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U-FLATNESS AND NON-EXPANSIVE MAPPINGS
IN BANACH SPACES

JI GAO AND SATIT SAEJUNG

ABSTRACT. In this paper, we define the modulus of n-dimensional U-
flatness as the determinant of an (n+41) x (n+1) matrix. The properties of
the modulus are investigated and the relationships between this modulus
and other geometric parameters of Banach spaces are studied. Some
results on fixed point theory for non-expansive mappings and normal
structure in Banach spaces are obtained.

1. Introduction

Let X be a real Banach space with the dual space X*. Denote by Bx and
Sx the closed unit ball and the unit sphere of X, respectively. Recall that
V. C Sx+ denotes the set of norm 1 supporting functionals of x € Sx.

Brodskii and Mil'man [2] introduced the following geometric concepts in
1948:

Definition 1.1. Let X be a Banach space. A nonempty bounded and convex
subset K of X is said to have normal structure if for every convex subset C' of
K that contains more than one point there is a point x¢ € C such that

sup{||lzo — y|| : y € C} < diam C.
A Banach space X is said to have

o normal structure if every bounded convex subset of X has normal struc-
ture;

o weak normal structure if every weakly compact convex set K of X has
normal structure;

o uniform normal structure if there exists 0 < ¢ < 1 such that for every
bounded closed convex subset C of K that contains more than one
point there is a point xg € C' such that

sup{||lzo — y|| : y € C} < c-diam C.

Received January 30, 2016; Revised September 11, 2016.

2010 Mathematics Subject Classification. 46B20, 47TH10, 37C25, 54H25.

Key words and phrases. fixed point property, matrices, modulus of n-dimensional uniform
flatness, modulus of n-dimensional U-flatness, non-expansive mapping, normal structure.

(©2017 Korean Mathematical Society

493



494 J. GAO AND S. SAEJUNG

Remark 1.2. The following facts are known.

e uniform normal structure = normal structure — weak normal
structure.

e In the setting of reflexive spaces, normal structure <= weak normal
structure.

Kirk [9] proved that if a Banach space X has weak normal structure, then
it has weak fixed point property, that is, every non-expansive mapping from a
weakly compact and convex subset of X into itself has a fixed point.

Let N be the set of all natural numbers and n € N.

For two sets of vectors {z;}"' C X and {fi}I%) C X*, the following
(n+1) x (n+ 1) matrix

1 1 1
<1'15f2> <$2,f2> e <In+1,f2>

<$1,fn+1> <$27fn+1> <$n+1;fn+1>

is denoted by m(x1, @2, ..., Tnt1; f2, f3,- - -5 fut1) [6].
Gao and Saejung [6] introduced the concept of volume by the convex hull of
T1,%9,...,Tpt1 in X of

v(T1, T2, ..., Tpt1) = sup{det m(z1, 22, ..., Tnt1; f2, f3, .-, frr1) ),
where the supremum is taken over all f; € V,,, where ¢ =2,3,...,n+ 1.
Definition 1.3 ([6]). Let v% = sup{v(xi,z2,...,Tnt1) : T1,%2,...Tpt1 €

Sx } be the upper bound of all n-dimensional volume in X.

Definition 1.4 ([6]). Let X be a Banach space. Define

. 1 T1,L2,...,T )
n _ _ . ) ) ybn+1 X
UX(E)_mf{l n+1||$1+$2+ +-Tn+1H- (1, T2, ..., Tpy1) 2 € [

where 0 < e < V% to be the modulus of n-dimensional U-convexity of X.
The following results were proved [6]:

Proposition 1.5. For a Banach space X with dim(X) > n, we have v% > 2.

Lemma 1.6. U%(¢e) is a continuous function in [0,v%).

Theorem 1.7. If X is a Banach space with U%(1) > 0 for some n € N, then
X is reflexive.

