(I)
or (b+u)(c+v) € Gr(I) and hence ab € I or ac € Gr(I) or bc € Gr(I). So
we can assume that af} = (0). Similarly, we can assume that bI; = (0) and
clg2 = (0). Since Ig3 # (0), there exist i1, 12,13 € I, such that 1i2i3 # 0. Hence
0 # (a+i1)(b+iz2)(c+i3) = ir1i2iz € I,. Since I is a graded weakly 2-absorbing
primary ideal of R, we get that (a4 i1)(b+i2) € I or (b+1i2)(c+i3) € Gr(I)
or (a +i1)(c+1i3) € Gr(I) and hence ab € I or bc € Gr(I) or ac € Gr(I).
Therefore, I is a g-2-absorbing primary ideal of R. O

The following result is an analogue of [10, Corollary 2.11]
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Corollary 3.3. Let R = ®gecag Ry be a graded ring and I = ©yeq®ly be a
graded weakly 2-absorbing primary ideal of R such that I is not a g-2-absorbing
primary ideal of R for every g € G. Then Gr(I) = Gr(0).

Proof. Clearly, Gr(0) € Gr(I). By Theorem 3.2, I} = (0) for every g € G.
This implies that Gr(I) C Gr(0). O

The following result is an analogue of [10, Theorem 2.22].

Theorem 3.4. Let Ry and Rs be two graded rings, and let Iy and I be a
non-zero proper graded ideals of Ry and Ro, respectively. Then the following
statements are equivalent.

(i) I1 x I is a graded weakly 2-absorbing primary ideal of R.

(ii) I and I are graded primary ideal of Riand Ra, respectively.

(iii) I x Iz is a graded 2-absorbing primary ideal of R.

Proof. (1)=(ii). Suppose that I; x I is a graded weakly 2-absorbing primary
ideal of Ry X Ry. We show that I is a graded primary ideal of Ry. Let
r,s € h(Rg2) with rs € Iy and let 0 # ¢ € h(I1). Then (0,0) # (¢,1)(1,7)(1,s) =
(i,rs) € I x Iy. Since I; x I5 is a graded weakly 2-absorbing primary ideal
of Ry x Rp and (1,7)(1,s) = (1,7rs) ¢ Gr(I1 x I2), we conclude that either
(¢, 1)(1,r) = (4,7r) € 1 x Iz or (i,1)(1,8) = (i,8) € Gr(I1 x Iz), and so r € I,
or s € Gr(Iy). Thus Iy is a graded primary ideal of Ry. Similarly, one can
show that I; is a graded primary ideal of R;.

(ii)==(iii). The proof is clear by Theorem 2.10

(iii)==(i). It is clear. O

Theorem 3.5. Let Ry and Ry be two graded rings, and let I be a non-zero
proper graded ideal of Ry. Then the following statements are equivalent.
(i) I x (0) is a graded weakly 2-absorbing primary ideal of Ry X Rs.
(ii) I is a graded weakly primary ideal of R1 and (0) is a graded primary ideal
Of RQ .

Proof. (1)=-(ii). Suppose that I x (0) is a graded weakly 2-absorbing primary
ideal of Ry x Rs. First we show I is a graded weakly primary ideal of Ry, let
r,s € h(R) with 0 # rs € I. Hence (0,0) # (r,1)(s,1)(1,0) = (rs,0) € I x (0).
Since I x (0) is a graded weakly 2-absorbing primary ideal of R; x R and
(r,1)(s,1) = (rs,1) ¢ Gr(I x (0)), we conclude that either (r,1)(1,0) = (r,0) €
I'x(0)or (s,1)(1,0) = (s,0) € Gr(I x (0)) and hence either r € I or s € Gr(I).
Thus I is a graded weakly primary ideal of R;. Now we show that (0) is a graded
primary ideal of Ro. Let r, s € h(R2) with rs € (0), and let 0 # ¢ € h(I). Hence
(0,0) # (i,7s) = (i,1)(1,7)(1,s) € I x (0). Since I x (0) is a graded weakly
2-absorbing primary ideal of Ry x Rp and (1,7)(1,s) = (1,7s) ¢ Gr(I x (0)), we
conclude that (¢,1)(1,7) = (4,r) € I x (0) or (i,1)(1,s) = (i,s) € Gr(I x (0))
and hence either r € (0) or s € Gr(0). Thus (0) is a graded primary ideal of
Rs.
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(ii)=-(i). Suppose that I is a graded weakly primary ideal of R; and (0) is a
graded primary ideal of Ro. We show that Ix(0) is a graded weakly 2-absorbing
primary ideal of Ry x Ry. Suppose that (0,0) # (r1,72)(s1, s2)(t1,t2) € I x (0)
for some ry,s1,t; € h(Ry) and for some ra, s3,t2 € h(R2). We conclude that
risit1 # 0. Assume (r1,72)(s1, 52) ¢ I x (0) we consider three cases.

