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EXISTENCE OF THREE POSITIVE SOLUTIONS OF A
CLASS OF BVPS FOR SINGULAR SECOND ORDER
DIFFERENTIAL SYSTEMS ON THE WHOLE LINE

YuJi Liu AND PINGHUA YANG

ABSTRACT. This paper is concerned with a kind of boundary value prob-
lem for singular second order differential systems with Laplacian opera-
tors. Using a multiple fixed point theorem, sufficient conditions to guar-
antee the existence of at least three positive solutions of this kind of
boundary value problem are established. An example is presented to
illustrate the main results.

1. Introduction

In recent years, existence of solutions of multi-point boundary-value prob-
lems (BVPs for short) for second order differential equations or higher order
differential equations on finite interval has been studied by different authors,
see papers [4-9,13-25,28-33]. Different methods are used in these papers such
as the Guo-Krasnoselskii fixed point theorem [7], the fixed-point theorem due
to Avery and Peterson [3], the Leggett-Williams fixed point theorem [2,3], the
upper and lower solution methods with monotone iterative techniques [30,31],
the five functional fixed point theorem [1], and the Mawhin coincidence degree
theory [7], see for examples Ma in [8,26,27] and the text book [7]. In many
applications, BVPs consist of differential equations coupled with nonhomoge-
neous BCs, see [21,22]. Papers [10-12] may be first group of papers concerned
with BVPs with two parameter multi-point non-homogeneous BCs for second
order ordinary differential equations. In these papers, the existence of lower
and upper solutions with certain relations are supposed.

In [4,14,16,17], by using the upper and lower solution method and fixed point
index theory, the authors studied the existence, non-existence and multiplicity
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of positive solutions of the following BVP of second order differential systems

where ¢,(z) = |z|P~22 with p > 1, A\, u are non-negative real parameters,
hi,he € C((0,1),(0,+0)), f,g € C([0,00) x [0,+00),[0,4+00)), hi(i = 1,2)
are supposed to be singular at ¢ = 0 in [16], while h; € C([0, 1], [0, +00)) and
¢2(x) = x in [4].

Motivated by [4,14,16], the purpose of this paper is to investigate the follow-
ing BVP for singular second order differential systems on the whole line with
Laplacian operators

(P’ (1)) + f(t,y(t),y'(t)) =0, teR,
(a@)y(y' (1)) + g(t, 2(t),2'(t)) =0, teR,

where

e f is a p-Caratheodory function and g a ¢-Caratheodory function (see the
definitions in Section 2) and f, g are nonnegative functions;

e both p and ¢ are continuous on R, nonnegative and may be zero at finitely
many points;

e ¢(x) = |z|™ 2z with m > 1 and ¢(z) = |z|" 2z with n > 1 are Laplacian
operators and their inverse operators are denoted by ¢! and ¢! respectively.

A pair of functions z,y : R — R is called a solution of BVP(1.1) if z,y €
C'R), ',y € C°(R), [pp(z")]', [gp(y’)]) € L*(R) and all equations in (1.1) are
satisfied, where C°(R) is the set of all functions continuous on R and L'(R)
the set of all functions o : R — R such that fj:; lo(s)|ds < 4o0.

Sufficient conditions for the existence of at least three solutions of BVP(1.1)
are established by using the five functional fixed point theorem [2]. The Green
functions are not used in the proofs of the main results. Different from [4,
14,16,17], we don’t use the assumptions of the existence of lower and upper
solutions and the boundary value problems are defined on the whole lines which
are non-compact spaces and furthermore, both p(t) and ¢(¢) may equal to zero
at finitely many points on R.

The remainder of this paper is organized as follows: the preliminary results
are given in Section 2, the main results and their proofs are presented in Section
3, and an example is given in Section 4.
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2. Preliminary results

For the reader’s convenience, some background definitions in Banach spaces
and an important fixed point theorem are presented.

As usual, let E be a real Banach space. The nonempty convex closed subset
P of F is called a cone in F if ax € P and x +y € P for all z,y € P and
a>0,and z € Pand —x € P imply = 0. A map ¢ : P — [0,+00) is
a nonnegative continuous concave (or convex) functional map provided ¢ is
nonnegative, continuous and satisfies

Ytz + (1 —t)y) > (or <)t(z)+ (1 —t)Y(y) for all x,y € P, t € [0, 1].

An operator T': E — E is completely continuous if it is continuous and maps
bounded sets into relatively compact sets.

