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ZERO-DENSITY ESTIMATES FOR EPSTEIN ZETA
FUNCTIONS OF CLASS NUMBERS 2 OR 3

YOONBOK LEE

ABSTRACT. We investigate the zeros of Epstein zeta functions associated
with positive definite quadratic forms with rational coefficients in the
vertical strip 1 < Rs < o2, where 1/2 < 01 < o2 < 1. When the
class number h of the quadratic form is bigger than 1, Voronin gave a
lower bound and Lee gave an asymptotic formula for the number of zeros.
Recently Gonek and Lee improved their results by providing a new upper
bound for the error term when h > 3. In this paper, we consider the cases
h = 2,3 and provide an upper bound for the error term, smaller than the
one for the case h > 3.

1. Introduction

Define Q(m,n) to be a positive definite quadratic form am? + bmn + cn?
with a, b, c € Z and let its discriminant be D = b2 —4ac < 0. Let s = 0 + it be
a complex variable. The Epstein zeta function associated with @ is defined by

e 3 oy

for ¢ > 1. It has a meromorphic continuation to C with a simple pole at
s = 1. Recently Gonek and Lee in [1] estimated N(o1,02;T), the number
of zeros of E(s,Q) in the rectangular region o1 < o < 09, T < t < 2T for
1/2 < 01 < 03 < 1, when the class number h(D) of Q(+v/D) is bigger than 3,
and obtained

(1.1) N(o1,09;T) = T 4 O(T exp(—by/loglogT))

for some b > 0, where ¢ = ¢(01,02,Q) > 0. The purpose of this paper is to find
a stronger estimation of N(oq,09;T) for 1/2 < 01 < 02 < 1 when h(D) =2 or
3 as follows.
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Theorem 1. Suppose that h(D) =2 or 3. Then

loglogT
(log T)o1/2

holds for 1/2 < 01 < 09 < 1, where ¢ = ¢(01,02,Q) > 0.

N(o1,09;T) = CTJrO(T

We begin our estimation from the well-known identity

(1.2) E(s,Q) = % > x(ag)L(s, x),

where wp is the number of roots of unity in Q(v/D), the y-sum is over all
ideal class characters of Q(\/ﬁ), ag is an integral ideal corresponding to Q and
L(s,x) is the Hecke L-function associated with x. When h(D) = 2, let 1 and
X1 be the ideal class characters of Q(v/D). By (1.2) we see that

wp —_—

E(s,Q) = W(L(S’ 1)+ x1(ag)L(s, x1))-

When h(D) = 3, let 1, x» and Xz be the ideal class characters of Q(v/D). Since
L(s,x2) = L(s,X2), by (1.2) we find that

E(s,Q) = (L(s, 1) + 2R[x2(a@)] L(s, x2))-

HD)

When h(D) > 3, E(s,Q) is a linear combination of more than two inequiv-
alent Hecke L-functions. Therefore, E(s, Q) is a linear combination of two
inequivalent Hecke L-functions if and only if k(D) is two or three.

Suppose that A(D) = 2 or 3 and write

E(S, Q) = ClLl(S) + CQLQ(S),

where ¢1,c2 # 0 and Ly (s) and La(s) are two inequivalent Hecke L-functions.
By Littlewood’s lemma, we need to estimate the integral

2T
/ log | E(s, Q)|dt
T

to prove Theorem 1 for 1/2 < o < 1. We split the integral into two pieces:

2T 2T
(1.3) /T 1og|E(s,Q)|dt:/T log|c1L2(s)|dt+/

T

2T
dt.

_l’_
& La(s)
The first integral on the right of (1.3) is computed using a short Dirichlet
polynomial approximation of log|La(s)| and the second integral is estimated
using a method in [2] and lemmas in [1]. These lead to the following theorem.

lo ‘Ll(s) i

Theorem 2. Suppose that h(D) =2 or 3. Then

| T B (loglog T)?
7], st Q=m0 (G

holds for 1/2 < o <1, and M(o) has a continuous second derivative.
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Note that M(o) is the Jensen function of E(s, Q). The assertion in Theorem
2 that M(o) has a continuous second derivative, is proved in [3]. The proof of
Theorem 2 provides a representation for M (o), namely

M(o) = E[log |c1 L1(0, X) + caLa(o, X)|].

