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MONOTONICITY PROPERTIES OF THE
GENERALIZED STRUVE FUNCTIONS

RosmHAN M. Arl, SATFUL R. MONDAL, AND KOTTAKKARAN S. NISAR

ABSTRACT. This paper introduces and studies a generalization of the
classical Struve function of order p given by

o0
(=c)k x\ 2k+p+1
aSpee(@) =3 o Hr(k+ 3 (3) '
ioTlak+p+5)0(k+3)
Representation formulae are derived for 4Sp,c. Further the function 48, ¢

is shown to be a solution of an (a + 1)-order differential equation. Mono-
tonicity and log-convexity properties for the generalized Struve function

aSp,c are investigated, particulary for the case ¢ = —1. As a consequence,
Turéan-type inequalities are established. For a = 2 and ¢ = —1, dominant
and subordinant functions are obtained for the Struve function 28, 1.

1. Introduction

The Struve function of order p given by

T ) 2k+p+1

(1.1) () =3 (=1)* (2
= T(k+p+3)T(k+35) \2

is a particular solution of the non-homogeneous Bessel differential equation

1(3)"

—py(x) = m

Here I" denote the gamma function. A solution of the non-homogeneous mod-
ified Bessel equation

(1.2) 2y () + 2y’ (2) + (2*

p+1

(1.3) 22y (x) + xy/ (z) — (2 + pHy(z) = %

| -

Received March 1, 2016.

2010 Mathematics Subject Classification. 33C10, 26D7, 26D15.

Key words and phrases. generalized Struve function, Bessel function, Turdn-type inequal-
ity, monotonicity properties, dominant.

The work of the first author was supported in parts by FRGS grant 203.PMATHS.6711568.

©2017 Korean Mathematical Society

575



576 R. M. ALI, S. R. MONDAL, AND K. S. NISAR

yields the modified Struve function

oo

. _ipm . _ 1 E
(1.4)  Lp(z) := —ie Hy(iz) = ,CZ:OF(kerJr Tkt 2) (2

) 2k+p+1

The Struve functions occur in various areas of physics and applied mathemat-
ics, for example, in water-wave and surface-wave problems [2, 13], as well as
in problems on unsteady aerodynamics [23]. The Struve functions are also
important in particle quantum dynamical studies of spin decoherence [22] and
nanotubes [21].

The Struve function has gone through several generalizations and investi-
gations, notably in [8, 9, 10, 14, 16, 24, 25, 26, 27, 28]. Recently, Orhan and
Yagmur [20, 29] considered yet another generalization of the Struve function
defined on the complex plane, and obtained sufficient conditions for it to be
univalent, starlike, close-to-convex, and convex. Their generalization is given
by the power series

= (k)

W,b,c(z): s
)= L T D (e )

p,b,ceC.

An association between this generalized Struve function and the Hardy space
of analytic functions was investigated in [30].

Galué in a recent paper [12] introduced a generalization of the Bessel function
of order p given by

e (=D* )\ 2k tp _
aJp(z)f;)F(ak p+1)k!(2) , z€R, acN={1,23..1).

Recurrence relations for ,J, and several identities involving their derivatives
and integrals were derived. In [4], Baricz studied the Galué-type modified
Bessel function

= 1 X\ 2k+p
(].5) aIp(SC) = kzzo m (5) , RS R, a < N,

and obtained a Turan-type inequality along with several other inequalities in-
volving I,. It is evident that J, := J, and I, := I,, where J, and I, are
respectively the classical Bessel and modified Bessel functions.

In recent works, Baricz et al. [5, 6] studied monotonicity properties involving
the ratio between two modified Bessel functions, as well as the ratio between a
modified Bessel and a modified Struve function.

In the sequel, we define and give emphasis to the following generalization of
the Struve function. For a € N and p, ¢,z € R, let

- (—c)* (x)2k+p+1

(1.6) S0 = 2 Fa T a1 9) 2

k=0
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Thus 18p,1(x) = Hp(z) and 1S, —1(x) = L,(x), where H, and L, are given
respectively by (1.1) and (1.4). In this light, the function .S, . is called the
Galué-type generalized Struve function of order p. It is also readily evident
that the power series (1.6) is absolutely convergent for finite .

In this paper, it is first shown that the works of Galué as well as Baricz
et al. described earlier readily extend to the generalized Struve function S, .
given by (1.6). In Section 2, representation formulae and a recurrence relation
for 48, will be derived. The generalized Struve function of half-integer order
will also be obtained in terms of the generalized hypergeometric function. More
importantly, the function ,S, . is shown to be a solution of a certain differential
equation of order a + 1, which reduces to (1.2) and (1.3) in the case a = 1 and
for particular values of c.

Section 3 is devoted to the investigation of monotonicity and log-convexity
properties involving the function ,L,(z) := 48, —1(x), as well as to the ratio
between these two of different order. As a consequence, Turdn-type inequalities
are deduced. Dominant and subordinant functions for .S, . are obtained for
a=2andc=1orc=—1.