Case one: Suppose that r1s; ¢ I, but ross = 0. Since I is a graded
weakly primary ideal of Ry and 0 # rys1t; € I, we have t; € Gr(I). Since
(0) is a graded primary ideal of Ry and 7382 = 0, we have ro = 0 or s
€ Gr(0). Thus (r1,72)(t1,t2) = (r1t1,m2t2) € Gr(I x (0)) = Gr(I) xGr(0) or
(51, 82)(t1,t2) = (Sltl, 52t2) S GT(I X (0)) = GT(I) XGT(O)

Case Two: Suppose that r1s1 € I, but rose # 0. Since 0 # 187 € I and [
is a graded weakly primary ideal of Ry, we have r1 € I or s; € Gr(I). Since
rose # 0 and (0) is a graded primary ideal of Ra, we have t3 € Gr(0). Thus
(r1,72) (t1,t2) € Gr(I x (0)) or (s1,s2)(t1,t2) € Gr(I x (0)). Hence I x (0) is
a graded weakly 2-absorbing primary ideal of R; x Rs.

Case Three: Suppose that r1s1 ¢ I and rase # 0. Since [ is a graded
weakly primary ideal of Ry and 0 # r1s161 € I, we have t; € Gr(I). Since (0)
is a graded primary ideal of R, m282t2 = 0 and r282 # 0, we have to € Gr(0).
Then (t1,t2) € Gr(I) x Gr(0) = Gr(I x (0)). Thus (r1,72) (t1,t2) € Gr(I x(0))
or (s1,s2)(t1,t2) € Gr(I x (0)). O

The following result is an analogue of [10, Theorem 2.23].

Theorem 3.6. Let Ry and Ry be two graded rings, and let Iy be a non-zero
proper graded ideal of Ry, and Iy be a proper graded ideal of Ro. Then the
following statements are equivalent.

(i) Iy x Iz is a graded weakly 2-absorbing primary ideal of Ry X Ra that is
not a graded 2-absorbing primary ideal.

(ii) Io = (0) is a graded primary ideal of Re and I is a graded weakly primary
ideal of Ry that is not a graded primary ideal.

Proof. (1)=-(ii). Suppose that I; x I7 is a graded weakly 2-absorbing primary
ideal of R; x Rg that is not a graded 2-absorbing primary ideal. Theorem 3.4
implies that Io = (0). By Theorem 3.5, I = (0) is a graded primary ideal of
Ry and I; is a graded weakly primary ideal of R;. Now suppose that I; is a
graded primary ideal of Ry. Then I; x I5 is a graded 2-absorbing primary ideal
by Theorem 2.10 which contradicts the assumption. Thus [; is not a graded
primary ideal of R;.

(i)=(ii). Suppose that I; is a graded weakly primary ideal of R; that is
not a graded primary ideal and Iy = (0) is a graded primary ideal of Ry. By
Theorem 3.5, I; x I is a graded weakly 2-absorbing primary ideal of Ry X Rs.
Since I; is not a graded primary ideal of Ry, I1 x (0) is not a graded 2-absorbing
primary ideal of R by Theorem 2.10. U
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