Theorem 1.8. If X is a Banach space with U%(1) > 0 for some n € N, then
X has normal structure.
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2. Main results
We introduce the concept of the modulus of n-dimensional flatness as follows:

Definition 2.1. Let X be a Banach space and 0 < ¢ < v%. Then the modulus
of n-dimensional U-flatness of X is defined as follows:

W;;(e)sup{1

n+1

where the supremum is taken over all {xl}?:"’ll C Sx such that there exist
{fi}it} C Sx« with f; € V,, foralli = 2,...,n+1 and det m(zy, T2, ..., Tni1;

f2)f3a"'afn+1) S £.

Remark 2.2. W¥(¢) is an increasing and continuous function on [0, v%).

||$1+$2+"'+$n+1|}7

Proof. The proof is the same as that of Corollary 5 of [10]. O

Remark 2.3. The name of the modulus, U-flatness, is defined by comparing
with Definition 1.4.

Lemma 2.4 (Bishop-Phelps-Bollobés [1]). Let X be a Banach space, and let

0 <e< 1. Given z € Bx and h € Sx~ with 1 — (z,h) < %, then there exist
y € Sx and g € V such that ||y — z|| < e and ||g — h|| <e.

Lemma 2.5. Let A, xn be the following n X n matrix

~ 1 1 1 (71)71—1 (71)71—2 (71)71_1_
-1 L1 (f1)"+1 (—1)nt f1)"1
TR o ) N G D G Dl
Awcni= |0 E z z
0 0 0 - -1 1 —1
L0 0 0 - 0 -1 1]

Then det(Anxn) = =t

Proof. Tt follows from mathematical induction:
By repeatedly using add % times the first row to second row, then use the
first row to estimate the determinant, we get the result. O

Lemma 2.6. Let B, 11)x(nt1) be the following (n + 1) x (n + 1) matriz

(11 1 . 1 1 I
e T e TR G ) Lt G D LI 8 D
L A GV S Vs
B(n+1)><(n+1) = . . . . .
0 0 0 1 -1 1
0 0 0 -1 1 —1
L0 0 0 -1 I
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Then det(B(n+1)><(n+1)) = 232_1'

Proof. Tt follows from mathematical induction and the preceding lemma:
Let n =1, Baxo = [jé ” ,det(Bax2) = %

If for n, det(Bnxn) = 22231, then for n + 1, by using the first column to
estimate the matrix, we have

1
det(B(n+1)><(n+1)) = det(Aan) + 5 det(Ban)

_ 1 21 2
T 9n-1 on ~ 9n O

Theorem 2.7 ([7]). Let X be a Banach space. Then X is not reflexive if and
only if for any 0 < § < 1 there are a sequence {x,} C Sx and a sequence
{fn} € Sx= such that

(a) (@, fn) =0 whenever n < m; and

(b) (zm, fn) =0 whenever n > m.

Theorem 2.8. If X is a Banach space with W;(Qgil) <1- %—1—1 for some
n € N, then X is reflexive.

Proof. Suppose that X is not reflexive. Let 0 < 0 < 1 be given. Let {x;} C Sx
and {f;} C Sx- be two sequences satisfying the two conditions in Theorem 2.7.

Let n € N be given. Let y; = (—1)“‘1L29“+1 fori = 1,...,n + 1 and
gi = (=1)iT1f, € Sx« for i =2,...,n+ 1. Then, we have

3 < (g = {(~1HEEEEL (1)) < Sl = ] < 1

and

detm(ylva;yB sy Yn—1,Yn> Yn+1;92, 93,94 - - - ;gnflvgnvgnJrl)

1 1 1 1 1 1 1
(y1,92) (y2,92)  (s,92) - (Un-1,92)  (Yn:G2)  (Yn+1,92)
(y1,93) (y2,93)  (¥s.93) -~ (Un-1,93)  (Yn:93)  (Yn+1,03)
= det : : . : : : :
<y17gn_1> <Z/2,gn—1> <Z/379n—1> (yn—l,gn—1> <ymgn—1> (yn+1,gn—1>
W1.9n)  W2:9n) U3 9n) 0 (Un—1,9n)  (UnsGn)  (Ynt1,0n)
LWt gnt1) Y2, 9n41)  W3s9na1) o (Y2,9n41)  WnsGnt1)  (YnttsGnar) ]
1 1 1 .- 1 1 1 T
_d _ . _1\n—1 _1\n _1\n+1
57 S
2
— det ) . : ) )
0 0 0 ) ) 1)
0 0 0 -3 5 -5
L0 0 0 0 g 5 ]
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11 1 1 1 1
R N B G o D L G P
0 -3 1 (=" (e
0o 0 0 - 1 -1 1
0O 0 0 - -3 1 -1
0o 0 0 - 0 -3 1