Monotonicity property is also studied for the function ¢, : (0,00) — R given
by

a—1,.1—a
(,Da(w) — 2 €T 7 aIIH‘a(‘T),
aLp(2)

where 1,14 is the Galué-type modified Bessel function given by (1.5). For a =
1, Baricz and Pogany in [6] showed that ¢; is decreasing for p € (—3/2,—1/2].
We find the range over p for which ¢, is decreasing on (0,00) for the cases
a = 2 and a = 3, and additionally pose a conjecture for the remaining values
of a.

2. Representations for the generalized Struve function

The Gauss multiplication theorem [1] for the gamma function states that
1-m 1 , 1
2.1 r =@2r)z mm 2 [T (e + &2 0,——,...
(1) Tnz)= @) T [T+ L), 20—
m € N. Thus
D(ak+1) =T (a(k+1))

_ (27r)17Taa“k+l*% HF (kJr l+gL‘1—1)

j=1

_ loa akyl—1 - (H—j—l) (H—j—l)
(2.2) (2m) 2" a zH =) ().
Jj=1
l# —ak,—ak —1,—ak —2,..., and k € N. Here («); denote the Pochhammer
symbol defined by (@) = a(a+1)g—1 and (a)p = 1. With z =1/a and m = a,
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it follows from (2.1) that

j:rllr (z+{;1) _ (QW)II(({) T

2.a

Together with (2.2), the latter identity gives

a

I(ak 4 1) = a®* T'(1) H (Mfl) )

=1 F
and thus
U(p+5+ak) =a®Dp+3) [T (FEH),, and
j=1
(2:3) Dk+3) =5 (3),-
It is evident now from (1.6) and (2.3) that
aSp.c(7)

_ 2gP+1 i 1 ( cx? ) ¥
- 3 3 2p+3 2p+5 2p+2a+1 T 4qa ]
2T (p+3) 25 (3) (3557), (3522) - (B50), \ dat
which results in the following representation in terms of the generalized hyper-
geometric function (see [3]) given by

_ o (@)k(az)k - (am)
mfn(@) = Z (b1):(b2)kk' - (bn)k’:! o

k=0

Proposition 2.1. Let a € N, and p,c,z € R. Then

P+l

.3 2p+3 2p+5 2p+2a+1 2
aSp,c(x) )1Fa+1 (1,57 % P pt+ia 7&)

Next we look at the representation formulae for the generalized Struve func-
tion S, . of half-integer order. For p = —1/2, it follows from (2.3) that

a—1
[ (ak+p+2) =T(ak+1)=a®k [] (), and T(k+32)=%(2),.
j=1

Proposition 2.1 now shows that

— /2= .31 2 a=1, _ca?
an c(z)i ﬂ—OFa(agvaaav"'v a 4(1'1)'

1
2 El
Similarly for a € N,

a ' a 27 a ' 4a@

1
2 52 aria— cx?
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In the case a = 1, it follows from the formulae in [19, p. 291] that

2 .3 2N\ 2
13_%71(1”)* foF1<,§,*%) =/ = sin(x);
2 .3.22) 2
13_%7_1(51”) =1/ oF1 ( P9 m—) =/ 75 sinh(z)
If p = 1/2, Proposition 2.1 shows that
S _ z3 F .3 2 3 a—1 a+1 cxz?
1@ =Vamoka 5 5d o S N

We next find an (a + 1)-order differential equation satisfied by S, .. Upon
differentiation, (1.6) gives

d  —p
T (z aSpﬁc(z))

R (—o)* (k+3) 2%
_kZ:OQQkJFPF(%erwLak)F(kJr%)x

— 1 - (—o)* 2k
AT E T ST ) T
_ 1 - (=o™*! 2k+4-2
SV A P el E D)
1
TR
R 1 s (—e) (E)2k+z)+a+1
“ ];)F +p+a+ak) (k+2)\2
1

2.4 - - @ @ l—a—p (1 l1-a , -
(24) 20/7T (2 4 p) cr (3) " aSprac(e)

Expanding the left side of (2.4) yields

P+l r\ 1l—a
(25) anp C(.I') = m —i—paSp,c(x) —C (5) anp+a7c($).

Yet another form for xS}, . is obtained from

d ( 41, > (—c)k d opy 21

& a LS e ): da
- (= () kZ:O 22HPHID (3 4 p+ ak) T (k+ 3) dz”

_ li (—)*(3 +p+ ak) 2k 2tiee
B 2264+PD (2 4 p+ak) T (k+ 2)
1 2p+i-a

=- e P oS (x).
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Expanding the left-hand side of the above relation, it follows that
T 2p+1

(2.6) an;w(z) = EaSp,lyc(x) - < P —p— 1) aSp.e(z).

a
Thus (2.5) and (2.6) lead to the following recurrence relation.

Proposition 2.2. Leta € N, and p,c,z € R. Then

T r\1l—a :C;D‘i‘l 91
%P 1, ('T) c 2 Lavp+a, ('T) 21’\/7_TF (% +p) ( a ) D, ('T)

Using the recurrence relations (2.5) and (2.6), the next result derives the
differential equation satisfied by S ..