_ ., X5 (p) X p))l
Lj(0,X) : 1;[ <1 R
is a random model of the Hecke L-functions L;(s) = L(s, x;) for j = 1,2, where
p is the unique rational prime dividing 9(p), and the X (p) are uniformly and
independently distributed on the unit circle T.
We shall briefly explain why the estimation in Theorem 1 is better than
(1.1). When h(D) = 2 or 3, we will prove that the second integral on the right

of (1.3) is essentially
Ll(S) (6]
1og‘ + —
/BZ(T) La(s) @

where By(T) is the inverse image of the union of two rectangular regions in
C under log L1(s)/L2(s) and it contains no singular points of the integrand.
(See (3.5) and (3.3) for the definition of By(T").) Then the above integral can
be estimated using the discrepancy lemma (Lemma 6) and the distribution of
the random model log L1 (o, X)/L2(0, X ). However, it is not possible with two
rectangular regions in the cases for bigger h(D). Indeed, Gonek and Lee in [1]
required (logT)# many rectangular regions to prove (1.1) for A(D) > 3 and
the argument was elaborate.

We introduce the lemmas we will require in Section 2. Since Theorem 1 is
a consequence of Theorem 2, we first prove Theorem 2 in Section 3 and then
Theorem 1 in Section 4.

Here

dt,

2. Lemmas
We state lemmas from [1] without proofs.

Lemma 1 (Lemma 2.2 of [1]). Let L(s) = L(s,x) be a Hecke L-function
attached to an ideal class character of the quadratic field (@(\/5) Foro >1

write
log L(s) = Z a(p")

ns ’
p,n p

and for' Y > 2 and any s let
a T
Re() = Y S,
pr<y P
Suppose that 1/2 < o <1 and By > 0 are fived, and that Y = (logT)?> with
By > 2(31 + 1)/(0’— 1/2). Then

log L(s) = Ry (s) + O((log T)~ 1)
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for all t € [T, 2T except on a set of measure < T~ where d(o) > 0.

Lemma 2 (Lemma 3.1 of [1]). Let 1/2 < o < 2 be fized. There exists a
constant C' > 0 depending at most on J such that for every positive integer k

we have
T /T > eiLy(s)

Jj<J

Lemma 3 (Lemma 3.2 of [1]). Let 1/2 < 0 < 2 be fized. There exist an
absolute constant C1 > 0 and a constant Co > 0 depending on o such that for
every positive integer k < logT/(CeloglogT), we have

2k
dt < (Ck)*.

log

1 2T
?/T |log L;(s)[**dt < (C1k)*
and

1 2T
T / |log L;(s) — log Lj(s)|2kdt < (C1k)*.
T

Lemma 4 (Lemma 3.3 of [1]). Let 1/2 < o < 2 be fized. For every integer
k> 0 we have
“

log

E( Qk) < (Ck)*,

where C' > 0 is a constant depending at most on J.

Z Cij(O’,X)

Jj<J

2k> < (Ck)%*

and

logc;Lj(o,X)

Lemma 5. Let a be a fixzed nonzero complex number and o, A be positive con-
stants. Then we have

AloglogT AloglogT o .
ey = Oy (loglog T)?)
/log la|+(log T)~“ /—Alog log T ewtiy — a|2 a

as T — oo.

Proof.
/Alog log T /Alog log T ew
—C dydw
] 2
log |a|+(log T)—= J—Aloglog T |€“ 1 — @]
AloglogT Aloglog T e—w
log |a|+(log T)—¢ J—Aloglog T |1 —ae |

AloglogT Aloglog T o0 )
= / / e " Z (ae™™)™(ae™")" e "™V dydw
1

ogla|+(logT)=“ J—Aloglog T m.n—=0

_ = 1 _ - loglogT
—92A 1 loglog T (2m+1)(logT) Ie)
T oelonT 2 e FO\Tog)7
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1 -0
19) —(m+n)(logT) )
’ (; m—nlm+n+1)
It is now an easy exercise to prove that it is O((loglogT)?). O

3. Proof of Theorem 2

We observe from (1.3) that we need to estimate the two integrals

2T
I = / log |La(s)\dt,
T

2T
L
I, = / log
T

for 1/2< o <1and a=—ca/c; #0.
We first estimate I7. Let

log La(s) = Z Z ag(p:)

n
n=1 p

(3.1)

for 0 > 1. Then by Lemma 1 there exists a set S1(T) C [T, 2T] such that
meas([T, 27 \ S1(T)) <« T4

for some d(o) > 0, and

g Lol =R 30 2] oaogT) )

pn<(log T) B2
for all t € S1(T") and for By > 2(By +1)/(c — 1/2). Thus, we have

az(p")
I :/ §R[ , ]dt+/ log |La(s)|dt
' S1(T) Z pne [T,2T7\S1 (T) :

p"<(log T) B2

+O(T(log T)~P1)

L] > owao [ w] y e

p"<(log T)B2 p"<(log T)B2

+ / log | L2 (s)|dt + O(T (log T)~5*)
[T,2TI\S1(T)

=hL1—Lao+TLs+O(T(logT) 5.