By Lemmas 2.5 and 2.6, we have

2n+1
detm(ylayQa'"ayn+1;927g3a"'agn+1) =4" on
On the other hand, since
lys + 2+ +ynall _ NEDPeno+ o] 1
n+1 2(n+1) “n+4+1’
we have
1— lyr +y2 + -+ yYnya | >1- 1 .
n+1 n+1

Since § can be chosen arbitrarily closed to 1, let 6§ =1 — % where € can be

chosen arbitrarily closed to 0.

Let z1 = y1. Next, let ¢ = 2,3,...,n + 1. From Bishop-Phelps-Bollobés
result (Lemma 2.4), there exist z; € Sx and h; € V., such that ||y; — 2| <€
and ||gZ — hz” < €.

This implies that

(205 hy) = Cwir 95)| < (20 = i )| + [(wis hy — g3)| + (20 — wis hy — g;)| < 3e.

It follows then that

2 n
2 1
detm(z1,22,. .., 2nt1; R, h3y ooy Apg1) = (1 - EZ) T;: + cg,
where ¢ is a bounded constant. Moreover,
| latattanl, 14e
n+1 n+1

From the definition of W% (¢), we have

g2 n2n—|—1 1+e
we((1-2 >1— .
X(( 4) o +C€)— ntl

Since € can be arbitrarily close to 0, the theorem is proved. ([
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Let C(n41)x (n+1) be the following (n + 1) x (n + 1) matrix:

1 1 1 1 1 1 1
2 1 -1 1 (1)t~ (e
;3 Ll D I G A G
0 3 -3 1 (=nmt (= (-1
Clnt1)x(n+1) i= : R : : :
0 0 0 0 1 -1 1
0o 0 0 0 - -2 1 -1
o 0 0 o0 - 1 -2 1

Then det(Cax2) = 2, and det(Csx3) = £.

Theorem 2.9. If X is a Banach space with W (det Cpi1)x (nt1)) < % for

some n € N, then X is reflexive. In particular, for n =1 we have if W}((%) <
%, then X is reflexive; and for n = 2 we have if W)Q((g) < %, then X is reflexive.

Proof. Suppose that X is not reflexive. Let 0 < 6 < 1 be given. Let {x;} C Sx
and {f;} C Sx- be two sequences satisfying the two conditions in Theorem 2.7.

Let n € N be given. Let y; = (—1)”1% fori=1,...,n+1 and
gi = (=1)iT1f, € Sy« for i =2,...,n+ 1. Then, we have
§ < (yi, i) = <(1)i+IW’ (1)i+1f¢>

1
< g”ifz' +zip1 + @igal = |yl <1,

and

m(yla Y2,Y3,Ya, - ..

1
(y1,92)
(y1,93)
<l/1794>

<y1’ gn—1>
(y1, 9n)
_<?J179n+1>

L

1
(y2, 92)
(Y2, g3)
<l/27!]4>

<y27 gn—1>
<y27gn>
<y27 gn+1>

1 1

yYn—15Yn,s Yn+15 92,93, 94, - -

1
(Y3, g2)
<93, 93>
(y3, 94)

<y37 gn—1>
<Z/379n>
<y37 gn+1>
1
1
-1
1

1
(Y4, g2)
(Y4, g3)
(y47g4>

<y4yg.n—1>
<y47gn>
<y4vgn+l>
1
(-1t
(="
(-1

R
Wi

W=

1
(yn—l-,92>
(Yn—1,93)
<yn717 g4>

<yn—1797L—1> <?men—1> <yn+17gn—1>

<yn—17 gn>
<yn—1 5 9n+1>

1
(1)
(~1)"?
(~1)+

—_

1

Wl

(
(
(

. ;gn—lagnagn-l-l)