Theorem 2.1. Let a € N, and the operator D be given by D := x(d/dx). For

each k =1,...,a, the generalized Struve function .S, . satisfies the differential
equation
k k+2—a
o cx
(D —p) H (D + 2p+2 2 _p— 1) aSpe(x) + i aSp—k+a,c()
=1
k ptl
2" (3)

27) =

VT (p+ 2575)
In particular, the generalized Struve function oS, is a solution of the differ-
ential equation

(2.8)

a 2 ga+1 (

D— Dy wt3=2 T (2) = _
( p)j];[l( + 22— p— 1) y(o) + —— () PN =y

Proof. The proof is by induction. In terms of the differential operator D, the
identity (2.6) takes the form

x
(2.9) (D + 2%:& —p— 1) aSp.c(z) = Easp_l,c(ac).

Now the identity (2.5) gives

D(xa8p-1,c(2)) = anS;;—l,c(w) + TaSp—1,c(x)
P+l

o . z l—a o
RET=w=Y (p+ %) + praSp—1,c(x) c(2) % aSp—1+a,c(T)

P+l
TEA o+ D)
-¢ (%)17(1 z2aSp,1+a75(z),
Applying the operator D to both sides of (2.9), the latter equation leads to
D(D+2H —p—1),8,.(2)

+pa(D+ 2L —p—1),5,.(2)

a
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1
= ED(zaSpflyc(fE))
:Cerl 2
= +p(D+2L _p_1),S,.
a2r=1/aT (p+ ) P = —p— 1) aSpe(2)

& _
St Sy o),

whence

(D—p)(D+ 22 —p—1),8,.(2)
P+l c 3
= - 227 %Sy —14a.c(T).
a2r—1/m7l (p—|— %) a2l—a p-1ta.c(?)

This establishes (2.7) for k = 1.
Assuming (2.7) holds k = n, we will complete the inductive step by showing
it also holds for k = n + 1. It follows from (2.6) that

D(xn_a+2 SpfnJra,C(x))

— gn—at3 Sp nita, C(x) + (n —a -+ 2)$nia+2asp—n+a,c($)

Z.n+3—a 5 )1 )
—n _
= Tasp*nflJﬂl,C(x) - (pT —D— ]-) " ot aSpfnJra,c(z)-

Applying the operator D to both sides of (2.7) for k = n, the above equation
shows that

H (D + 253220 1) 8, (2)
=1

(p+1 2n+ (%)pﬂ < n+3—a
= an\/_r (p+ 3= Qn) — an+121_a$ aSp—n—l-i-a,c(ZE)
2
c _ _
+ an2l-a (2(p :)H P 1) 2" Sy ntae(®).

The induction formula allows us to rewrite the final term above in the form

n

DD —p) [ (D + 22— p—1) S, c(x)

=1
~(p+ D2t (27 s
- an/al (er 3 22n) an+121—ax 9 aSp,n,1+a76(z)
ECSSIES NP Y el
a p anﬁr (er 372271)

(D =p) [ (D + 222221 — p—1) S, ()

Jj=1
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Thus
(Derf ) H (D + 2253220 1) ,5, ()
j=1
- 2n (§)p 2(p—n)+1 _ ¢ pit3—a g (x)
a™/ml (p + %) a qntigli—a aSp—n—1+a,c(T),
that is,
fass czn+3fa
2p+3-2j
(D —p) H (D+ .p+2 L —p—1)aSpe(z) + Wuspﬂz—ua,c(x)
j=1
2n+2 p+1
_ DA )

an+1ﬁ r (p + 372(271+1))

Remark 2.1. The differential equation (2.8) reduces respectively to (1.2) and
(1.3)fora=1,c=1and a=1,¢= —1. For a = 2, (2.8) reduces to

p+1
8(3)
v
VAl (p - 3)
Thus its particular solution is 28, ., which from Proposition 2.1 can be ex-
pressed in the form

41,3 //l( )+4(1_p) 2?/”( ) (1—4p).1‘y/(.%')+(20$2_Sp)y(x) =

2Sp,c(z) =

c- (—c)k (m)2k+p+1
pard F(2k+p+3)L(k+3) \2

P+l 2
— \Fy (1. 3 2pt3 2pt5. _co ) '
20T T(p+3) T2A 4 I

We close this section by establishing integral representations for ,S, . for
c¢=1and ¢ = —1. For a € N, the identity (2.1) yields
(2.10)

4+ = (o e 5)) - [ o 22).
j=1
Now the beta function B(z,y) [1, 3] is given by
I'(z)T 1
0

Iz +y)

for Rex > 0,Rey > 0. Replacing « by (k+1) and y by ((2p+2j+1)/2a—1)
n (2.11) leads to

(2.12)

1 2 ! 2p+2j+1l—4da
+3\ ; 2R — )T e d,
r (k n _P+gl+a) T(k + 1)D (22F20H =) /0 (1—1t%)
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where Rep > (2a — 3)/2.
The Legendre duplication formula (see [1, 3])
(2.13) D(z)[(z+ 1) =2'"2* /7 ['(22)
shows that
ok VT (2k + 1)
I(k+1)T(k+3) =2"2"1/a0(2k +2) = BT e

Thus from (2.10) and (2.12), the latter identity shows that the generalized
Struve function oH, := 45,1 can be expressed as

SN R T
2.14 oS = -1 i
( ) ;D,l(l') kz;)( ) (2k‘ i 1)! ﬁ (QW)TaaerakJrl
1
2kt 1 2 2p+2_?‘2t174a
x H 2p+2j+1 2a) / t (1—1%) dt