The first integral I7 ; is

—2nT1i —nT1i

R e R T )
p<(og)2 P Tniosp
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By the Cauchy-Schwarz inequality
11,2

< (meas((T, 27] \ &(T»)W( /[T

2 1/2
dt>

?R{ 3 112(1’”)}

ns
pr<(ogT)Bz ¥

)"

pr<(ogm)®s T
Similarly by the Cauchy-Schwarz inequality and Lemma 3

2TI\S1(T)

2T
< (meas([T, 277 \ Sl(T)))1/2</T

< Tl—d(a)/Q_

[11,3] < (meas([T', 277 \ Sl(T)))l/Q(/H | log ILz(S)IIth)l/2 < T4/,
T
Thus,
I, = O(T(log T)~BY)
for any fixed B; > 0. Since
Blog La(o, X)) = (R Y 3 2T ) o
p n=1
we can also write
(3.2) I, = E(log |La(0, X)|) + O(T (log T)~P1).
We next estimate Is. Define
Bi(T)={t €[T,2T]: |log|L1(s)/L2(s)|| < AloglogT,
|arg L1(s)/La(s)| < Aloglog T'}
for a large constant A > 0. By Lemma 3
meas([T, 27\ B1(T))
/ |log |L1(s)/La(s)|** + | arg L (s) /La(s) |**
= Jirem\Bi(T) (Aloglog T')2*

T |log |L1(s)/La(s)[|** + |arg L1(s)/La(s)|*
= /T (Aloglog T2k

Ck 2k
T ——>
< <AloglogT)

for some C' > 0. Choosing k = AloglogT/(Ce), we obtain
(3.4) meas([T, 2T\ B1(T)) < T(log T)~24/(C),
By the Cauchy-Schwarz inequality, (3.4) and Lemma 2

L
/ log‘ 1(5) a‘dt
[T,2T\B1 (T) La(s)

(3.3)

AN

dt

dt
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2 1/2
dt>

L1 (S)
LQ(S)

log —a

2T
< (meas([T, 27T \Bl(T)))1/2</T

< T(logT)~4/(Ce),

L
I :/ log () _ a’dt + O(T(log T)~4/(C9)),
Bur) | La(s)

Next we want to remove a set of ¢ near logarithmic singularities of the
integrand out of the integral. Define

(3:5)  BoT) ={t € Bi(T) : |log|L1(s)/La(s)| — loglal| > (log T)~7}.
To show that the set By (T") \ B2(T) has small measure, we define two functions
L(s) = Rlog L1(s)/La(s),Slog L1(s)/La(s)),
L(o, X) = (Rlog L1(0, X)/La(0, X), Slog Ly (0, X)/ La (0, X)),

and two measures

Thus,

Ur(B) = %meas{t € [T,2T] : L(s) € B},
U(B) = P(L(c, X) € B)

for Borel sets B € R? and for a fixed 1/2 < 0 < 1. Then we have the following
lemma.

Lemma 6 (Theorem 1.2 of [1]). Let 1/2 < o < 1 be fized. Then
sup |[¥7(R) — ¥(R)| < (logT) ™7,
R

where R runs over all rectangular regions in R? (possibly unbounded) with sides
parallel to the coordinate azes.

By Lemma 6 and the absolute continuity of ¥, we have that

1
(3.6) ?meas(Bl(T) \ B2(T)) = ¥r(R1) =¥ (R1) + O((logT)~7)
= O((logT)™7),

where

R1 = (logla| — (logT) "7, log|a| + (logT)™7) x [~ Aloglog T, AloglogT].
By Hoélder’s inequality with . = loglog T, (3.6) and Lemma 2, we find that
L (s)

log - a‘dt
/BI<T>\B2<T> La(s)
< 1-1/(2%) T Li(s) > Ve
< (meas(B1(T) \ B2(T))) log —a dt
T La(s)
(loglog T')?