1

<y'n792>
(Yn, 93)
<l/m.(]4>

<y7l7 gn>
<yru g'rb+1>

1
71)n+1
71)n+2
,1)n+3

1
-1
1

1
<yn+1 ) 92>
<yn+1793>
(Yn+1,94)

(Yn+1, 9n)
<yn+1 B 9n+1>_
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We have

det m(yla Y2,Y3,Ydy - -y Yn—1,Yn, Yn+1592, 93, 94, - - - ag’nflvgnvgn+l)
= 6" det C(n+1)><(n+1)-
On the other hand, for n > 2,
lyrty2+ - tynnll _ ertas—zat--+ (D" Tnp + (D" Pangs||
n+1 3(n+1)
n+1 1

< —6=:0
~3(n+1) 37

and for n =1,

ly1 +y2+ -+ yntall _ llzn — 4] < 15
n+1 B 6 -3
We have
1_ llyr +y2 + - 4 Yns1l] > 1—162 26
n+1 3 3
for all n € N.
The theorem can be proved by using the Bishop-Phelps-Bollobas result
(Lemma 2.4), and same idea in the proof of Theorem 2.8. (]

We consider n = 1.

Theorem 2.10. If X is a Banach space with W)l((%) < g for some
m € N, then X is reflexive. In particular, for m = 2 we have if W)l((g) < %,

then X is reflexive.

Proof. Suppose that X is not reflexive. Let 0 < 0 < 1 be given. Let {x;} C Sx
and {f;} C Sx- be two sequences satisfying the two conditions in Theorem 2.7.
Let m € N be given. Let
_ Tt Tt A T T T2+ T3+ Tt + T2
= m+1 2= m+1
and g = —fo € Sx~.
Consider the 2-dimensional subspace of X spanned by y; and ys.
We have

detm(yl,yz;gz)det[< 1 1 >]det{ 1m 1}52m+157

Y1,92) (Y2,92 a1 1 m+1
and
252 = st = e
2 2m+1) | = m+1
This is

17‘y1+y2H2 m
2 m+1
Similar to the proof of Theorem 2.8 we have

2m+1 m
wl > .
X(m+1)_m+1
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This completes the proof. (I
In 2008, Saejung proved the following result:

Lemma 2.11 ([11]). If X is a Banach space with Bx~ is weak* sequentially
compact and it fails to have weak normal structure, then for any € > 0 and
n € N there are {x1,22,...,2n} C Sx and {f1, fo, ..., fn} € Sx+ such that

(a) [[lo; —z;]| — 1] <& for all i # j;

(b) {xs, fi) =1 for all 1 < i <mn; and

(¢) Kz, i) < e foralli #j.

Theorem 2.12. If X is a Banach space with Bx+ is weak* sequentially com-

pact and W (1) < 1— n+r1 for somen € N, then X has weak normal structure.

Proof. Suppose that X does not have weak normal structure. Let 0 < € < 1 be
given. Then there are {z;}I' C Sx and {f;}7*' C Sx- satisfying the three
conditions in Lemma 2.11.
For convenience, let |(x;, f;)| = €;;. Then ¢; ; < ¢ for all i # j.

Let y; = % € Sy fori=1,...,n+1and g; = fi;1 € Sx- for
i=2,...,n+1. Then

lyi = (@ip1 —@)|| < e
fort=1,...,n+ 1. Moreover,

lyr +y2+ -+ yi + -+ Ynga |
< |(xg —x1) + (x5 —22) + -+ (Tig1 — @) + -+ (Tpg2 — Tpg1) |+ (n+ 1)e
= ||znt2 — 21| + (n + 1)e.