Let ¢1,c¢2,c3,c4,c5 > 0 be positive constants, aj,az be two nonnegative
continuous concave functionals on the cone P, 51, 82, 83 be three nonnegative
continuous convex functionals on the cone P. Define the convex sets as follows:

P.={zeP:||z|| <cs},

P(B1,a15¢2,¢5) ={x € P:ai(x) > ca, Bi(z) < s},

P(fB1, B3, a15¢2,¢4,¢5) = {w € P:ai(x) > co, B3(x) < cq, Pr(x) < s},

Q(B1, B2;,c1,¢5) ={x € P: fa(z) < c1, Bi(z) < cs},

Q(B1, B2, az5¢3,¢1,¢5) = {x € P: ag(x) > c3, Pa(z) < c1, fri(x) < s}
Lemma 2.1 ([2]). Let E be a real Banach space, P be a cone in E, ai,qs
be two nonnegative continuous concave functionals on the cone P, By, B2, be
three nonnegative continuous convex functionals on the cone P. Suppose

(A1) T: E — E is a completely continuous operator;
(A2) there exists a constant M > 0 such that

a1(z) < Ba(x), ||z|| < MBi(x) for all x € P;
(A3) there exist positive numbers c1,ca, 3, Cq, 5 with ¢; < ca such that
(i) TP, C Pos
(i) {y € P(B1, B3, a1;¢2,¢a,¢5)|a1(z) > e} # 0 and
ay(Tx) > ¢y for every x € P(B1, B3, a1; c2, C4, C5);
(iii) {y € Q(bh1, B2, a5 ¢3,¢1,¢5)|B2(x) < 1} # 0 and
B2(Tx) < ¢ for every x € Q(B, B2, az;c3,¢1,C5);

(iv) a1 (T'y) > co for y € P(B1,01;ca,c5) with B3(Ty) > ca;
(V) B2(Tx) < 1 for each x € Q(B1, P2;c1,¢5) with as(T'x) < cs.
Then T has at least three fized points y1, y2 and ys such that

Ba(y1) < c1, ar(y2) > ca, Ba(ys) > c1, ar(ys) < co.

Definition 2.1. A function F : R® — R is called a p-Carathéodory function if

i)t—=F (t, x, my) is measurable on R for each z,y € R;



362 Y. LIU AND P. YANG

(ii) (z,y) = F (t, x, my) is continuous on R? for almost all ¢ € R;
(iii) for each r > 0 there exists a function ¢, € L!(R) such that

1
\F (t,x, my)] <6,(t), t € R, [e, Iyl <.

Definition 2.2. A function G : R? — R is called a g-Carathéodory function if
Ht—G (t, x, my) is measurable on R for each z,y € R;

(ii) (z,y) = G (t, T, my) is continuous for almost all ¢ € R;
(iii) for each r > 0 there exists a function ¢, € L'(R) such that

1
‘G <t,$, my) ‘ < op(t), t R, ), |y| < 7.

Suppose that

(B1) f: Rx [0,+00) x R — [0,+00) is a p-Carathéodory function with
f(¢,0,0) £ 0 on each sub-interval on R;

g : Rx[0,+00)xR — [0, 4+00) is a g-Carathéodory function with g(¢,0,0) # 0
on each sub-interval on R;

(B2) p,q : R — [0, +00) are continuous with fj;; ot ( L ) ds < +00 and

p(s)
—+o0 _
ffoo 1 (q(ls)) ds < +00;
(B3) 0,0 : R — [0,+00) are continuous functions and o, 0 € L'(R) with
o(t),o(t) # 0 on each subinterval on R.
Choose

o~ 1(p)z’ € CO(R),
' CO(R) the limits tliimoo o~ L(p(t))a' (),
and lim x(t) are finite
t—+oo

Define its norm by
|zl = [l]lx = maX{Suplw(t)l, sup ¢1(p(t))lw’(t)|} :
teR teR

Choose

v Hq)y' € C°(R),
Y ={yecOrw) thelimits lim o~ (q(t))y' (),

a l(l h X t) are ﬁl 1te
Defl]le I‘S norm l)y

]l = llylly = max {ggﬂg (o). sup ¢1<q(t>>|y’<t>|} |
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Lemma 2.2. Suppose that (B2) holds. Then both X andY are Banach spaces.
So E =X xY with the norm

(2, y)I| = max{|l«]], [ly[l}
for (z,y) € E is a Banach space.