(logT)”
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Hence

Ly(s) ‘ ( (1oglogT)2)
1 :/ lo ‘ —aldt+ O T——=—).
"y Las) (log 7)7

We split By(T') into two sets
B 1(T) ={t € Bi(T) : log|a| + (logT)~° <log|L1(s)/La(s)| < AloglogT},
B o(T) ={t € Bi(T) : —AloglogT <log|L1(s)/L2(s)| <logla| — (logT)™ 7},

and define (5)
L1 S
Ir; = / log —a|dt
2 By ;(T) La(s)
for j = 1,2. Then
(loglog T)?
IL=1 I o\ T——=——
2 2,1 t 122+ < (log T)°

We now estimate I 1. Define
Ro = [logla|] + (logT) ™7, Aloglog T] x [—Aloglog T, Aloglog T1.
Then we see that
By 1 (T) ={t € [T,2T): L(s) € Ra}

and

1 1 / Li(s) .
=l = — 1og‘ —adtz/ log |e“1T™ — ald¥ 1 (u, v).
T T Jpyyry 1 L2(s) Ro | 4% (u, 0)

We split the integral into two

1 , )
=1, = / log [e" ™ — a|dV (u,v) —|—/ log |e“™™ — aldDr(u,v),
T Ro2 R

where Dy = Up — U. We want to show that the last integral is small. We
divide it into three pieces as

/ log |e“ ™™ — a|dDr(u,v)
R
= / log [e*T" — a| — log [eA1°808 T+ _ g1d D (u, v)
R
+ / log |6Alog log T+iv a| _ log |€Alog log T+iAloglogT __ a|dDT(u, ’U)
R

+/ 10g|eAloglogT+iAloglogT —a|dDT(u,v)
Ra

=Ji+ Jo+ Js.
We first note that
loglog T

Ja =1 Aloglog T+iAloglogT D (R )
3 Og|€ a’| T( 2) << (1OgT)o-
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Next we may write Ja as

AloglogT 7’L'€A log log T+iw
Jy = R - dw dD7(u,v).
2 Ry Jv eAlog log T+iw _ a T( ’ )

By changing the order of the integrals, we find that

AloglogT _ieAloglogT—i-iw
J2 :/ / R |:6AloglogT+iw _ a:| dDT(u’v) dw
—Aloglog T JR2(w)

AloglogT _ieAloglogT—i-iw
:/ Dp(Re(w)) R |:6AloglogT+iw _ a} dw,
—AloglogT

where
Ro(w) = [log|a| 4+ (logT) ™7, Aloglog T| x [—Aloglog T, w].

By Lemma 6
loglogT

J- —
2 (logT)"

Similarly, we may write J; as

AloglogT eeriv
Jp=— R|——— | dw dD .
1 /Rz/u [e“ﬂrwa] w dDr(u,v)

In this case we divide it into two pieces as

AloglogT eeriu eeriA loglogT
Jl /Rz/u %{M] §R[ew-i-iAloglogT_a/:| dw dDT(u’v)

AloglogT eeriA loglog T’
— R . dw dDr(u,v
/Rg/u ew—i—zAloglogT_a ( ’ )

=Jy+ Js5.
We can bound J5 by the same method of bounding J and obtain

loglogT
(log )7

By changing the integrand of J; into an integral, we have

AloglogT AloglogT _aiew-i-iy
w=f L R e v arte)

We change the order of integrals and then apply Lemma 6 to prove

Aloglog T AloglogT —aiev i
Jy :/ / Dr(Ra(w,y))R [7} dydw
log|a|+(logT)=< J —Aloglog T (e“’JFW — a)2

1 AloglogT AloglogT W
< / / —C dydw
2 b

(log T)G log |a|+(logT)— J —Aloglog T |ew+zy - a|

Js K

where

Ra(w,y) = [log|a| + (logT) ™7, w] x [~ Aloglog T, y].
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By Lemma 5

(loglog T)?
(logT)7

By combining the above inequalities, we deduce that

J K

1 / ; (loglog T')?

=1 = log [e“ "™ — aldW¥ (u,v +O<7

T4 IR, | | (u, v) (log T)”
Similarly, we can also prove that

1 . (loglog T')?