Next, we consider the following matrix:

m(Y1, Y2, Ynt1:92, 93, - - - In+1)

i 1 1 1 e 1 1 1
(y1,92)  (Y2,92)  (y3,92) (Yn>92)  Yn+1,92)

(Y1, 93) (Y2, 93) (y3,93) (Yn, g3) (Yn+1,93)
Wis9n)  (W2:9n) (Y3, 9n) (Un,gn)  (Yn+1:9n)

L1, 9nv1) (Y2, 9n41) (U3, 9n+1) (Yns Gnt1)  (Ynt15 Gnt1) ]

[ 1 1 1 1 1 i
£23—€1.3 l—e2 3 £4,3—1 En41,3—En.3 En42,3—En4t1.3
lw2—z1]| |z —z2]| lza—zs]| [#nt1—zn]] lznto—zniall
£€24—E€1,4 £3,4—€2.4 1—e3.4 En+t1,4—En,4 En42,4—En+1,4

_ [[z2—1]| zs—z2]l lza—zs]| [Zn+1—zn]l [nt2—zniall
€2,n+1—€1,n+1 €3,n+1—€2,n41 €4,n+1—E3,n+1 l—en nt1 Ent2,nt1—1
[lo2—z1]| les —z2]| lea—zs]| l#nt1—zn]l lznro—zniall
€2, n+2—E€1,n+2 €3,n4+2—E2 n42 £4,n+2—E3,n+2 Ent1,n+2En,nt2 l—€nt1nt2
[lo2—z1]| loz—z2]| loa—zs]| [#nt1—zn]l lent2—zniall |
It follows then that
det m(yla Y2,y Yn+1,92,93, - - - ,gn-i-l) =1+ ce,
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where ¢ is a bounded constant.
On the other hand, since

lyr +y2 + -+ yotall < ||~Tn+2*ZE1H+€S 1+€+€7
n+1 n+1 n+1

we have
Ayt ye o ynall S l+e

L n+1 - n+1
Let 21 =y1. Next, let i =2,3,...,n+ 1.
From Bishop-Phelps-Bollobés result (Lemma 2.4), there exist z; € Sx and
h; € V, such that

lly; — z:i|| < e and ||g; — hi|| < e.
In particular,
[(zis hg) — (Y, 9301 < (20 — Yi, g3)| + 1Y, by — gi)| + {20 — yi, by — g)] < 3e.
This implies that

det m(zl, 225 ooy Bn41, h,Q, h,g, ceey hn+1)
[ 1 1 1 e 1 1 1
<Z1) h2> <22) h2> <233 h2> e <Zn, h2> <Zn+1a h2>
(21, h3) (22, h3) (23,h3) -+ (zn,h3) (Zn41, h3)
= det . . . . . .
<Z1; hn) <22; hn> <Z3a hn> e <Zn; hn) <Zn+1; hn>
_<Z15 hn—i—l) <22; hn—i—l) <Z3a hn+1> ot <Zn; hn—i—l) <Zn+1a hn+1>_
= 1+4de,
where d is a bounded constant. Hence
1— 21 + 22+ + 2oy | >1- l+e 9.
n+1 n+1
Since ¢ can be arbitrarily small, it follows from the definition of W (-) that
we(l)>1 !
XAV = n+1’
This completes the proof. (I

Theorem 2.13. If X is a Banach space satisfying one of the following two
conditions:

o W}}(l)<1*n+‘_1f0rsomen€Nwithn22; or

e Wi(l) <1 and Wi (3) < 2 forn=1.
Then X has normal structure.

Proof. Since X is reflexive, it follows that Bx- is weak* sequentially compact.
Moreover, 23;’,’1 < 1lforn e Nandn > 3, and % < 1 for n = 2. The first result
is a direct consequence of Theorems 2.8, 2.9 and 2.12. The second result is a

direct consequence of Theorems 2.10 and 2.12. O
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Definition 2.14 ([4, 5]). Let X and Y be Banach spaces. We say that Y is
finitely representable in X if for any € > 0 and any finite dimensional subspace
N CY there is an isomorphism 7' : N — X such that for any y € N,

A=)yl <ITyl < (1 +&)yl-

We say that X is super-reflexive if any space Y which is finitely representable
in X is reflexive.

Theorem 2.15. If X is a Banach space with Wi () <1 — n+r1 for some

n € Nandn > 2, or W}((Qn’?fll) < mlﬂ forn =1 and some m € N, then X
is super-reflexive. In particular, for m = 2 we have if W}((%) < %, then X is

super-reflexive.