2(1 b
= ﬁ(QW 12 ap+1 a 1;[ 2p+2j+1 Qa)

/0 Z(2k+1

28 1
= 2 H a
VT(2m) T ap -8 g (2pt2itlzza)

2a

1 2p+2j+1—4a
x/ (1—-t*)" 2 sm( )dt
0

Substituting ¢ = sin ¢ yields

aHp(x) = aSp,l(x)

)2k+1 2p+2j+1—4a

—t3)" 2a  dt

2k+1 (

2a

_ 2(3)" H 1
\/E(27T) lfaa/p+1ig e F (21)-‘,—2]-‘,—1—2(1)

[

X /2 (cosqﬁ)w sin (“md’) do.
0

Similarly, the integral representation for the generalized modified Struve
function oL, := ¢8p,—1 takes the form

(2.15) oLp(@) = oSp_1(2)
- 2(5)" ﬁ 1
JE(2m) T apt =g 1 (BRI 2

1 e
[l ()
0 as
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_ 2(3)" H 1
V(2m) F i G T (B )

X /2 (cos ) ““*% " sinh (x51n¢) do.
0 Qa2

3. Monotonicity properties of the generalized modified Struve

Recall that the generalized modified Struve function L, of order p is

Mg

T 2k+p+1
(31)  aLple) = aSpale )

k:OF ak+p+ Ik +32) (2

For a € N, consider the function ¢, : (0,00) — R given by

2a—1x1—aalp+a(x)
aLp() ,

where ,Ip+, is the Galué-type modified Bessel function given by (1.5). For
a = 1, Baricz and Pogdny in [6] found that ¢; is increasing for p > —1/2, and
decreasing for p € (—3/2,—1/2]. We investigate the latter problem of finding
the range of p over which ¢, is decreasing on (0,00). The following result of
Biernacki and Krzyz [7] will be required.

(3'2) ‘pa(x) =

Lemma 3.1 ([7]). Consider the power series f(x) = Y joarz® and g(z) =
21?;0 bpz®, where ar, € R and by, > 0 for all k. Further suppose that both series
converge on |x| < r. If the sequence {ar/bk}r>0 is increasing (or decreasing),
then the function x — f(x)/g(x) is also increasing (or decreasing) on (0,7).

The above lemma still holds when both f and g are even, or both are odd
functions. Here is the main result associated with a = 2 and a = 3.
Theorem 3.1. Let ¢, be given by (3.2).

(i) If a =2 and p € (—3/2,ps], where pa == 4.7081 is the positive root of
the equation 4p?> — 8p — 51 = 0, then , is decreasing on (0, 00).

(ii) If a =3 and p € (—3/2, ps], where ps ~ 14.8115 is the positive root of
the equation 8p> — 60p? — 758p — 1605 = 0, then ¢, is decreasing on
(0, ).

Proof. It follows from (1.5) that

o0

1 2k+p+1
20,71 l—a I a (_)
z adpt kzok'Fak+p+a+1)

2k+p+1
- § ap,ak( ) )
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and from (1.6) that

oo

1 N 2k+p+1 e A\ 2k+p+1
bl = iy ) T he(3)

Note that both series converge for all z.

The assertions above will be deduced from Lemma 3.1 by showing that
{apa,k/Bp,a,i} is decreasing. The assumption p > —3/2 is necessary to ensure
that B,,4,r > 0 for all k. Let

apar  D(k+2)T(ak+p+2)

" Boer  KT(aktpratl)
Then
rk+1:F(k+1+%)F(akz+a+p+%)X K'T(ak+p+a+1)
Tk (k+ DT (ak+p+2a+1) T(k+2)(ak+p+32)
k+3 & ak+a+p—j+32
(33) - Lfapaktatrojty
k+1j:1ak+p j+2a+1

We next show that ri41/r; < 1 for a =2 and a = 3.
(i) Let a = 2. Then from (3.3), it follows that
e _ (k+3) @k+p+3) 2k +p+3)
Tk (k+1)2k+p+4)2k+p+3)

Thus
(k+3) (2k+p+3) (2k+p+3) - (k+1)(2k+p+4)(2k+p+3)
= 4 +k(-p— )+ 5 -p-F <0,

provided 4p? — 8p — 51 < 0, which holds for p € (—=3/2, pa).
(ii) For a = 3, it follows from (3.3) that

Tk+1 (k/"i‘%) (3k/’+p—|—%) (3k+p+g) (3/€+p+%)

Tk (k+1)Bk+p+6)3k+p+5)Bk+p+4)

Now rg41 < 7y if the expression

— 54k% + k7 (=532 — 495 4 | (—3p? — 222 — 249)

p*  15p° 379 1605

£ _ <
+ 2 4 8 16 — 0
which holds for all p € (—3/2,p3), with p3 the positive root of the
equation 8p® — 60p? — 758p — 1605 = 0. O

The result of Baricz and Pogédny in [6] for the case a = 1 and the results
obtained in the preceding theorem for the cases a = 2 and a = 3 support the
following conjecture.
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Conjecture 1. Let p > —3/2, a € N be fized, and the function p, be given by
(3.2). Then @, is decreasing on (0,00) if p < po, where po is the smallest root
in (=3/2,00) of

a a
3[[(a+p—i+3)=2][Ca+p—i+1).
Jj=1 Jj=1
We now turn to looking at monotonicity properties involving the modified
Struve function as well as the ratio between two modified Struve functions
of different order. On certain occasions, we shall also be interested in the
normalized function