Proof. Tt is easy to see that X is a normed linear space. Let {x,} be a Cauchy
sequence in X. Then

-Tna(bil(p)xfn € CO(R)’

. . —1 / .
Jdim (), Tim 67 (p(t))a, (1) exist,

||zn, — 2| = max {sup |20 (t) — 2w (t)], m,n — 400,
teR

sw¢%ﬂ®%ﬁ%ﬂﬂﬂ}%&mn++w
teR

It follows that
sup |2, (t) — xm(t)] — 0, sup ¢~ (p(t))|z], (t) — 2, (t)] = 0,m,n — 4o0.
teR teR
Then there exist two functions zg,yo : R — R such that z,(t) — xo(¢)
and ¢~ (p(t))z!,(t) — yo(t) as n — +oo. We need to prove that yo(t) =
¢ L(p(t))xy(t) and xp € X.

Step 1. Prove that z¢ € C°(R).

For every € > 0, since sup |x,(t) — z(t)] = 0 as m,n — 400, then there
teR
exists Ny such that |z,(t) — zn(t)] < € for all myn > N; and t € R. So

|zn (t) — zo(t)| < € for all n > Ny and t € R. Then x,(t) — zo(t) as n — +oo
uniformly on R.

For each ty € R, 2,(to) = zo(tg) as n — +oo implies that there exists No
such that |z, (to) — zo(to)| < € for all n > Na. Since x,, is continuous at t = to,
Thus for n > max{Ny, N2}, there exists § > 0 such that |z, (t) — z,(to)] < €
for all |t — o] < §. We have

|0 (t) = zo(to)| < |20 (t) = 2n ()| + [2n(t) — zn(to)| + [2n(to) — To(to)] < 3e
for all |t — to] < §. It follows that zq is continuous at ty. Thus zo € CO(R).

Step 2. Prove that the limits . liim xo(t) exist.

—+oo

For every € > 0, since sup |x,(t) — z,(t)] = 0 as m,n — 400, then there
teR
exists Ny such that |z, (t) — zn(t)] < € for all m,n > Ny and t € R. Let
t — +o00, we get that ‘ lim z,(t) — lm x,((t)| <efor all m,n > Ny. Then
t—+oo t—+oo
the limit lim lim ,(t) exists.
n—+o0o t—+oo

Since xy, (t) — xo(t) as n — 400 uniformly on R, we have that
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Step 3. Prove that yo € C°(R) and the limits , ligl yo(t) exist.
—> =00

It is similar to those proofs in Steps 1 and 2.

Step 4. Prove that yo(t) = ¢~ (p(t))x}(t) and z¢ € X.

We have that

2n(t) — 2n(to) — T_wls)

to 71 (p(s))

B P 71 C) I
< | [~ @]

+oo 1 B / )
: /—oo TG o7 e ) — w®)

— 0 as n — +oo.

So
' - _ ' _Yols) s
ngg}oo (:L'n(t) n(to)) to Qj—l(p(s))d .
Then
zo(t) — z0(t) = yoi(s)ds.

A O))

It follows that yo(t) = ¢~ 1(p(t))zf(t). It follows that zo € X. This show us
that X is a Banach space.

Similarly we can prove that Y is a Banach space. So E = X XY is a Banach
space. (I

Consider the following BVP
{ [p(H)o(u' (1)) +0(t) =0, tER,

lim w(t) =0.

t—too

(2.1)

Lemma 2.3. Suppose that both (B2) and (B3) hold. Then
(i) u € X is a solution of BVP(2.1) implies that u is concave with respect to
T, where T is defined by

o= ([ () o) ([ ()

(ii) w € X is a solution of BVP(2.1) implies that u is positive on R;
(iii) Let k > 0. u € X is a solution of BVP(2.1) implies that u satisfies that

2.3 in u(t) > t
(2.3) teﬁlﬁk]“()—“r{gﬁ(“( ),
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where p is defined by
1

e = ([ ()e) (o T () w)

(iv) v € X is a solution of BVP(2.1) if and only if there exists a unique
numbers A, such that

(2.5) u(t) = /_; ot (ﬁ) ot (A,, - /_; a(w)dw) ds, t€R,

where

+oo
(2.6) A, € {0,/ J(w)dw]
such that

[ () (1o [ ot s

Proof. Suppose that wu is a solution of (2.1). Firstly we prove that u is con-
cave with respect to 7 defined by (2.2). It is easy to see from (2.2) that
7€ C’(R,(0,1)) and

o) -ron($)o([ 7 ()e)

Since [p(t)p(u'(t))] = —o(t) < 0, we get p(t)p(u'(t)) is decreasing (non-
increasing) on R. Then (2.7) implies that ¢ (4£) decreases as t increases. By
definition of 7, we know that 7 increases if and only if ¢ increases. Hence ¢ (%)
decreases as T increases. So u is concave with respect to 7 on (0, 1).