Proof. We only prove the first part (for n > 2). The proof of second part (for
n = 1) is same.

The proof is similar to that of Theorem 2.12 in [6]. Suppose that X is not
super-reflexive. Then there exists a nonreflexive Banach space Y such that Y
can be finitely representable. From Remark 2.2 and Theorem 2.8, for each n
there exists some positive function f(e) which goes to 0 as € goes to 0, satisfies
Wp(2t —g) > 1 — %_H — f(¢). Therefore, there exist {y;}7*' C Sy and
{9} € Vy, C Sy~ for i =2,...,n+ 1 such that

1 1 1 1
(Y1, 92) (Y2,92) - (Yn,92) (Yn+1,92) om+1
det . . . . S — &,
. . ’ . . . 271'
W1, 9n+1) (Y2, 9n+1) - Yn,In+1)  (Ynt1, In+1)
and
lyr +y2 + - -+ Ynsal 1
1-— >1-— — .
n-+1 n-+1 f(g)

Let N = span{y1,y2,...,Yn+1}, and T : N — M C X be an isomorphism
with range M.

Let us consider the conjugate mapping 7™ of T'. Let g;n be the restricting
gi on N. Then (Ty;, (T*) " gyn) = (yj,9i) for 1 <i,j <n+ 1.

We have

1—e<|T|| € 1+5¢,
l—e<|T7<1+e¢,
and
l—e< (T <1+
Let 2; = Ty; and f; = (T*) gy n for i =1,...,n+ 1. Then

(x5, fiy = (Tys, (T*) " gan) = (W5, 90)-
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Ifl:]y then <1"L;fz> = <yzvg’b> = ]'a S0 fZ € VI-L and we have

i 1 1 1 1
<$1af2> <‘T23f2> <$naf2> <‘Tn+1af2>
det . . . . .
(@1, fas1) (@2, fa1) 0 (@n, fot1)  (Tntts fot)
[ 1 1 1 1
(Y1, 92) (Y2,92) - (Un,92) (Ynt1,92)
= det . . . . .
_<y1,9n+1> (Y2, 9n+1) = WUnsGnt1)  (Yn+1s Gnt1)
2 1
< n; —€
On the other hand,
lzr+ o+ +znnll [T +y2 4+ yns)ll
n+1 n+1
< (1+€)Hy1+y2+"'+yn+1”
n+1
1+e¢
< 1 .
< S (1+9)(E)

This implies that

|1 + 22+ + Tyt 1+e¢
- >1—-—— (1 )
n+1 - 1 (L+2)/()

Since f(e) can be arbitrarily small, we have

2n+1 1
Wi ——)>1- :
X( on )— n+1

1

This completes the proof. (I

We consider the uniform normal structure. To discuss this result, let us
recall the concept of the “ultra”-technique.

Let F be a filter of an index set I, and let {x;};c1 be a subset in a Hausdorff
topological space X, {x;};cr is said to converge to x with respect to F, denoted
by limzz; = =, if for each neighborhood V of z, {i € [ : xz; € V} € F.
A filter U on [ is called an ultrafilter if it is maximal with respect to the
ordering of the set inclusion. An ultrafilter is called trivial if it is of the form
{A: A C1Iiy e A} for some iy € I. We will use the fact that if ¢/ is an
ultrafilter, then

(i) for any A C I, either ACU or I — A C U,

(ii) if {z;}iesr has a cluster point x, then limy z; exists and equals to x.
Let {X;};er be a family of Banach spaces and let I (I, X;) denote the subspace
of the product space equipped with the norm ||(z;)|| = sup;e; ||z < oc.
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Definition 2.16 ([3, 12]). Let U be an ultrafilter on I and let Ny = {(x;) €
loo(I, X;) : limyy ||2;]] = 0}. The ultra-product of {X;}ier is the quotient space
loo(I, X;)/Ny equipped with the quotient norm.