(3-4) a‘cp(x) = (%)p F(p + %)aLp(w)
=Ip+3)
k=0
Theorem 3.2. Let a,b € N.
(a) If ¢ > p > —3/2 and a < b, then x — 2P~ 9277 P,L,(x)/pLq(z) is
increasing on (0, 00).
(b) The function p — Ly(x) given by (3.4) is decreasing and log-convex
on (—3/2,00) for each fized x > 0.
(¢c) The function p — oLptq(z)/aLp(x) is decreasing on (—3/2,00) for each
fized x > 0.
(d) The function x + x,Ly,(x)/oLp(x) is increasing on (0,00) for each fized
p>—3/2.
(e) The function

1 T\ 2k+1
L(k+3)T(ak+p+3) (5) '

@ 1 x\ l-p—a 1-a
ool +(5) V@D e i
j=1 2a

is log-convez on (0,00) for each fized p > —3/2.
Proof. (a) From (1.6) it is evident that

:qupaLp(:w _ ZZO:O Qk,p,a (

o\ 2k
)
2Lg(7) Y g (2)7F

where
1 1
B O B U e )
Write wi, = tk,p.a/k,q,b; then
wipr  D(ak+p+3)0(bk+b+q+3)  (bk+q+3),
wy  D(bk+q+3)C(ak+atp+3)  (ak+p+3), ~

when b > a and ¢ > p. The result now follows from Lemma 3.1.
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(b) Let a € N, and ¢ > p > —3/2. Then (¢ + 3/2)ar > (p + 3/2)qx for all
ke€{0,1,2,...}. Thus

3 1
a = T + = a —
e (q 2>ak’q’ P(k+3) (4+3)
1

< = Yk,p,a-
P(k+3) (P+3) '

Since
2k-+1

7) = if<q * g)‘“ (—)W - Z”k w(3)

k=0
we deduce that

aLy(r) < alLp(2)

for each fixed > 0. Thus p — oL, is decreasing for p > —3/2.

To show log-convexity of ,L,, it is sufficient to show that ~ p 4 is log-convex
for all k € {0,1,2,3,...}. The result will then follow from the fact that sums
of log-convex functions are also log-convex.

Denote the digamma function by ¥(p) = IV(p)/T'(p). Then evidently

2

(08(a)) = W' (4 3) W (ak+p+ ).

op?
From [1, p. 260], ¥’ has the explicit form
=1
V(it)=» ——, teR\{0,-1,-2,...}.
®) HZ:O(HH)Q, €R\{0,-1,-2,.. }

This implies that
2 > ak(ak +2p+ 3+ 2n
82(10g7kpa Z P ) 5 2
— (p+3+n)° (ak+p+3+n)

for all £ € {0,1,2,...} and p > —3/2. Thus p — 7ykpq is log-convex on
(—3/2,00) for all a € N, and consequently oL, is log-convex for each fixed
x> 0.

(c) Let ¢ > p > —3/2. From part (a), it follows that

— !/
20277, Ly(x) >0
20x=9,Ly(x) )
when z > 0, and this is equivalent to the inequality
(3.5) (x_paLp(ac))/ (z7%Lg(2)) — (z7PaLlyp(2)) (x_qan(ac))/ > 0.

For ¢ = —1, the identity (2.4) reduces to

(a7 aLp()’ 1 e (3)"" alprala).

B NGUEEY)
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It now follows from (3.5) that

o x\1l—a
x=Pe (5) (aLpta(®) aLq(z) — aLp(®) aLgta(z))
27927 PLy(x)  27Pa0Lg(2)
Vil (3+q) VAl (3 +p)
2-p—1q ’ .
= a ) —a xX)).
T g @ L)
In view of result (b), the final term above is non-negative, whence oLpta/oLp
is decreasing for p > —3/2.
(d) Let Brpa := (2k + p + 1)agp,e. Then the quotient xaL;/aLp can be
written as

%L;(m) > ko Bripia (_)Qk_
aLp(x) Zk:O Ok p.a (5)2k

Clearly, the sequence {8 p.a/k p,a k>0 = {2k +p + 1}i>0 is increasing, and
hence Lemma 3.1 shows that the function z + 4L}, /4Ly is increasing on (0, oo).
(e) From (2.15), the integral representation for 4L, is

2(3)"
f(%)l’T“ap“*%

1
2\ 2pt+2j+l-da xt
X H 2;D+2]+1 2@) /0 (1-1t%) 2a sinh (a_%) dt.