Secondly, we prove that u is positive on R. In fact, since [p(t)¢(u/(t))]’ <0,
we see that p(t)¢(u’(t)) is non-increasing on R. Then ¢~ (p(t))u’(t) is non-
increasing on R. We prove that t_l}ir_noo u'(t) > 0 and tl}gloo uw'(t) < 0 from

. liim u(t) = 0 and p is eventually positive. Then there exists to € R such that
—+oo
u'(to) = 0. So
t
- / o(w)dw, t > to,

1
o' (1) = —= ‘o
p(t) /tO
o(w)dw, t<tp.

/:OO 67 (ﬁ /t: U(w)dw) ds, t>to,
/too 2 (ﬁ /:H U(w)dw> ds, t < to.

It follows that u(t) > 0 for all ¢ € R. We note that o(t) # 0 on each subinterval
on R. Tt is easy to show that u(t) > 0 on R.

Then

u(t) =
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Thirdly, we prove (iii). Let the inverse function of 7 = 7(¢) be ¢t = t(7).
It follows from above discussion that supu(t) = u(tg). One sees from the
teR
concavity of u in 7 that

ter[rii]gk] u(t) = teI[Ilil?,k] u(t(r(t))) = teI[Ilil?,k] u(t(7)) = min {u(—k), u(k)}.

If min{u(—k), u(k)} = u(—k) = u(t(r(—k))), then we have t; > —k. Then
for t € [k, k], one has
u(t) = u(t(r(=k)))
o 1—7(=k) + 7(to) 7(—k) T(—k) .
B )

1+ 7(to) 1—7(=k)+7(to) 14 7(to

Noting that 1 > 7(—k) and wu(¢) is concave with respect to 7. Then, for
€ [~k k],

u(t) > 1= Tl(+l€7)(;;)7(to)u <t (1 = T(T_(k)’fl T(to))> N %u (t(:0)
I ( ) ds S5 ( ) ds
- 1+ft“ o (55 )dsu<t0) 2[* 0 (5 (s))ds ulto) = rsup u(t).

Similarly, if min{u(—k), u(k)} = u(t(r(k))), we have ty < k. For t € [—k, k],
one has

u(t) = u(t(r(k)))
(7 (+t07)<to)7(k) 1+T(;(;€)— (k) 1+T(rk()to>7(t°)))
2 +1T$07(to;(k)u <t <1 + T(Zo(;f)— T(k))) T I(f()m)“ (t (7(t0)))
- ;}Zlff ifs)))d;“@‘” =gt

Hence (2.3) holds and p is defined by (2.4).
Fmally, we prove (iv). Firstly we prove that there exists a unique A, €

[0 I s )dw} such that

(2.8) /:O ot <$) ¢! <Ag - /OO o(w)dw) ds = 0.

Let



EXISTENCE OF THREE POSITIVE SOLUTIONS OF A CLASS OF BVPS 367

It is easy to see that G(c) is increasing on R. One gets easily that G (0) <0
and G ( f oo J(w)dw) > 0. Hence we get that there exists a unique constant

A, € [0 70 )dw} such that (2.8) holds. So (2.6) holds.

If u € X is a solution of (2.1), we get from o € L*(R) that
t

PO (@) = lim_p)s(u ()~ [ otw)du, teR

— 00

w= [ o7 (o) ot (m_pwoe o)~ [ o) as
Choose A, = lim_p(t)o(u/(1)). Then (2.5) and (2.6) hold.

On the other hand, if u satisfies (2.5) and (2.6), it is easy to show that u € X
and w is a solution of BVP(2.1). The proof is complete. O

So

Similarly we consider the following BVP

[a)p ()] + o(t) =0, t R,
lim w(t) =0.

t—too

(2.9)

We get the following lemma similarly to Lemma 2.3:

Lemma 2.4. Suppose that both (B2) and (B3) hold. Then
(i) v €Y is a solution of BVP(2.9) implies that v is concave with respect to

s, where ¢ is defined by
JLov () ds

o0 1

e () s

(ii) v € Y is a solution of BVP(2.9) implies that v is positive on R;

(i) Let k > 0. v €Y is a solution of BVP(2.9) implies that v satisfies that

i t) > 1),
Ry 2 g

s=q(t)=

where v is defined by
1

L)) (L))

(iv) v € Y is a solution of BVP(2.9) if and only if there exists a unique
numbers A, such that

o) = [ ;wl (ﬁ) vt (Ag— / ; g(w)dw) ds, tER,

where
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—+oo 1 s
Pt (—) Pt (A —/ o(w dw) ds = 0.
L om )
Proof. The proof is similar to that of Lemma 2.3 and is omitted. O
Let k£ > 0 be fixed. Define

such that

u(t),v(t) > 0, tE R,
min  u(t) > psupu(t),
2nin ()_uteﬂg (t)