We will use (z;)y to denote the element of the ultra-product. It follows from
remark (ii) above, and the definition of quotient norm that

(2.1) @)l = Lim {|v:]]-

In the following we will restrict our index set I to be N, the set of natural
numbers, and let X; = X,7 € N for some Banach space X. For an ultrafilter
U on N, we use Xy to denote the ultra-product. Note that if I/ is nontrivial,
then X can be embedded into X, isometrically.

Lemma 2.17 ([12]). Suppose that U is an ultrafilter on N and X is a Banach
space. Then (X*)y = (Xy)* if and only if X is super-reflexive; and in this
case, the mapping J defined by

(@i, J((fi)u)) = lim(zi, fi) - for all (zi)u € Xu
is the canonical isometric isomorphism from (X*)y onto (Xy)*.

Theorem 2.18. Let X be a super-reflexive Banach space. Then for any non-
trivial ultrafilter U on N, and for all n € N and ¢ > 0, we have Wy (e) =

Proof. Since X can be embedded into X, isometrically, we may consider X as
a subspace of Xy;. From the definition of W (e), we have Wg, (¢) > W (e).
We prove the reverse inequality.
For any very small n > 0, from the definition of W¥ (e), let (2})u, (27)u,
oy (@M, (2 belong to S, and let (f2)y € V(a2)y (f2u € Vet

s (fMu e V(@) (finﬂ)u € V(I?H)u be such that

m((@))es (@) - @ s @ e P Fus - s (D) <e,
and
() + (@) + ;1':1(30?)24 + (@ Nl > Wy, (e) —n.

Without loss of generality, we may assume by (2.1) that

1—

1—n<||(@ull<l+nforj=1,...,n+1,

L—n<|[(full <14+nforj=2,... n+1,
and
L—n<{(@Du,(fHu)y <l+nforj=2,....n+1

From the property of ultra-product, we know the subsets

P = {i:m((@)u, @ -, @ @ s (s (Fus -, s (F7Hu) <e}
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and
n n+1
Q= {z 1 [@Du + (@)u +'n":1(fﬂi Ju+ (@7 Jull Wx, (e) 77}

are all in Y. So the intersection P N Q is in U too, and hence is not empty.
Let i € PN Q be fixed. Then
l—n<|ad| <l4nforj=1,...,n+1;
L—n<|f/l<l+nforj=2,...,n+1;
l—n< (@l fly<i4nforj=2,....,n+1;
m(xh a2, xR R T < g

() (2
and
o +af 4t + |
n+1
From Lemma 2.4, for 0 < n < 1 (since 7 can be arbitrarily small, if necessary
we can normalize vectors xf and ff to use Lemma 2.4) there are {y; ;‘ill C Sx
and {g; ;‘;“21 C Sx+ such that
e g, eV, forall j=2,...,n+1;
. ||szyj|\ <npforallj=1,....,.n+1;
o |f/ —gill<nforj=2,...,n+1.
Similar to the proof of Theorem 2.8, we have

1 _ |

> Wg, (e) —n.

det m(y1, Y2, -, Yn» Ynt1592, 93, - - - » Gns In+1) < € +cn,

ly1+ye+-+yn+yntill n
and 1 — e > Wy (e) — dn, where ¢ and d are constants.

Since n > 0 can be arbitrarily small, we have W (e) > Wg (e). O

Lemma 2.19 ([8]). If X is a super-reflexive Banach space, then X has uniform
normal structure if and only if Xy has normal structure.

Theorem 2.20. Suppose that X is a Banach space satisfying one of the fol-
lowing conditions:

o W)’}(l)<1—n#+1f07“50men€Nwithn22; or

e Wi(1) <% and Wx(3) < 2 forn=1.
Then X has uniform normal structure.
Proof. Tt follows directly from Theorems 2.13, 2.15, 2.18 and Lemma 2.19. O
Example. Let H be a Hilbert space. We have Wi () = 2-vd—2e V24_25 for0 <e < 2.

Since W} (1) = %ﬁ =0.29289--- < %, and W}I(g) = % =0.59175- - -

< %, from Theorem 2.20, H has uniform normal structure.
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