2a

aLp(z) =

Integrating by parts yields

1
/(17152) BT 4as1nh< >dt
0

_ 7ﬁ+ %(2p+2j+174a /1 2p+2j+1 6atcosh< t>dt,
X 0 (]
which implies
p—1 a _
(g) 1 (50/2)” '
oLp(z) = 2 —— + .
P \/—( ) 5 ap+1 a ]]-:_-[1 T (2;D+232—li1-1 2a) \/—(27‘_) 5 ap+2 a

a

(2p +2j +1—4a) 9\ 2042 41-6a
H I (ZEETmy (1*15) teosh ( — ) dt.
2a

Replacing p by p + a, it follows that

x\1-p-a 1a
aH 2p+2j+1 + (5) Vr(2m) T aP T2 Ly,
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S 2p+2j+1-2a) [ 24254110
= H(erQjJ; T a)/ (1—1t%) ¢ cosh dt.
T z

To prove the assertion, we next show that

1 j+1—4a
(3.6) / (1 —12)" cosh( )dt
0 a%

is log-convex. It is known that hyperbolic functions are log-convex. Thus for
a €[0,1] and z,y > 0,

1
2p+2j+1—4a t

/ (1— tQ)%tcosh ((a:c +(1- Oé)y)_g> dt

0 @

1 « -«
p+2j+1—4a t p+2j+1—4a t
< / ((1 — 752)2 5 ¢ cosh <x—g)) <(l — t2)2 " cosh (y—g)) dt.
0 az az2

Applying the well-known Holder-Rogers inequality for integrals yields

1
D J a t

/ (1- t2)2 57— ¢ cosh ((aw +(1- a)y)—a) dt
0 az

1 )
< (/ (1- t2)2p+2]2t174atcosh ( ’
0 a

«@ l—«
t ! pi2jt1da t
g) dt) (/ (1- 1?2)2 =5 { cosh ( y£> dt) .
2 0 a2

Thus the integral in (3.6) is log-convex, and consequently
x\1l-p—a 1-a
= a H 21)-‘1—2]-‘1—1 + (5) ﬁ(Qﬂ) 2 ap+2aLp+a(SC)

is also 1og—c0nvex. (I
The results in Theorem 3.2 are also proved in [6] for the case a = 1.

Remark 3.1. Theorem 3.2 has interesting consequences, among which is the
Turan-type inequality for the normalized Galué-type modified Struve function
oLp given by (3.4). From the definition of log-convexity, it follows from Theo-
rem 3.2(b) that

aLapi+(1-a)p: () < (aLps ()" (aLops (x))l_a )

where a € [0,1], p1,p2 > —3/2, and « > 0. Choosing o = 1/2, p; = p — a and
p2 = p + a, the above inequality yields

aﬁi(m) — aLlpta(®)alp—a(x) <0,
which is equivalent to
L*(p+ 3)alp(@) =T(p+a+3)0(p — a+ 3)alpra(®)alp-alz) <0.
This reduces to a Turdn-type inequality for ,Lp:
T 3IIC(p — 3
aLp(z) < brots) (3p 2a+ el
Cp+3))

aLp-l-a(x)aLp—a(x)-
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We turn now to another function of interest given by

Top(@) = (2) aLp(@) = (2)" T(p + 2)aLp(x)

o 1 x\ 2k
(3.7) :F(p+%)§r(k+%)r(ak +p+%) (5) .

Monotonicity properties involving the ratio of 7, is given in the following
result, which lead to a Turdn-type inequality for 7 ;.

Theorem 3.3. Let a € N and p > —3/2.

(a) The function p — Tqpt1(x)/Tap(x) is increasing, that is, for ¢ > p >
—3/2, the inequality

(3.8) Ta,q+1(2) Ta,p(2) = Taq(2)Ta,pt1(2)

holds for each fizxed x € R.
(b) If ¢ > p > —3/2, then the function

v (q+3),log(xTaq (@) — (p+3), log(2Ta p(x))
is increasing on (0,00).

Proof. (a) Let v, be given by v, p(2?) = Tap(z). The first assertion is equiv-
alent to showing

(3.9) Ya,q+1(%)Va,p(T) > Va,q(¥)Va,p+1(2)
for x > 0. Write
- - (D" Te+3) 0
Ya,p(T) = bn(p)z™ = x".
()= 2 O = ) T )

Thus (3.9) is equivalent to showing

(Z bn(q + 1)w"> <Z bn(p)w"> > (Z bn(q)w”> (Z bn(p + 1)w"> :
n=0 n=0 n=0 n=0
which holds provided

(3.10)  bi(q+ 1)bj(p) + bj(q + 1)bi(p) > bi(q)bs(p + 1) + bi(q)b;(p + 1)
for all 7,5 € N.

Let
B1=T(ai+q+5/2)'(aj +p+5/2) and
Bo=T(aj+q+5/2)T(ai+p+5/2).
Then
(3.11) bi(q + 1)b;(p) + bj(q + 1)bi(p)
BT+ )T (q+5) [aj+p+ 3 N ai+q+3

Fi+3)rG+32) A e
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Similarly,

(3.12) )bi(p+ 1) + bi(q)b(p + 1)

bj(q
T DTy [aitar) aitp+d
TErDIG+) A A

With ¢ > j, the relations (3.11) and (3.12) show that inequality (3.10) is
equivalent to

(¢+2) (B2 (aj+p+32)+Bi(ai+p+3))
> (p+ ) (61 (a7 + 0+ )+ Ba i+ g+ ).
This can be further simplified to
Baaj (¢ + 3) + Brai > (p+ ) Braj + Boai.

Since ¢ > p, the latter inequality holds true when (8; — 82)(i — j) > 0, that is,
provided By > fs.