P=<(u,v) € E: teI[Ilil?,k]v(t) =z Vi’g]gv(t)’

lim wu(t) =0,

t—+oo
lim v(t)=0
t—+oo

It is easy to see that P is a cone in the Banach space E.
Define the functionals on P — R by

Bi(u, v) = max {sup ¢~ ()’ ()], igﬂgwl(Q(t))lv’(t)l} » (u,0) € P,

teR

B2(u,v) = max {sup |u(t)], sup |’U(t)|} , (u,v) € P,
teR teR

Bs3(u,v) = max {max |u(t)], sup |’U(t)|} , (u,v) € P,
teR teR

b - i i t b i t b b e P’
(o) =min{ mip, (o), min, o] f, (1,0

,v) = mi i #), mi DY, (u,v) € P.
(o) =min{ mip, fu(o), min, o] f, (1,0

Define the nonlinear operator T': P — E by T'(u,v) = (Thv, Tou) with

Ty - [ ; o (i) o (A= [ stwste) +n, v/ s
(Tou)(t) = /_too Yy (%) Yyl (Au - /_; g(w, u(w) + hi, u’(w))dw) ds,

where A,, A, satisfy

/:O o <I%> ¢+ <Av -/ f(w,v<w>,v/<w>>dw> ds =0,

Tt () et (- [ sttt wnan) ds =o

Lemma 2.5. Suppose that both (B1) and (B2) hold. Then

(i) T'(u,v) € P for each (u,v) € P;

(ii) (z,y) is a positive solution of BVP(1.1) if and only if (u,v) is a solution
of the operator equation (u,v) =T (u,v) in P;
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(iv) T is completely continuous.

Proof. The proofs of (i) and (ii) are simple, To prove (iii), it suffices to prove
that T is continuous on P and for each bounded subset D C P, T(D) =
{T(u,v) : (u,v) € D} is relative compact. We divide the proof into two steps:

Step 1. for (u,v) € P, since both f and g are Carathéodory functions, we
can prove that T is continuous at (u,v).

Step 2. Suppose that D € P is bounded. We need to prove that T'(D) is
relative compact. It suffices to prove that T'(D) is equi-convergent as t — 00
and T'(D) is equi-continuous in any subinterval [A, B] in R.

The proofs are similar to those of the proofs of lemmas in [22,29,32,33] and
are omitted. (I

3. Main results

In this section, we give the main results and their proofs under the assump-
tions (B1) and (B2). Let X, P, p, v be defined in Section 2.

Theorem 3.1. Suppose that both (Bl) and (B2) hold, e1,ea,c are positive
numbers, 0 € L'(R). Denote

e oy o) [ o)}
e [ w1 o))

Let Q,W and E be given by

¢ C
+oo 1 . [+oo 1
(max{foc T 27 w1<q<s>>ds}>

Q = max
fj;o 0(s)ds ’
w C
ma"{ﬁz T Tty o2 w*lzqw))ds} )
f_Jr;o 0(s)ds '
o <L
max{fj;j’ Ty 2% wiq@»ds}

F = max

3

fj;o 0(s)ds
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v a
max{fj:; mds,fj;o mds}
[ 0(s)ds
o0

- i €9 i €2 i
W= wino (i) (wmt)
IfQ>W and
(B6)

f (t,w, ﬁ(p(t)) < QO(t) for allt e R,w € [0,c],z € [—¢, ],

g (t,w, ﬁ@(t)) < QO(t) forallt e R,w € [0,¢], z € [—¢,
(B7)

f (t,w, ﬁ(p(t)) > WO(t) for allt € [—k,k],z € [—¢,c],w € [eg, ﬁ} ,

g (t,w, ﬁ(q(t)) > WO(t) for allt € [—k,k],z € [—¢,c],w € [eg, m} ;

(B8)

f (t,w, ﬁ(p(t)) < EO(t) for allt e Ryw € [0,e1], 2 € [—¢, ],

g (t,w, ﬁ(q(t)) < EO(t) for allt € R,w € [0,e1], 2 € [—c¢, c];

then BVP(1.2) has at least three pair of solutions (x1,y1), (z2,y2), (x3,ys3) such
that

supxy(t) < e1, supyi(t) < e,
teR teR

min t) > ez, min t) > ea,
te[—lk,k]m() 2 te[—lk,k]yQ() 2

either sup x3(t) > e1 or supys(t) > ey,
teR teR

either min x3(t) < ez or min ys3(t) < ea.
te[—k,k] te[—k,k]
Proof. To apply Lemma 2.1, we prove that all hypotheses in Lemma 2.1 are
satisfied.
By the definitions, it is easy to see that «j,as are nonnegative continuous
concave functionals on the cone P, 1, 82, 3 nonnegative continuous convex
functionals on the cone P, and ay(u,v) < Ba(u,v) for all (u,v) € P. Lemma
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2.5 implies that (u,v) is a pair of positive solutions of BVP(1.1) if and only if
(u,v) is a fixed point the operator T in P and T is completely continuous.
We claim that

igﬂgm |<f o & 1(p(5))d55up¢ ( )| @)1,

(2) for (u,v) € P.