=19 :/ log |e“t™ — ald¥ (u,v) + O(* ,

T Rs | ey (log T)”

where
Rs = [—AloglogT,log|a| — (logT) 7] x [-Aloglog T, Aloglog T].
Thus,

1 - (loglog T')?
—1Is :/ log [e“T — a|d¥ (u,v +O(7
T R2UR3 | 4 () (log T')7
To show that
1 . log log T')?
=1, = / log [t — a|d¥ (u,v) + O {loglog T)7
(3.7) T R2 (logT)°
' Li(0, X) (loglog T')?
—E( log| 222) of 2828 J
( L0, %) D ! < (logT)7 )’

we need to prove that the integral

Jy = / log |[e“T™ — a|d¥ (u, v)
RlU(RQ\R4)

is smaller than the O-term, where

Ry =R1URyUR3 = [-Aloglog T, Aloglog T)?.
Observe that

U(R1) = O((log T)~7)
by the absolute continuity of ¥ and
U(R?\ Rs) = P(L(0, X) € R*\ R4)
< P(|Rlog L1(0,X)/La(0, X)| > AloglogT)
+ P(|Slog Lyi(o, X)/La(o, X)| > AloglogT).
By Lemma 4 we deduce that
P(|Rlog L1 (0, X)/La(o, X)| > AloglogT)
< (Aloglog T)~2>ZE(|Rlog L1 (0, X)/ Lo (0, X )[>%)
< (AloglogT) 2% (C£)?
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CloglogT loglog T
A?(loglogT)?
< (logT)~°

for some C > 0 and .Z = loglogT'. Similarly, the same holds for
P(|Slog L1 (0, X)/La(o, X)| > AloglogT).

Hence,

(3.8) T(R?\ Ry4) < (logT)~°.

By Holder’s inequality, (3.8) and Lemma 4 we deduce that
Jy = / log |e“ ™ — a|d¥ (u,v)
R1U(R2\Ry4)

, 1/(22)
< (B(Ry U R\ RV [ log e — ol (a0
R

1U(R*\R4)

| 1/(2:2)
< (B(Ry U (R?\ Ry))'-1/C2) ( [ Joglere - a||2fdw<u,v>)
R‘Z

) Li(o, X) 221\ 1/(22)
_ 9 1-1/(2%) it Ak el A
(U(Ry U (R*\ Ry)) (E[ log To(o, X) a

loglog I

(logT)o "

Thus, this proves (3.7).
Finally, by (1.3), (3.1), (3.2) and (3.7)

1 2T
? / 10g |61L1(S> + 62L2(8)|dt
T

= E(log |c1L1(0, X) + c2L2(0, X)) + O (%) .

4. Proof of Theorem 1

By Littlewood’s lemma we have

o 2T
/ ( Z 1) du = %/ log |E(o +it,Q)|dt
- T

B>u
T<~<2T

2T

- — log |E(og + it, Q)|dt + O(log T'),
21 T
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where o is a real number such that E(s, @) has no zero in Rs > o9. By
Theorem 2

o0 T 1 2T
/,, ( > 1)du:%M(0)—§/T log |E(0og + it, Q)|dt

B>u
T<y<2T

o (T(10g1ogT)2)

(logT)?

Let A > 0. Differencing this at ¢ and ¢ + h and then dividing by h, we deduce
that

(e e o),

B>u
T<y<2T

Since M (o) is twice differentiable, for a sufficiently small h > 0,

1 [oth T T (loglog T')?

- 1)du=——M AT 4 =22 ),

i) (2 s o(ir )
T<~<2T

The integrand is a decreasing function of u, so

T T (loglog T)?
1< ——M O\hT'+ ——>—""| < 1.
Z - 27TM (o) + ( * h  (logT)° - Z
B>o+h B>o
T<y<2T T<y<2T

In the left inequality we replace o by o —h and use M'(c —h) = M’(c)+O(h).
Then we find that
T T (loglog T)?
1=~ M(o)+O(hT+ 12898 )°
;;; 27rM (o) + ( + h (logT)e
T<y<2T

Taking h = (log T)~?/?loglog T, we obtain

T loglogT
1=——M T———— ).
S 1o+ o el
B>0
T<~y<2T
Therefore,
T loglogT
N ;T) = o= (M'(02) = M’ T o7z
(01,02;T) 27r(M (02) — M'(01)) +O( (logT)O'l/Q)

holds for 1/2 < 01 < 09 < 1.
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