Now let
b = P(ai+q+5) T+3)(a+3),
" T(ai+p+3) Tl+3)(p+3),
Then
. R G F(q+ g) (q+ )az-i-a o ( )az
Ty )

4+ 2

2

15

(p+ 2)ai+a ( 5

:(Q+%)air(q+%) ((Q+al+ )a )>0
(P+3), L +3) \praitd. /=7

that is, ¢; is increasing for ¢ € N. Thus ¢; > ¢; for ¢ > j, and consequently

B1 > 2. This validates inequality (3.9).

(b) We next show that for ¢ > p > —3/2, the function ¢ : (0,00) — R given
by

(3.13) P(x) = (q + %)a log(274,4(x)) — (p + %)a log(z7q,p(x))
is increasing on (0, 00). A computation yields
2 2
Ty @)+ Tap(®) = 50y Tasal®) +
Thus
oy 3y [ Tag (@) + Tag(@)\ 3y [ Tap (%) + Tap(x)
U (x) = (g + 2)a< qx'];,q(x) : > (n+ 2)a< px7;7p($) - >

_w(nﬁmw nwam)+2@+%a<nam_@w%n>

Taq(@) — Tap(2) Taq(®)  (¢+3),
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Since g > p, it follows that (¢ 4+ 3/2)s > (p + 3/2),. Further the inequality
(3.9) gives

Tag®) _ Taqni(@) _ Togea() _ | _ Togralt)
771,1)(‘73) B 771,p+1(=73) B 771,p+2(=73) h N 7:1,p+a($)
Thus 7a,q44 (%) Tap(®) = Tapta(@)Ta,q(@)
From (3.7), write
Topl®) = 2 an®)e™ = D o
and let ( 3)
T X + 35)a
H(z) = =L — 2.2
DT a3,

A computation yields

Since

ant1(p) - o (p) _ (Q+ %)an ((Q+ an + %)a B 1) >0
ant1(q)  an(q) (P4 3)an \(p+an+3), -

for ¢ > p, the sequence {a,(p)/an(q)} is increasing. Lemma 3.1 shows that

Tap(x)/Ta,q(x) is increasing for = > 0. Evidently

Tapl®) | 2IVE _

Taq(z) — 2/v/m
as x — 0, and thus H(x) > 0 for all z > 0. Consequently ¢’(z) > 0 for x > 0,
and ¢ is increasing on (0, 00). This completes the proof. ]

1

Remark 3.2. Inequality (3.8) leads to a generalization of the Turdn-type in-
equality

Tapt1(®) < Tap() Tapsa(@).

Example 3.1. This examples illustrates Theorem 3.3(a). The formulae from
[19, p. 291] show that

1L_1(z) = \/%sinh(x) and 1Li(z) = \/%(cosh(ac) —1).

With p = —1/2, the increasing property of the function p — Tg p+1(2)/Tap(x)
yields

Tipi(z) o T3(@) (2p+3) 1Lp1(2)
Tipl@) — T _1(x) z aly(z)
Thus for p > —1/2 and « € (0, c0),

> 2(coth(z) — csch(w)).

1Lp+1(2) 2
1L:($) = (2p + 3) (coth(z) — csch(z)).
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Now Theorem 3.2(c) shows that p — 1Ly41(x)/1Ly(x) is decreasing for each
fixed z > 0. Thus

1Ly (z) _ 1L1()
L) L@

and whence, the ratio of the modified generalized functions satisfies

= coth(z) — csch(x),

2 1Lp+1(z)
——(coth(z) — csch(z)) < =2~ < coth(z) — csch(x
3y 3 (COth(e) —cseh(z) < T < coth(r) — sch(z)
for p > —1/2 and z € (0, c0).
Example 3.2. This second example illustrates Theorem 3.3(b). Choose a = 1,
p=—1/2,and ¢ = 1/2. Then the function

P(x) = 2log(xT,1/2(x)) — log(2T1,-1/2())
is increasing on (0, c0). Let o ~ 0.8841 be the non-negative root of
Vra? sinh(x) = 8(cosh(z) — 1)2.
Thus ¢ (z¢) = 0, and whence 1 (x) > 0 in [z, 00).

Consequently,
oTi (@) < (2715 ()
that is,
VanL_y(@) <o (2t hiy @)
— VI —smh( ) < 16x_1(cosh() 1),
Thus

Vra?sinh(z) < 8(cosh(z) — 1)2, 2 € [x9,00).
In closing, we deal with the special case a = 2. In this case, 28, ¢ is

B 0o (—C)k x 2k+p+1
25p,c() '7ZF(2k+p+%)r(k+%) (2) .

k=0
The dominant and subordinant functions will be obtained for ¢ = —1, that is,
for the function oL, := 28, —1.