sup u(t)| < [ erdgyds sup v (a() v/ (0)
tER)

In fact, for (u,v) € P, we have for t > T that

|u(®)]

<D+ [ o sl (9)ds

ur)+ [ oy - )

T

< Ju(T)| + /T mdssupw(p(t»wn

teR

e 1 -1 /
<)+ [ msdssiw o (O) )]

Let T'— —oo. It follows that

oo 1 -1 /
Wl < [ s dssup o o) (0.

Then
e 1 1 l
sup |u(t S/ ————dssup o " (p(t))|u' ()|
sup ()] < [ msdssup o (o)1)
Similarly we get the other inequality in (3.2). It follows from (3.2) that

3 [l(w)l] < max {/:O T /:O s b ()

for all (u,v) € P.

From the above discussion, we see that (A1) and (A2) of Lemma 2.1 are
satisfied.

Now we prove that (A3) in Lemma 2.1 holds. Corresponding to Lemma 2.1,
choose

J— J— J— 1 J— 62 J—
1 =e1, ca=e2, cg=min{y,vle;, ¢4 = Y P cs = c.

One sees that ¢; < co. The remainder is divided into five steps.

Step 1. Prove that TP, C P..;

For (u,v) € P.., we have ||(u,v)|| < c¢. Then

0 <u(t), v(t) <e, —c <o Hpt)u'(t), v (q(t)v'(t) < cfor all t € R.
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So (B6) implies for ¢ € R that

’ _ v 1 -1 o'
Ftv00/(0) = £ (800, 0™ GO (0)) < QUL € R
’ _ u 1 -1 o
ot u)/0) = g (1,000 0™ a0 (0)) < QOO € R

Lemma 2.3 implies

Ave o [ rtwtw) ot @ial

The definition of T} implies that

ST ) =67 (4, —/ Flw.v(). o' ).

Then
+oo
¢~ (p())(Tro) ()] < o7 </_ f(w,v(w),v'(w))dw>

< ¢t < o Qo(s)ds> .

—0o0

It follows that

+oo
sup o~ ()l 0] <o ([ Qotsyas).
Similarly we get that
sup )| (7)) < 0~
teR
Then (3.3) implies that

”T(“’”)”:m{/jas <1<>>d N ETey }

o ([ ) [ o) =

So T(P..) C P... This completes the proof of (A3)(i) of Lemma 2.1.
Step 2. Prove that {(u,v) € P(B1, B3, a1;ca,ca,¢5) | a1 (u,v) > ca} # () and

—+o0

Q0(s)is)

— 00

a1 (T (u,v)) > cg for every (u,v) € P(B1, B3, a1; 2, Ca,C5);

It is easy to show that {(u,v) € P(B1, B3, a1;¢2,¢4,¢5) | au,v) > ca} # 0.
For (u,v) € P(B1, B3, a1; ¢, cq,C5), one has that

a1 (u,v) = min {ter[riilgk] u(t),ter[rii]?’k] v(t)} > e,

ﬁs<u,v>=max{supu<t>,supv<t>} <@

teR teR min{y, V}’



EXISTENCE OF THREE POSITIVE SOLUTIONS OF A CLASS OF BVPS 373

B1(u,v) = max {igﬂg ¢ (p()h (1)), sup w‘l(q(t))lv’(t)l} <ec
Then
min{p, v}’
¢~ p@®)[W' O ¢~ @) ()] < et €R.
Thus (B7) implies for ¢ € [—k, k] that

e < u(t),v(t) <

€ [k, k],

/ _ v 1 -1 o .
Pt 0000/ 0) = 1 (8000, 6™ 0 (0)) 2 WoL0). 0 € [ KL

’ _ u 1 -1 o _
o(t:00)(0) = g (), ™ O 0)) 2 WOt € [ KL

We can prove that , lim (Thv)'(t) > 0 and . 1121 (Tyv)'(t) < 0. Hence there
——00 —+o0

exists to € R such that (T7v)’(t)) = 0. Then the definition of T} implies that

f(w v(w), v’ (w))dw, t> to,

7L
R " / fw,v(w ))dw, t < to.
Then
(Tyo)(t) = /t+°°¢_1 (ﬁ tosf(w’“(w>’”'(w>>dW> ds, t > to,
[ ot (o [ st i) s i<t
Hence

Case 1. tg > 0.
Then

sup(Tio)(t) = [ OO = (i / ! f(w,v(w),v’(w))dw) s

teR
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Case 2. ty <0.