Theorem 3.4. Ifp > —1/2 and x > 0, then

x\P+1 [ 12p? + 48p + 29 + 16 cosh(%)
(3.14) 2Ly (z) < (5) ( 20

67l (p+ %)
Proof. Clearly (3.14) trivially holds for z = 0. Let # > 0 and define f :

(0,00) = R by
2\ 8 cosh(%)
0= (3) - mey
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It follows from (3.1) and the hyperbolic cosine series that

00 1 8 x\ 2k
f@)=2_ (F(2k+p+ Or(k+32) 3yar (p+§)F(2k+1)> (5) '

k=0

Thus
(3.15)

reoN - 1 8 2 2k—1
f@=2 (r(zk+p+g)r(k+g) EENGAES F(2k+1)> (3)7

k=1

We establish f/(x) < 0 by showing each coefficient in the above series is nega-
tive.
Let ¢ : [1,00) = R be

T(2t+1)
D(t+3)T(2t+p+3)
A logarithmic differentiation of (3.16) yields

¢(t)
¢(t)

where ¥ is the digamma function. It is known that ¥ is increasing and

= 1 1
W(y)7+;<n+l y—i—n)’

where v &~ 0.5772 is the Euler-Mascheroni constant. For ¢ > 1 and p > —1/2,
it follows that U(2t + 1) < ¥ (2t + p + 3/2) and

@(t+%)2‘ﬂ(%):(§_”)+,§m>0'

Hence ¢’(t) <0, and ¢(t) < ¢(1). In particular,
1 < 8
F2k+p+3)T(k+3) = 3/al (p+ 5) T2k +1)
which from (3.15) gives f/(x) < 0 for all > 0. The result is now deduced
from

f(z) < f(0) =

(3.16) C(t) =

=202t + 1)~V (t+3) -2V (2t +p+3),

1 B 8 12p + 48p + 29
L(p+3)T(3) 3val(p+3) 6Val(p+3) O

Yet another dominant for 5L, is given in the following result.

Theorem 3.5. If p > —1/2 and = > 0, then

oLy(z) < % (;)p'
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Proof. The Legendre duplication formula (2.13) yields
2k+1

Nz

Thus the hyperbolic sine series can be expressed in the form

1 2kl _ N\ VT x)2k+1
(3.17)  sinh(z Zm s Zof(kz—l—l)r (k+2) (3) ‘

The proof follows along similar lines as in Theorem 3.4. Here
I't+1)

[(2k+2) =

Dk -+ DE (k4 3).

t)i=—— " >,
<) r(2t+p+3)
and
¢(t)
<-Ut+1)<-0(2)<0
S < ) < e
We omit the remaining details. (I

Neither dominant in Theorem 3.4 and the preceding theorem is smaller than
the other; they depend on the choice of the parameter p as well as the range x.

To establish the final result, we use the Chebyshev integral inequality [18, p.
40], which states the following: suppose f and g are two integrable functions
and monotonic in the same sense (either both decreasing or both increasing).
Let p: (a,b) — R be a positive integrable function. Then

(3.18)

b b b b
( / p(t)f(t)dt> ( / p(t)g(t)dt> < ( / p(t)dt> ( / p(t)f(t)g(t)dt>-

The inequality in (3.18) is reversed if f and g are monotonic but in the opposite
sense.

Theorem 3.6. Let z € (0,2m) and p > 0. Then

me (T (8))" S
2Hp ( )> 4\/—F(2p 1) (szrl) Hp_gl (2)’
)

me (T (8))" >
(3-19) 2Ly ( )> 4\/_F(2p 1) (2;21-1) LPTfl (5)

Proof. From (2.14) with a = 2, the integral form for oH, := 28,1 is

QHP(x)z22p_gr(2p§pl)r(2p+l) (/01(1—t2) T sin (4 )dt)

4

(3.20) X </01(1 — )" sin () dt) :
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The integral form for 28, _1 = 2L, is obtained from (3.20) by replacing the sine
function with hyperbolic sine.
To establish the subordinant for oH, in (3.19), let

2p—

p(t) = (1= )" sin (&), and f(t) = g(t) = (1—3)"%; 0<t<l.
Then

/Op(t)f(t)dt/o p(t)g(t)dt/o (1—¢*)"7 sin (4)dt.

It is known that for Re p > —1/2, the classical Struve function H, has the
integral representation

olopyr 1 .
() = =y [ (-
W= S 071
Replacing y by /2 and p by (p — 1)/2, it follows that

</01P(t)f(t)dt) </01p(t)g(t)dt> — 92p—4 . 1-p (F (%))QHQP,l (

Since f and g both are increasing on (0, 1), it is evident from (3.18) that

N

sin (yt) dt.

P

)= S )

X (/01(1 — 12)%7 sin (&) dt) (/01(1 — %)% sin (%) dt)

3

8

—
L~ &

SIS

S~—

S~—

* v e s 8

The subordinant for 5L, in (3.19) is similarly established by choosing

3

p(t) = (1— )" sinh (Z), and f(t)=g(t):=(1—1)"4 0<t <1l

Remark 3.3. Inequalities (3.19) can also be established using the generalized
Schwarz inequality (see [17]):

b b b 2
(3.21) ( / g(t)(f(t))’”dt> ( / g(t)(f(t))"dt> > ( / g<t><f<t>>’“¥"dt> ,

where f and g are two nonnegative functions, and m and n are real numbers
such that the integrals in (3.21) exist.
The subordinant (3.19) for oH, follows by choosing

2p—5 2p — 3
gty =sin (L), ft)=1-1* n= p4 and m = p4 , 0<t<1,

2
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while for L, is obtained by letting

2p—5 2p

-3
g(t) =sinh (L), f(t)=1—1t> n= 1 and m = T 0<t<l.
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