Then
st = [ 7 (5 [ st vtw.paw) as
> | e (}% |1 w,v<w>,v’<w>>dw) s
o G fromm)
We get that

sup(Tio) (1) 2 67 (W) min { / Ok = (I% / 09(w>dw> ds,

Similarly we get

sup(T)(0) > 6= (ymin | [ Sy

teR —

Since T'(u,v) = (Thv, Tou) € P, we get
a1 (T (u,v))

= minq min (Tyv)( , min (Tgu)(t)}
te[—k k] te[—k,k]

Y

min { psup(T1v)(t), v sup(Tgu)(t)}

teR teR

Y

min{y, v} min {sup(Tlv)(t), sup(Tgu)(t)}

teR teR

min{, y}min{¢1(W) min{/ok ot <$ /Soo(w)dw> ds,
[ (g [ o)
oo { [0 (g [ [+ (g [ooe) o}

> es.

Y

It follows that oy (T (u,v)) > ¢ for every (u,v) € P(B1, B3, a1; ¢2,c4,¢5). This
completes the proof of (A3)(ii) of Lemma 2.1.
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Step 3. Prove that {(u,v) € Q(f1, B2, az;cs,¢1,¢5)|B2(u,v) < c1} # 0 and
B2(T'(u,v)) < c; for every (u,v) € Q(B1, B2, a2; 3,1, ¢5);

It is easy to show that {(u,v) € P(B1, B2, as;c3,¢1,¢5) : as(u,v) < c1} # 0.

For (u,v) € Q(f1, B2, aa; c3,¢1, C5), one has that

= min min t), min o(t)y >c
052(11’7’0) 1 {ne[—lk,k]u 7t6[—k,k] ()}_ 3

B(u,v) = max {supu(t),supv(t)} <e,

teR teR
11, 0) = max {sup o (DI O sup 0 (DI (0] < s
teR teR
Then
0 <wu(t),v(t) <er, ¢ '(p)|u' @), v (g®)' )| <¢, teR.
Thus (B8) implies that
Ft,v(t),v' (1) < EO(L), g(t,u(t),u'(t)) < EO(t), teR.
Similarly to Step 1, we have that

B2(T (u,v)) = max {maxie g |(T10)(1)], maxier [(Tou)(t)[} < e1 = cr.

It follows that S2(T (u,v)) < ¢1. This completes the proof of (A3)(iii) of Lemma
2.1.

Step 4. Prove that a1(T(u,v)) > co for (u,v) € P(B1,a1;c2,c5) with
Bs(T(u,v)) > caq;
For (u,v) € P(B1,a1;c2,c¢5) with S3(T (u,v)) > ¢4, we have that

= mi i t i t) s > o =
a1 (u,v) mln{ter[ll1£k]u( ),tel[rilgk}v( )} > co = e

Bi(u, v) = max {sup sb_l(p(t))ly'(t)I,igﬂgw‘l(Q(t))lv'(t)l} < ¢

teR
and
B3(T(u,v)) = max {ilelﬂg(Tlv)(t),ilelﬂg)(Tgu)(t)} > Y P = ¢y.
Then
a1 (T (u,v)) = min {ter[riil?,k](Tlv)(t)’ teI[Iiil?,k] (Tgu)(t)}

> min {uggﬂg@th), y izﬂE(TQ“)“)}

2

2 min{p, v} 55(T (1w, 0) > minfp, v} o = 0 = o
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This completes the proof of (A3)(iv) of Lemma 2.1.
Step 5. Prove that 82(T(u,v)) < ¢; for each (u,v) € Q(B1, B2;c1,c5) with
az(T'(u,v)) < c3;
For (u,v) € Q(B1, B2; 1, ¢5) with as(T (u,v)) < c3, we have that
= mi t i t)p <
Ba(u,v) mm{ter[m;lk]u( ), I[Illl?,k]v( )} <e
and
Ar(u, v) = max {Sup ¢~ (p(t)u' (1)], sup wl(tI(t))lv/(t)l} <cs
teR teR
and
az(T(u,v)) = min {ter[riilgk] (Tlv)(t),ter[riiil,k](Tgu)(t)} < ¢z = min{y, v}e;.
Since T'(u,v) € P, we get
B2(T(u,v)) = max {sup(Tlv)(t), sup(Tgu)(t)}

teR teR

L min{ min (T1v)(t), min (Tgu)(t)}

~ min{y, v} te[—k,k] te[—k,k|
< ——  _mi — .

Y min{u,v}le; = ¢
This completes the proof of (A3)(v) of Lemma 2.1.

Then Lemma 2.1 implies that 7" has at least three fixed points (z1,y1),
(72,92) and (x3,ys3) satisfying

Ba(x1,91) < c1, ai(w2,y2) > c2, Pa(x3,y3) > c1, a1(r3,y3) < co.

So BVP(1.2) has three pairs of positive solutions (z1,y1), (z2,y2) and (x3,y3)
satisfying (3.1). The proof of Theorem 3.1 is completed. O

4. An example
Now, we present an example to illustrate the main result: Theorem 3.1.

Example 4.1. Example 4.1. Choose

e<t>={ g <ty = L <t g = f 3R <

It > 1, 2t > 1, t2, [t = 1.

2>

Consider the following BVP of the second order differential system

(p(t)' (1)) +O()F(t.y(t),y'(t) =0, tER,

(a(t)y' ()" + ( G(t,a(t),2'(t)) = 0, tER,
(4.1) lim z(t) =
)=

t—+oo

lim y(¢

t—too
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Corresponding to BVP(1.1), we have that ¢(z) = ¢(x) = ¢~ (z) = v~ 1(z)
=z and
f(tu0) = |72t u0), gt u) = [t Fe G u,v).

It is easy to see that

[ () ame [ e (o) e

Suppose that
F(t,u,v) = fo(’u)

n

m
CACE G(t,u,v):go(u)+m, m, -

1+ p(t)%v

One sees that

1 (w2 ) =000 [ Ao+ ] o (155 ) =000 fantu) + 5

Here

1
u € |0,2],
84100+ Q%QOO [ ]
_+4&u,2 u € [2,1000],
fo(u) = go(u) = 841100000+ 28000 ( ’ [ ]
T’ € [1000, 336400,
2800
84100%61;—336400, u > 336400.

Use Theorem 3.1. One sees that (B1) and (B2) hold. Choose constants
kE=1,e =2 e =103 c = 336400, then by direct computation and estimation,

we get that
f_ ( ) ds 1

2fj°o - (p(é))ds 12’

Jov (%
) -,

q
+oo
2 25!
max < ¢ < 0 <
. +oo 1 +oo 1 ? P +oo 1 +oo 1
Q= { (mdx{fw ey IS u-l(q(s»ds}) ""‘X{L% e 1S «r1<q<s>)d5}

V=

fj;: 0(s)ds
c 84100
Z oc T A
36 9
max {(D <m1x{f Z: e L de}) W (max{f+°° 1 Edlq [t 1 de})}
E = —oo o*lm ) v T(q(s) = ¢~ I(p(s))  =oo $p~I(q(s))

fj;: 0(s)ds
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o . e 1
W= min {¢ (min{i,l/} min {fi)k ot (p(ls) N 9(w)dw> ds, fok ¢t ( S H(w)dw) ds}) ’

p(s)

2 1
v (min{/u v} min {ffk Pt (Tla) N O(w)dw) ds, fok Pt ( ol 9(w)dw> ds}) }

q(s) -

28 28000
< Pep =T
3 3
It is easy to show that @ > W and
(B6)

84100
f (t,w, %) < —5—0(t) for all ¢ € R, w € [0,336400],
p

2 € [~336400, 336400],
84100
g (t,w, %) < T@(t) for all t € R, w € [0, 336400],
q

2 € [~336400, 336400];

z

2
f (t,w, W) > @9@) for all ¢t € [1,1], 2 € [~336400, 336400],
w € [1000, 16000],
28000
g (t,w, ﬁ) > =5—0(t) for all ¢ € [~1,1], = € [~336400, 336400],

w € [1000,16000] ;

6(t) for all t € R,w € [0,2], z € [~336400, 336400],

K,j
S
\.PF
&
3
Z|e
~
IN
— 5| -

g (t,w, %) < 0(t) for all ¢ € R,w € [0,2], 2 € [~336400, 336400];
q

Then applying Theorem 3.1 BVP(4.1) has at least three solutions (z1,y1),
(z2,y2) and (z3,ys3) such that

supx(t) <1, supyi(t) < 1,

teR teR
min _xz3(t) > 1000, min ys(¢) > 1000,
te[—1,1] te[—1,1]

ith t)>1 t)>1
either I{leafé(l'g( ) or rtnealmé(yg( ) ,

either min x3(t) <1000, or min ys3(¢) < 1000.
te[—1,1] te[—1,1]
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